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PREFACE TO VOL. III. 


— — 


Lona ago I had the intention, if circumstances were favour- 
able, of finishing the third volume of this work about 1904, and 
the fourth about 1910. But circumstances have not been 
favourable. That is all that need be said about it here, save 
to add that I have excluded parts of the third volume, and 
included parts of the fourth. | 


It would be as wrong to love your enemies as to hate your 
friends. Nevertheless, the way of life is wonderful; it is by 
renunciation.” Especially when prodding is no longer neces- 
sary. If my life is spared, I hope to be able to present a bust 
of the eminent electrician who invented everything worth 
mentioning to the Institution over which he once ruled, to 


be placed under that of Faraday. 
OLIVER HEAVISIDE. 
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IN MEMORY OF 


GEORGE FRANCIS FITZGERALD, F. R. S. 


“ We needs must love the highest when we know him. 
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CHAPTER IX. 


WAVES FROM MOVING SOURCES. 


Adagio. Andante. Allegro moderato. 


§ 450. The following story is true. There was a little boy, 
and his father said, ‘ Do try to be like other people. Don't 
frown.” And he tried and tried, but could not. So his 
father beat him with a strap; and then he was eaten up by 
lions. 

Reader, if young, take warning by his sad life and death. 
For though it may be an honour to be different from other 
people, if Carlyle’s dictum about the 80 millions be still true, 
yet other people do not like it. So, if you are different, you had 
better hide it, and pretend to be solemn and wooden-headed. 
Until you make your fortune. For most wooden-headed 
people worship money; and, really, I do not see what else 
they can do. In particular, if you are going to write a book, 
remember the wooden-headed. So be rigorous; that will 
cover a multitude of sins. And do not frown. 

There is a time for all things: for shouting, for gentle 
speaking, for silence; for the washing of pots and the writing 
of books. Let now the pots go black, and set to work. It is 
hard to make a beginning, but it must be done. 

Electric and magnetic force. May they live for ever, and 
never be forgot, if only to remind us that the science of 
electromagnetics, in spite of the abstract nature of the theory, 
involving quantities whose nature is entirely unknown at 
present, is really and truly founded upon the observation of 
real Newtonian forces, electric and magnetic respectively. I 
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cannot appreciate much the objection that they are not forces; 
because they are the forces per unit electric and magnetic 
pole. All the same, however, I think Dr. Fleming’s recent 
proposal that electric force and magnetic force shall be called 
the voltivity and the gaussivity a very good one; not as substi- 
tutes for with abolition of the old terms, but as alternatives ; 
and beg to recommend their use if found useful, even though I 
see no reason for giving up my own use of electric and 
magnetic force until they become too antiquated. 

Having thus got to the electric and magnetic forces, it is 
only a short step farther to near the end of the book— 
namely, to the simple cases in which they occur simul- 
taneously. It does not follow that the matter which comes 
towards the end of a treatise—for instance, Maxwell's great 
work— is harder than that in the first chapter of his Vol. I. 
On the contrary, some parts of it are easier out of all com- 
parison. In the course of the next generation many treatises 
on electromagnetics will probably be written; and there is no 
reason whatever (and much good reason against it) why the 
old-fashioned way of beginning with electrostatics (unrelated 
to the general theory) should be followed. After all, should 
not the easier parts of a subject come first, to help the reader 
and widen his mind? I think it would be perfectly practical 
to begin the serious development of the theory with electro- 
magnetic waves of the easy kind. First of all, of course, 
there should be a good experimental knowledge all round, 
not necessarily very deep. Then, considering the structure of 
a purely theoretical work to co-ordinate the previous, a general 
survey is good to begin with, with consideration in more detail 
of the properties of circuits and the circuital laws. Then, 
coming to developments, start with plane electromagnetic waves 
in a dielectric non-conductor. The algebra thereof, even when 
pursued into the details of reflections, &c., is perhaps more 
simple than in any other part of the science, save Ohm’s law 
and similar things; and the physical interest is immense. You 
can then pass to waves along wires. First the distortionless 
theory in detail, and then make use of it to establish the 
general nature of the effects produced by practical departures 
from such perfection, leaving the difficult mathematics of the 
exact results for later treatment. Now, all this and much 
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more is ever so much easier than the potential functions and 
spherical harmonics and conjugate transformations with 
which electrostatics is loaded, and there is more exercise for 
the brains in the electromagnetic than in the electrostatic 
problems. The subsequent course may be left open. There 
are all sorts of ways. 


Simple Proof of Fundamental Property of a Plane Wave. 


§ 451. At present, in dealing with some elementary pro- 
perties, the object is to smooth the road to the later matter. 
First of all, how prove the fundamental property of a plane 
wave, that it travels at constant speed undistorted, if there be 
no conductivity, or, more generally, no molecular interference 
causing dispersion and other disturbances? We have merely 


Fra. 1. 


to show that the two circuital laws are satisfied, and that can 
be done almost by inspection. Thus, let the region between 
two parallel planes aaa and bbb be an electric field anda 
magnetic field at the same time, the electric force E being 
uniform and in (and parallel to) the plane of the paper, whilst 
H is also uniform, perpendicular to E and directed up through 
the paper. Also let their intensities be connected by 
E =H, or H=evEK; c being the permittivity and p the 
inductivity, whilst v is defined by pev?=1. This being the 
state at a given moment, such as would be maintained 
stationary by steadily acting impressed forces e =E and h =H 
in the slab between the planes, what will happen later, in the 
absence of all impressed force ! 

Apply the two circuital laws. They are obviously satisfied 
for all circuits which are wholly between the planes a and b, 

B2 
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or else wholly beyond them to right or left. There are left 
only circuits which are partly inside and partly outside the 
slab. Consider a unit square circuit in the plane of the paper, 
as shown in the figure. The circuitation of E is simply E, 
and by the second circuital law this must be the rate of 
decrease of induction B=,H through the circuit downward, 
or its rate of increase upward. Then turn the square circuit 
at right angles to the paper. The circuitation of H is then 
simply H, and by the first circuital law this must be the rate 
of increase of displacement D- Ee through the circuit. Now 
let the plane aaa move to the right at speed v. The two 
rates of increase are made to be vuH and cE respectively. 
That is, E = vH and H = cE express the circuital laws. They 
are harmonised by the definition of v. We prove that the 
circuital laws are satisfied in the above way. That there is 
no other way of putting induction and displacement in the 
two circuits may be seen by considering circuits two of whose 
sides are infinitely near the plane a on opposite sides. The 
fluxes must be added on just at the plane itself, extending 
the region occupied by E and H. Similar reasoning applied 
to the plane bbb proves that it must also move to the right 
at speed v. Thus the whole slab moves bodily to the right at 
speed v, so that a moves to A and b moves to B in the time 
given by vt = dA or bB. 

The disturbance transferred in this way constitutes a pure 
wave. It carries all its properties with it unchanged. The 
density of the electric energy, or U=}cE?, equals the density 
of the magnetic energy, or T=3yH?. The flux of energy is 
W=v(U+T), the simplest case of the general formula 
W=V(E-e)(H-h). See Vol. I., §70. 


The General Plane Wave. 


§ 452. What is proved for a discontinuity is proved for any 
sort of variation. For the slab may be of any depth and any 
strength, and there may be any number of slabs side by side 
behaving in the same way, all moving along independently 
and unchanged. So E=pvH expresses the general solitary 
wave, where, at a given moment, E may be an arbitrary 
function of , real and single-valued of course, but without 
any necessary continuity in itself or in any of its differential 
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coefficients. Denoting it by f(x) when t=0, it becomes 
Ne- ut) at the time t. | 

If we change the sign, and make E=-—~pvH, this will 
represent a negative wave, going from right to left. There 
may be a positive and a negative wave coexistent, separate in 
position, or superimposed. This constitutes the complete 
solution for plane waves with straight lines of E and H. If E, 
and H, are given arbitrarily (with no connection) at the 
moment t=, the two waves at that moment are 


(positive) E,= + wH, = 4(E, + H)), 
(negative) E,= - wH, =4(E, - «vH,), 


as may be immediately verified. Move Ei to the right, and 
E, to the left, at speed v, to produce the later states. 

Since every slab is independent of the rest, there need be no 
connection between the directions of E in one slab and the 
next. The direction may vary anyhow along the wave. This 
makes a mathematical complication of no present importance, 
the behaviour of individual slabs being always the same. 

The overlapping of positive and negative waves should be 
studied to illustrate the conversion of electric to magnetic 
energy, or conversely. For two equal waves moving oppo- 
sitely, which fit when they coincide, there is a complete 
temporary disappearance and conversion of one or the other 
energy, according as E is doubled, leaving no H, or H is 
doubled, leaving no H. If Eo exists alone initially, it makes 
two equal oppositely-going waves, of half strength as regards 
E. Similarly as regards initial Ho. 

The reversal of sign of both E and H in either a positive or 
a negative wave does not affect the direction of motion. But 
if only one be reversed, it is turned from a positive to a 
negative wave, or conversely. Slabs of uniform strength 
should be studied, not simply periodic trains of waves, for 
simplicity of ideas. Only when there is dispersion, and the 
wave speed varies, is it necessary to consider a train of waves 
of given frequency or given wave-length ; because then a slab 
spreads out behind as it travels, producing a diffused wave of 
difficult mathematical representation, by reason of the partial 
reflection of its different parts as it progresses. 
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Generation of Waves by a Plane Source of Induction. 


§ 453. Consider next how to generate plane waves by 
impressed electric or magnetic force. Say by e first. It 
must obviously be of the same type as E, i. e., in uniform 
slabs. But it is not e itself, but its ourl, say f, that is the 
real source of the waves. A plane surface of f ig the simplest 
case. Let e be unifornt on the right side and zero on the 
the left side of the plane AA, beginning to act at the moment 
t=0, and continuing steady later. What will happen? Here 


Al. 
fie. 2. 


f the curl of e is uniform on the sheet AA; its density is 
f=e, and its direction is upward through the paper. It gene- 
rates induction at the rate f on the plane AA per unit area. 
Or we may say that the strength of the source of B is f. Once 
generated, the induction divides fairly to right and left, and 
sinve the speed is v, the amount 1 is spread over the distance 
v in a second. Therefore 


B-, or u- n (1) 
expresses the full connection between F and the waves gene- 
rated. The plus sign is for the positive wave, and the minus 
sign for the negative wave. We introduce E in this way 
because the disturbance, once started, makes free waves. The 
solution, of course, only holds good up to the two wave fronts, 
which are at distance vt from the source. H is up through the 
paper in both waves. Here we see the inner meaning of the 
impedance 2yv of the doubly infinite unit tube of flux of 
energy. It depends essentially upon the speed with which the 
medium can carry away from the source the induction supplied 
there. The value of E is łe on the right and — 3e on the left 
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side of the plane source. Since E is the force of the flux D, 
the force of the field, or E—e, is of value —4e all the way 
between the two wave fronts. 

When f varies anyhow in time, it is just the same as regards 
the generation of B. If f is impulsive, it makes two impulsive 
waves. Equations (1) may be used when f is variable, if we 
understand that the elementary slab of E and H referred to, 
say at distance , belongs to the f at the source at the moment 
earlier by the amount æ / v. 

It is e that does the work, though, but only where there is 
electric current. That is, only at the wave front on the 
positive side, when the source is steady, and intermediately 
only when F varies ; because dH /dæ measures the current 
density. The flux of energy W is V(E—e)H. It is entirely 
from the right to the left wave front when f is steady. 
It may be tested that 


eb - UTA div 2 


is the equation of activity in any case. 

In the case of a uniform slab of e of finite depth, there are 
two plane sources of f, acting oppositely, or one as a source 
in the above manner and the other simultaneously as an equal 
sink of induction. There are therefore two positive and two 
negative waves, separate up to a certain time, and then 
superimposed. Four stages are shown in the figure. 


Fia. 3. 


First, before the initial waves have begun to overlap 
inwardly; secondly, when overlapping has just commenced ; 
thirdly, before the overlapping is completed; fourthly, a 
little while after completion of overlapping, showing the 
emergence of two pure waves. It is the E that is referred to. 
Every wave has its corresponding H according to E = + wH. 
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The final result is E =e in the slab, and two pure waves in 
which E = — 4e. The energy of these free waves together equals 
that of the steady flux of D without B which is established 
in the slab. The work is done by e where e and D coexist, 
that is, at the wave fronts in the region of e. The total 
induction is zero, because there are two opposite fs. The 
total displacement is also zero, for another reason. 


Generation of Waves by a Plane Soarce of Displacement. 


§ 454. In order to generate displacement finitely in total 
amount, we require another kind of source. Let the impressed 
force be magnetic, say h. Let its negative curl be g. Then g 
generates D exactly in the same way as f generates B, as before 
described in detail. Thus, considering a single plane source, 
g is the total displacement generated per unit time per unit 
area of the plane, and 39 the amount going each way, spread- 
ing over the distance v in a second. The result is that a 
steady source makes 


D=- 2, or B= 2 = 4 H (8) 


between the plane of g and the two wave fronts. The same 
Fig. 2 will do for this case, only for E must be under- 
stood H in the two waves. Otherwise stated, H=3h on the 
right side and — 3h on the left; whilst H -h= —3h on both 
sides. The work is done by h only where there is magnetic 
current. 

If the impressed force in the slab is e, the problem repre- 
sented is that of the effect of suddenly electrising the slab 
intrinsically. If it is h, it means that the slab is suddenly 
magnetised intrinsically to density of magnetisation I= pH 
=ph=B. This represents the complete and full induction 
possible. If it is a material slab, and the inductivity differs 
from that outside, the waves will not be quite so simple. But 
it is only when the slab is of finite depth that we can get the 
full induction; when of infinite depth one way, the final 
result is only half as much; no steady state is reached; the 
flux of energy continues indefinitely. And if the slab is 
infinitely extended both ways, a uniform h cannot produce 
any induction in it. There is no g source. 
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As regards the situations of e and h to suit given f and g, 
they may be altered in any way we like, provided f and g do 
not change. Thus, considering the magnetisation of a slab, 
h may be shifted outside it, provided we reverse its direction. 
It is now the external region that is the seat of the intrinsic 
magnetisation. Nevertheless, the induction will be set up in 
the slab, whilst only the free waves will traverse the mag: 
netised region on their way out. 

If the sheet of f, when there is but one sheet, is of finite 
breadth, instead of extending over an infinite plane, all the 
above results regarding the generation of waves are true at 
a given point up to the moment when disturbance reaches that 
point from the nearer of the two edges of the strip of f. That 
is, there is immediate failure at the edges, involving two waves 
of a fresh kind, which ‘‘interfere’’ with the two plane waves. 
This case will be given later. Reducing the width of the 
strip brings the source down to a single straight line of f. 
This generates a single cylindrical wave. [See § 466.] 

Returning to the infinitely extended plane sheet source of 
disturbance, let it be the seat of both f and g simultaneously. 
Then we can adjust them so as to generate a single wave, 
going either to the right or to the left of the sheet. This may 
be shown by using the previous results for f and g separately, 
and superposing them. Take e= +pvh, or f= & urg; anda 
single wave will result. It will be of full strength, instead of 
half strength. 


Comparison of Electromagnetic with Aerial Waves. 


g 455. It is perhaps worth while pointing out the corres- 
ponding properties in sound waves in air. Let s be the 
condensation and u the speed in a plane wave, that is, the 
speed of the air perpendicular to the plane, or in the direction 
of motion of the wave, whose own speed is v. Then the con- 
nections of the two variables s and u are 

f- Z mii, g- mi (a4) 
where the new quantities F and g represent sources. If p is 
the density, and F =pf, then F represents impressed moving 
force per unit volume. What it generates is momentum. 
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And if G og, then what G generates is matter; in another 
form, it is a source, real or effective, of condensation. 
Comparing with the corresponding equations for electro- 
magnetic plane waves, viz., 


dE „ dH + 

J- 3z = HH, g-—_ E, (5) 
where F is the measure of the curl of e, and —g that of h, we 
may conclude that «= + vs is the relation corresponding to the 
electromagnetic E = + „vH. That is, in a plane sound wave 
the air speed and condensation are in constant ratio, and the 
wave always moves the same way as the air in its condensed 
parts. (Rayleigh, Sound,“ Vol. II., § 245.) 

Also, if there be a plane source F generating momentum, 
F acting normal to the plane, 
F F 

puma, OF, E + vs (6) 
shows the u in the two waves leaving the source, first by 
splitting of the momentum, and then by its transfer away 
from the source. 

Similarly, if G is the amount of fluid supplied at the plane 
per unit area per second, 
G 

„ or, a (7) 

shows the condensation produced in the two waves which 


result. 
If F and G are coexistent, and F = Gv, the result is 


F 
u r vs ==, 
v 


on the right side only. Take F = — Gv to bring it to the left. 
side. 

Of course we cannot have a continuous, steadily-acting 
source of condensation in a fluid; it must fluctuate. There is 
no such restriction necessary in the electromagnetic case. 


Waves ending perpendicularly upon a Conductor. Conduction 
and Convection. 


§ 456. If a perfectly conducting sheet of metal be placed so 
that the axis of a plane wave lies in the sheet, it will usually 
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interfere with the continuance of the wave in its simple state. 
The exception is when the sheet (infinitely thin) is turned 
round so as to be perpendicular to D in the wave. Then the 
wave will run on unchanged. It will run on to the sheet at 
P (Fig. 4), traverse the strip, and run off at Q, and go on as 
it was before. At the same time, itis to be remarked that the 
wave is really split into two waves, which are quite inde- 
pendent of one another save in the accident of being timed 
together. The upper side of the strip is positively electrified, 
the lower side negatively, and the electrifications cancel one 
another as the wave runs off. te | 

Either of the waves may be abolished, so far as the possi- 
bility of existence of the other is concerned (Fig. 5). It will 
run along the strip by itself. But when it comes to the edge 
of the strip, what then? The wave goes right on. But 


Fie. 4. Fie. 8. 


since“ the electrification cannot leave the sheet, a new wave is 
generated, beginning the moment the wave reaches the edge. 
It is cylindrical, having its axis at the edge. It, together with 
the plane wave, form the complete new state of D. But this 
is too complicated for present discussion. | 
Jo simplify matters, we may prevent the generation of the 
cylindrical wave by convection. Directly the front of the 
wave reaches the edge, or at any rate not later than that 
moment, set the conducting sheet moving with the wave. 
Then the plane wave will go on unchanged.. Fig. 5 will do 
for this case also, PQ being now imagined to move instead of 
being stationary. The current on the strip is no longer a 
conduction current, but a convection current. Also, it no 
Since had better be “if,” in view of modern experiments relating 


to the discharge of conductors.. Such secondary effects are not in question 
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longer matters whether the sheet is conducting or non- 
conducting. It must be something that can be charged. 
In addition, there is the assumption that its motion does 
not disturb the ether. For merely descriptive purposes we 
may speak of the motion of electrification. The surface 
density being D, the convection current is Dv per unit ares. 
It is continuous with the electric currents on the front and 
back of the slab wave. The current is the curl of the 
magnetic force, as usual. 

We may have another wave below the one in question, and 
there need be no connection between their magnitudes. An 
extreme case is reached by letting D be of the same strength, 
but oppositely directed in the two waves, as in Fig. 6. As 
there is similar electrification on both sides of the strip, the 
electrification density is 2D if we ignore the strip. This 
example is of some significance, because the state represented 
is what would be tended to if the electrification, given 
initially at rest, were set in motion in its own plane along PQ 
at a speed which ultimately became v. 

Instead of one plane of electrification, as in Fig. 6, there 
may clearly be any number. In the limit we come to any 
arbitrary distribution of electrification. For instance, D may 
be any funotion of y, the distance measured parallel to D. Its 
divergence is then the density of electrification, which must 
be moved with the wave of course, or it will break up. 

Returning to Fig. 5, if the reader thinks, he may observe a 
curious thing. The current is the curl of H, both when the 
wave runs along the stationary conductor and when the con- 
ductor is carried along with the wave. In the latter case Dv 
is the surface current density, and it is a convection current. 
But when the conductor is stationary the electrification is 
there all the same, and it moves at the same speed. Why is 
it not a convection current in this case also? Because the 
conductor is not moved. This is not a mere matter of con- 
vention. To illustrate: Suppose the conductivity is not quite 
perfect, so that there is a thin film of conduction current near 
the surface. H is now continuous there, and there is no 
surface current, in spite of the transfer of electrification. The 
variation of H which measures the current is distributed 
throughout a thin film under the electrification belonging to 
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the wave. This remains true however great the conductivity 
is made. In the limit, with perfect conductivity the current 
becomes a surface current. But there is not the slightest 
reason for supposing that it suddenly, in the limit, becomes a 
convection current. To obtain the convection current, 
abolish the conduction current by moving the material 
supporting the electrification. 

In the true physics of the matter, the current in the con- 
ductor itself may be partly of the convective nature, of course, 
by the electrons being set moving by the wave penetrating 
the conductor from its surface. But that is another matter. 
A theory of matter is now in course of evolution, but it is 
not made yet. In any case, however, the supposed interior 
convection currents represent a secondary action due to the 
electromagnetic wave running along the surface of the con- 
ductor. 


Oblique Reflection at a Conducting Surface with H tangential. 
Transformation to a Convection Problem. 


§ 457. Returning to a perfectly conducting plane surface 
PQ at rest, let the H in a plane wave be tangential, and per- 
pendicular to the plane of incidence, but let the D be no longer 
perpendicular to the conductor. Fig. 7 shows an unstable 


cen 
p Q 
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state of affairs, because E has a tangential component, which 
would be instantly destroyed by the generation of a new wave. 
Passing over the complicated details of the process, consider 
the ultimate result that is tended to, shown in Fig. 8. 

Here we have a pure wave on the right side moving obliquely 
towards the conductor, and an exactly similar wave on the 
left side moving away from it. They are represented by plane 
slabs. They join together perfectly where they overlap, at 
PAQ and just above. If we consider a single tube of flux of 
energy in the incident wave, with its continuation in the 
reflected wave, the two together make an incident and reflected 
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ray (or thin beam). For instance, X is incident, and Y re- 
flected, at the point A. The energy travels along XA in the 
right wave, and then along AY in the left wave. In the 
overlapping region H is doubled. It is up through the paper 
in both waves. Also, D is vertical. If 0 is the angle of inci- 
dence, PAQ travels along the surface from left to right at 
speed u connected with v by v =u sin 0. 


Fia. 8. 


Thus, u- v at grazing incidence. That is, when XA is 
horizontal. The two waves then make one doubled simple 
Wave, 2D being perpendicular. But at perpendicular ray 
incidence D- 0. This is the case of direct reflection of a 
plane slab striking flush against a perfect conductor. The 
electric force is destroyed, and H is doubled during coincidence 
of the incident and reflected waves. The reflocted wave has 
the same H but reversed E. Five stages are shown in Fig. 9. 


Fie. 9. 


Stage 1 shows E (by the ordinate) at the moment the front 
of the slab strikes the conductor ; 2, when it has gone in one- 
fourth; 8, when half gone in; 4, when three-fourths gone in; 
and 5, all gone in, and replaced by a pure negative wave. 
„Gone in does not here imply entrance. 

Now consider the case of oblique incidence, represented 
by Fig. 8. The density of electrification is 2D sin 0, and its 
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speed of transference is u = sin 0; so 2D, that is, 2H, is the 
equivalent electric current per unit surface of conductor. 
Now 2H is the curl of H under the circumstances, but, as 
before explained, it is a conduction current. We may, however, 
easily turn the problem into one relating to convection. When, 
or before the electrification reaches the end of the sheet, move 
the sheet itself in its own plane along with the electrification. 
Then the two waves will go on behaving exactly as before. 
We may dismiss the idea of a conductor, and consider PAQ 
to represent a plane strip of electrification, density - 2D sin 6, 
moving in its own plane perpendicularly to its edges at the 
speed u, accompanied by the two electromagnetic waves. An 
upward pressure on the strip is required to maintain the 
state, but no work is done by it. Energy is being constantly 
transferred from one wave to the other. In fact, we may say 
that the one wave is being continuously turned into the other. 


Generation of a Pair of Inclined Plane Waves by Motion of an 
Electrified Strip; u>v. The applied force required. 


§ 458. This state of things is obviously not that which could 
arise from putting the strip, given charged and at rest, into 
motion at the speed u, because there is a wave in advance of 
the strip, which is moving faster than the speed v of propagation 


Fic. 10. 


of disturbances. But we may readily construct the proper solu- 
tion of the new problem stated. In Fig. 8, keep the reflected 
wave in its place, but turn the incident wave over to the other 
side and start afresh, asin Fig 10. The electrified strip PQ 
moves along the z-axis at any zpeed u v. The final state 
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that is tended to consists of two plane waves as shown, 
inclined backwards. D is away from the strip in both waves, 
which are exactly similar, and the angle between either D and 
the axis is the 0 given by v=usin 6. This solution is only 
xue when vc u, or in the limit v=. When »>u, the dis- 
placement spreads out over all space, obviously. 

This is a very important case theoretically, in spite of its 
simplicity, so some more details may be given. There is no 
conversion of one wave into another, as in Fig. 8, but a real 
generation of the waves by the motion of the electrification. 
For the waves move normal to their planes, as usual, and 
additions are being continuously made to them at PQ. If the 
breadth of the strip is a, the depth of the two waves is 
b=asin@. The energy density is 20; and the speed of 
elongation of the waves is 2 co 0. Therefore the rate of 
increase of energy in the upper wave (per unit distance 
perpendicular to the paper) is 

2Ua sin 6 x u cos 0 = Uua sin 20, 


and its double is therefore the rate of increase of the energy 
of both waves. Therefore, by the law of activity, 
F = 2Ua sin 20 

measures the applied force required to maintain the electrifi- 
cation in steady motion. This force F acts along x. That is, 
it is a push from behind or a pull in front. If it bə removed, 
the electrification will at once begin to slow down, and this 
will continue until its speed is v. The state represented in 
Fig. 6 will be tended to. 

As Newton is not yet superseded, we must have equal action 
and reaction. The companion to the impressed F is the force 
exerted on the electrification by the stress in the two waves. 
The stress in a pure wave is a pressure 2U acting along the 
ray. So 2Uacos@ is the slanting back pressure upon PQ 
from above. Similarly in the lower wave. Their up and 
down components cancel one another. Their tangential com- 
ponents are additive, and together make 2Ua sin 20, as before 
got by a consideration of the energy added to the waves. 

It is not necessary for the waves to be externally unbounded. 
The displacement may be terminated upon stationary per- 
fectly conducting plane surfaces. So we get the state of 
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things shown in Fig. 11, where the two planes are AB and 
AC. Everything else is as before. Here the energy (per unit 
depth normal to the paper) is always finite, increasing at a 
uniform rate. To make more complete, we may show how to 
initiate the waves. Starting with zero displacement every- 
where, let an impulsive voltage act in the direction of u all 
along the line A, generating the double charge +p and — p 
there, and let the line of +p be immediately carried away at. 
speed u. The line of — p will then split into two halves, one 
of which will run along AC and the other along AB at the 
speed v. They will bejoined to the +p by two impulsive 
plane waves, as in Fig. 11, save that the waves there are 
slabs. To have slab waves, the initial voltage must continue 
for a finite interval of time, 


Fic. 11. 


Now go back to Fig. 10. If the width of the strip PQ be 
reduced to nothing, whilst the charge upon it is maintained 
the same, we come to the case of an electrified line moving 
transversely at any speed greater than v, accompanied by 
impulsive plane waves. No separate figure is needed. But 
the force F, although it is finite when PQ is finite, becomes 
infinitely great by the concentration of electrification assumed. 
To show this, put F in terms of the total charge on PQ. If 
Q be this charge (per unit length along the strip), we have 


Q=2Dasin 0, and U=4ED =ġcE?. 
These make F become | 
Q 0 te * 
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which increases infinitely with a- and also with u. It is, 
however, zero when u=v. This means that the two waves 
are in one plane. It is necessary, therefore, to have finite 
surface density of electrification, in order to be able to move 
the charge through the ether at speeds greater than light by 
the application of finite force. 


Generation of a Pair of Inclined Plane Waves by a Moving 
Source of Induction, when u>v. 


x 459. Several modifications of these results will come in 
due course. One may be given here, being closely related to 
Fig. 10. In the arrangement there represented, reverse D in 
the lower wave. In order that the wave shall move the same 
way, H must also be reversed. The two displacements, in the 
upper and lower waves, are now continuous. PQ is therefore 
unelectrified. What then must it represent, in order that the 
problem may be really electrical, with growth of the waves 
by external work done on PQ? To answer this, observe that 
E is discontinuous tangentially at PQ. This means that the 
strip is a strip of f or curl e, the source which generates 
induction as before considered, § 453, whilst generating dis- 
placement positively on one side and negatively on the other. 
Remembering that E is towards the f surface below and from 
it above, whilst H is up through the paper in both, we have 


f 
uv cos 2 cos 0’ 
and the total displacement in each wave is 


Q = cfatan 0. 
In the case of a filament, put af -e That is, f, is the 
line source. Then we have two impulsive waves, in which 
Q =4cf, tan 6. 
But if f, is finite, there is the same infiniteness of applied 
force involved as previously. 


Two ways of Dividing a Pair of Crossing Pure Plane Waves to 
make Convection Problems; uv. 


§ 460. Anextension of the case represented by Fig. 10 may 
be arrived at in a different way. In Fig. 12 are shown two 
pure impulsive waves crossing one another. The magnetic 
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force H is up through the paper in one wave and down in 
the other; both are equally intense. There is nothing 
abnormal. Remembering, however, that the waves move 
perpendicular to their planes at speed v, it follows that their 
line of intersection moves from left to right at speed u given 
given by v=usin 0, where 0 is the angle between D and the 
line of motion. Next, we may regard the line of intersection 
as consisting of two coincident equally and oppositely elec- 
trified lines, charged to linear density +2D, if D is the 
strength of the impulsive waves. This is merely a 
truism, because they annul one another. What is not a 
truism, however, but a striking fact, is that if we separate the 
two charges and the waves from one another, producing the 
two states shown in Figs. 18, 14, these states are separately 
possible. 


we cace 3 —— — 2 * 
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Here it may be recognised that Fig. 13 shows the case 
before considered, Fig. 10, involving the generation of plane 
waves by an electrified line (or plane) moving at speed u, by 
force applied to the moving electrification, acting from left to 
right. In Fig. 14, on the other hand, the waves advance 
towards one another, and are continuously destroyed at the 
moving electrified line. The force due to the stress tends to 
push the electrification along faster; so, to maintain the 
state steadily, an applied force pulling back the electrification 
is required. Without this applied force the tendency will be 
to make the two waves into one, since the force due to the 
stress will decrease. But this will not take place in any 
simple manner. 

In Fig. 18 the charge may be negative, and in Fig. 14 it 
may be positive. Both E and H are then to be reversed, u 
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remaining the same. The important distinction between 
Figs. 13 and 14 is merely that the former arrangement can 
arise from rest naturally, as before explained, whereas the 
latter needs some more artificial initial conditions. 

Here is another way of splitting the crossed pure waves of 
Fig. 12:—In Fig. 15 there is no electrified line in either case. 
To interpret, consider the upper pair of waves, and expand to 
slab waves, as in Tig. 16. We see that there is no H in the 


Xe 
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overlapping region, and that the displacement is tangential 
therein. The tangential electric force is 2E cos 0 from right 
to left. This is the measure of f, the curl of e on the surface 
PQ. That is, PQ must be a plane f source (say due to 
intrinsic electrisation), moving at speed u in its own plane. 
Similar remarks apply to the lower pair of waves in Fig. 15. 
But since one wave is in advance of PQ, neither of the cases 
in Fig. 15 can arise from rest in static condition. 


Slanting Plane Waves Generated by a Moving Magnet, and by 
an Electrified Strip moving normally to its Plane. 


$461. Closely connected with Fig. 16 is the case arising by 
turning D to B therein. No separate figure is needed. There 
is now no E in the overlapping region, and the induction is 
tangential, since it goes down one wave and up the other. 
The magnetic force at PQ is 2H cos . There are two inter- 
pretations. First, PQ may be a portion of a stationary perfect 
‘electric conductor. Then the right wave is incident and the 
left wave reflected. Secondly, PQ may be a plane g source 
(negative curl of h, or intrinsic magnetisation), moving from left 
to right at speed u. The dotted lines may represent the two sides 
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of a slab magnetised parallel to u. Here, however, one wave 
is in advance of the moving slab, so some special initial state 
4s required. 
Io substitute a state which could arise from rest naturally, 
have both waves behind the g source, as in Fig. 17. First of 
all, consider the top part only. The two waves have B nor- 
mally continuous at PQ, which is right and proper. D is 
fully continuous there, but the tangential discontinuity in H 
at PQ is measured by 2H cos 6. This is the measure of the 
surface density of the moving g source. There are many 
ways of developing this problem. The one shown in 
Fig. 17 concerns a magnetised slab moving in the direction of 
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its magnetisation at speed u. The dotted lines show the 
forward and backward faces of the slab, magnetised from left 
to right, = 2H cos 6. PQ and RS are its upper and lower 
sides, the seat of the g sources. They are equal but oppo- 
sitely directed—viz., down through the paper on PQ and 
up on RS. 

Such a magnetised slab, moved in the way indicated, will 
ultimately tend to have its induction distributed in the way 
shown—viz., in two pairs of pure electromagnetic waves, 


which are being continuously’. generated by the ; g sources Seraja 
through the agency of force (NewSoxian} epplied to che *slab, > > : 


The amount of this force has been given before equivalently, - 
since it is determined by the speed and the . energy. 
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(or the stress) and the depth of the wave. Double as much 
is wanted here, because there are two pairs of waves. The 
induction is shifted altogether out of a part of the magnet. 
That is nothing. More important are the reservations. The 
inductivity n of the magnet must be the same as that of the 
ether. If different, the waves are not so simply calculated, 
though the general ideas are the same. And no allowance at 
all is made for any disturbance from rest of the ether itself 
due to the motion of the magnet. We do not know that such 
disturbance exists. And the magnet must be non-conducting. 

An interesting modification is got by decreasing the depth 
PR or QS till the magnetised slab becomes a plate moving 
in its own plane, and the waves in Fig. 17 overlap and cancel 
so much as to produce an apparently different case. The 
result is shown in Fig. 18. The plate, magnetised from left 
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to right, moves from left to right. The induction total 
2B is uniformly distributed along the magnet, but splits 
into two plane waves at the north and south poles. 

At the speed u =v, Fig. 18 makes the longitudinal induction 
2B be accompanied by terminal impulsive waves perpendicular 
to it. On the other hand, Fig. 17 apparently gives nothing 
when u = v. But take wa little greater than v, and it will be 
found that the overlapping of the waves in Fig. 17 leads to 
exactly the same result as Fig. 18, both inside and outside 
the magnet, 

We: must not: fake one pair of waves by itself and ignore 


‘ a the. rent: ef. the arrangement, because the induction has no 
e divergence in. reality. But we may equivalently realise this 


is progie; hy tarning B B to D. We then obtain Fig. 19, wherein 
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PQ is an electrified strip moving normally to its plane. This, 
of course, can be considered a development of the case of the 
transverse motion of a electrified line. There are, addition- 
ally, some interesting points to notice. Thus, there is no H 
in the overlapping region, where the displacement is normal 
to PQ. That is, there is no H all along PQ. Yet there is 
convection current there, of course. Also the current density 
is the curl of the magnetic force. There is, superficially, a 
contradiction. 

The true current is D+ u div D, the sum of the displace 
ment current and the convection current. This is zero along 
the strip PQ, because one term is the negative of the other. 

If a is a the breadth of the strip, the applied force is 


Goshi cos 0)? _ Q 
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per unit depth — to the paper. Notice that this 
is finite at any speed, even up to u =œ , when the two waves 
merge into one, containing no H. The tubes of displace- 
ment then simply grow longer at their ends upon PO. 


Generation of a Single Plane Wave by Motion of an Electrified 
Electret. Also of Two Separated Plane Waves. 


8 462. In the previous, the moving source generates two 
plane waves, or else is accompanied by these without genera- 
tion. But we may easily arrange matters so that only one 
terminated plane wave is generated. This brings us to a new 
class of problems—viz., concerning double sources with one 
wave, instead of two waves with one source. 

Consider Fig. 20 for example. There is supposed to be a 
single plane pure wave terminated at PQ, where it is con- 
tinuously growing. What sources are required? The normal 
displacement is D sin 6. Therefore this is the surface density 
of electrification on PQ moving at speed u. But, in addition, 
the tangential electric force is E cos 0. This indicates the 
surface density of an f source. So PQ may be the end of a 
non-conducting slab (sides indicated by dotted lines) electrised 
to density ce, where e E cos 6; the direction of e being 
parallel to PQ. By itself this moving slab would produce a 
pair of waves. The electrification on PQ, however, by itself 
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would also produce two waves; the same as f does above, but 
oppositely below. So the resultant effect is one wave only. 


In Fig. 21 the electrification is the same, but the electrisa- 
tion is reversed. Also, as the wave is being destroyed, and is 
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in advance of PQ, a special initial state is required, whereas 
the case of Fig. 20 could arise naturally from rest, if no infinite 
resistance is met with in the transition from speed 0 to u. 

If the waves are underneath PQ, there are similar interpre- 
tations. 

If we change D to B, then e is changed to h, or the slab 
must be intrinsically magnetised. But then the electrification 
is changed to magnetification. So this imagined single wave 
is physically unreal. 


Fid. 22. 


When the slab is of finite depth let it be positively eleo- 
trified on the top and also positively beneath, as in Fig. 22, 
besides being electrised in the direction of motion. There is 
no B or H inside the slab. By reducing the depth till the 
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slab becomes a mere thin sheet the result is the same as 
Fig. 10, concerning the motion of a single sheet of electrifi- 
cation in its own plane. This is because the effect of e 
ultimately vanishes, and the two electrifications unite to 
make one. In fact, Fig. 22 shows how to separate the two 
waves in Fig. 10. 

Although nearly all the above has been descriptive, yet the 
demonstrations of the various propositions have not been 
omitted. They all rest upon the simple properties of plane 
waves which were proved at the beginning, together with the 
general connections of E and D, H and B, e and h, &c., direct 
and crosswise. These are to be understood all along, in the 
way explained in Chap. II., Vol. L, especially the early part. 
When understood, the satisfaction of the proper conditions at 
the junctions becomes visible by inspection, and no repeated 
formal demonstrations are needed. 

In electrostatics the lines of force are perpendicular to the 
equipotential surfaces. But if the charges be set ip steady 
motion, the distribution of displacement is so changed as to 
reduce the angle between ‘the lines of force and the new equi- 
potential surfaces, the electric force being derived from the 
potential in an eolotropic manner. As the speed increases 
the angle between the lines of force and the surfaces decreases, 
until at the speed of light the lines lie in the surfaces. And 
after that? In all the above diverging plane waves the lines 
of force lie in the equipotential surfaces. But this requires 
some mathematics for its explanation. 


Theory of the Steady Rectilinear Motion of a Point-Charge or 
„Electron“ through the Ether when u<v and when w>v. 


§ 463. In Vol. I., § 164, it was shown that a point charge 
q in steady rectilinear motion along the axis of z, at a speed u, 
less than v, was associated with the potential 


q 
vs dreiz? + x2(2 + y?) ye (1) 
where = 1-0, a fraction ranging from 1 to O, as 1 
increases from O to v. Here it is to be understood that V is 


the potential at the point x, y, 2 when the origin is at the 
charge, so that V accompanies g in its motion. It is further 


26 ELECTROMAGNETIC THEORY. CH. Ix. 


to be understood that the electric force is derivöd from the 
potential in the eolotropic manner specified by 

E= - (iy, Tv Ev) V. (2) 
The displacement is obtained by multiplying by c, as usual. 
The result, as regards the displacement, is therefore the same 
as if the charge were at rest, but the permittivity in the 
direction of z both ways were reduced from c to Kc. This 
produces a lateral concentration of the displacement, with the 
ultimate result that when u is increased to v, the displacement 
is entirely in the equatorial plane, forming an impulsive plane 
wave with circular magnetic force. In any case, the magnetic 
force is the. vector product of the velocity u and the displace- 
ment D. 

The question now to be considered is what occurs when u is 
greater than v. Are the formule still valid? We can see 
immediately that some reservations are necessary, even 
though no change of formula may be required. For * is 
now negative; and V, and also E and H are made imaginary 
when 

2 < 8L? + 2), (8) 
where 8 = u7/v7 — 1 cose — 1 = cot?d. (4) 


This means that V is real inside the two cones to right and 
left of the moving charge whose angles are 20, connected with 


Fic. 23. 


s? by equation (4), but unreal in the intermediate region out- 
side the cones. We must certainly reject the unreal V, because 
this is a matter of physics ultimately, not of possible mathe- 
matics. In Vol. II. were numerous formule relating to waves 
which had no existence when they assumed unreal meanings. 
Certainly it is the same thing here. 
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But next, seeing that disturbances are propagated only at 
speed v, whilst the charge g moves at the greater speed u, the 
locus of the spherical waves sent out by the charge as it moves 
along forms the left conical surface only. So we must reject 
the right cone altogether, if we are considering a charge 
brought from rest up to speed u. | 

So far is rejection without change. But closer consideration 
will make it probable, if not certain, that a change in the 
formula is wanted as well. For, assuming that equation (1) 
is correct when x? is negative, provided we keep to real values, 
it still belongs to both cones. Now it was standardised so as 
to make the total displacement leaving the charge be g. This 
was with u v, when the displacement emanated in all direc- 
tions. As we employ now the same formula, the same pro- 
perty should hold good, keeping to the real values, however. 
But V is symmetrical. At corresponding points in the two 
cones V is the same. So the displacement leaving g for the 
right cone can be only 49, and similarly for the left cone. 
The practical meaning is that if we reject the right cone, and 
still have the charge at the apex of the left cone represented 
by 9, we must double the right side of equation (1). That is 
to say, q 

da Irei? — s2(x2 + 7) f . (5) 


should be the proper solution. Similarly, the right members 
of the formule for E and H, true when u<v, must be 
doubled when u>v. I gave this result in 1892, El. Pa., v. 2, 
p. 516, footnote, having obtained it by a straightforward 
operational process, to be given later. It is possible, how- 
ever, that some readers may find the above reasoning 
sufficiently convincing. It is plausible enough, but by no means 
demonstrative, on account of the infinite values concerned, 
which evade evaluation. There are two ways of corroborating 
equation (5), viz., to use it to construct a known solution, 
and to prove it directly from the operational solution. The 
first way is much the easier. 
At any point P inside the cone, we have 


3 
y 21 {2 tan? — (a? +y) (6) 
tan 
oF V= gre (PG x PRI (7) 
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The last form shows the meaning, the second denominator 
expressing the geometrical mean of the two parts into which 
P divides the diameter QR, Fig. 24. So V is a minimum on 
the axis, and increases to infinity on the cone. Outside the 
cone V is zero. Deriving the electric force by equation (2), 
it will be found that E is radial, aud is directed towards 
the charge. This is inside the cone. Its size is 


E r tan 0 (8) 


at distance r from the apex, where l is the above-mentioned 
geometrical mean. The conical surface is the seat of a sheet 
of displacement away from the apex. This follows because V 
suddenly drops to zero outside the cone. The amount of 
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displacement in the sheet at QR going outward must exceed 
the amount crossing QPR. radially towards the apex by the 
amount g. This is obvious by the meaning of electrification 
in relation to displacement. 

A difficulty arises here. For on integrating the flux of D 
inwards across QPR, according to (8), the result is infinity, 
the infinite part arising at the boundary. So the outward 
flux on the outside must be also infinity, plus q. The meaning 
of this double infinity will appear later. 


Construction of the Slanting Plane Waves generated by an 
Electrified Line by means of the Potential of an Electron. 


§ 464. Now use equation (6) to calculate V by integration in 
the case of an electrified line moving transversely. We know 


WAVES FROM MOVING SOURCES. 29 


the result already, so can disprove equation (6) if it does not 
work properly. Let o be the linear density of the electrified 
line. Then, by (6), | 
0 tan 0. dæ 
7 252 (2? tan? 0 — = 7) 


(9) 


where æ is the distance of dz from the plane of the paper in 
Fig. 24, it being supposed that the electrified line passes 
through q, and y is measured upward on the paper. To find 
the limits, observe that every element of the electrified line 
has its cone to correspond, of angle 20, and that those portions 
only of the line contribute to V whose cones cover the point 
in question where V is wanted. ‘The extreme cones therefore 
have the point on their surfaces. Therefore 


22 tan? 6 - x? — 7 O0, 
or x= + (2 tan? 6 — )) (10) 


at the limits. The net result is that (9) includes all real 
values. The integral is an easy one, and makes 


v. tan (Ta (11) 
271 0. I-. 
where 2, is given by (10). Or, finally, 
T 
V 20 tan 0. (12) 


So V=0 everywhere outside the two planes which envelop 
the cones, and V has the constant value just written inside 
the planes. This means that there is no E or H anywhere 
save at the planes themselves. The total displacement they 
carry can be estimated by the sudden drop in V in passing 
through the planes to be 4c on both; and the magnetic force 
to correspond satisfies E = vH, as in all pure plane waves. 

Now these results agree with the arrangement in Fig. 10, 
which was proved. So the proper standardisation of the 
potential formula for a point charge is assured. In the case 
of a moving strip of surface density o and breadth a, the 
potential is 

vo- 25 tan 0, (18) 


constant, on the left side of the slab waves; V- O on the right 
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side; whilst in the waves themselves V rises uniformly from 
O outside to V, inside—that is, referring to Fig. 25, 


y- v. O -2. tan o- -x PS, (14) 
where PS is the vertical distance of P, where V is reckoned, 
from the outer plane. Thus the equipotential surfaces are 
parallel to the wave fronts, and E lies in them. This property 
remains true until u is reduced to v. After that they split, 
separate, and widen out both ways into closed surfaces, and 
the disturbance spreads over all space. 


Fia. 25. 


In the case of a point charge, the equipotential surfaces are 
hyperboloids of revolution. The conical surface is the extreme 
limit, to which the last hyperboloid goes infinitely near. 
These surfaces become infinitely compressed into one plane 
when u- v. After that, with u cv, they split and become 
flattened ellipsoids, and ultimately spheres, when u is reduced 
to nothing. The ellipsoidal theory was given in Vol. I., 
§§ 164 to 167. I should add that Mr. Searle has added inte- 
resting developments to the ellipsoidal part of the subject 
(Phil. Trans., 1896, and Phil. Mag., 1896). 


The steady Rectilinear Motion in its own line of a Terminated 
Electrified Line when u >v, and interpretation of the 
Impure Conical Wave following an Electron. 


§ 465. What is not clear in the above is the state of things ‘at 
and just within the conical surface itself. To elucidate this, 
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consider a more general case—viz., that of the motion of an 
electrified line of finite length, or at least infinite only one 
way, in its own line. The investigation of V will follow later. 
The formula is 


T 2 tan 0 z? tan? 6 è 
v log f e+ (OS —1) . (15) 


where = ＋ . (16) 


This is when the electrified line, linear density o, is infi- 
nitely long one way, its termination being at the origin. The 
angle 0 has the same meaning as before, in relation to the 
conical boundary of the region occupied by E and H. Now when 
the line is of finite length a, the Vis the difference of two 
formulæ of the type (15) having their origins at the two ends 
of the line. That is, 


T z tan 6 + (2 tan? 0 - h’) 
i 
V= re 08 5 tan 0+ (aitant TA) (17) 


where 20-2 4. The quantity z, is always positive. The 
formula (15) is true in the region between the two cones, and 
(17) inside the inner one. | 
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Considering (15) first, it may be seen that the equipotential 
surfaces are all cones with a common apex at the forward end 
of the line, and that V increases from 0 on the outer cone to 


§2 ELECTROMAGNETIC THEORY. CH. IX, 


infinity at the axis. Deriving the electric force by (2), the 
result is 
T z tan?0.h, + Ak 


5 =a 1 
= 2rchtan (2 tan? — h?)! (18) 


where k and h, are unit vectors along and transverse to the 
axis. The ratio of the transverse to the axial component is 


E, 2 tan: 6 
E, h ` 


Now z/h = constant is an equipotential surface. So, by (19), 
all the lines of force cut a given equipotential surface at the 
same angle. Observe that for a given distance from the axis, 
the ratio of the transverse to the axial component increases in 
proportion to the distance from the apex. On the axis itself 
the axial component is 


E, 


(19) 


0 
~ Frez tan? 0’ (20) 
varying inversely as the distance from the apex. Also, when 
h/z is small, 
0 


E,= 2A (21) 


That is to say, the displacement at the axis is perpendicular 
thereto, spreading out all round from the electrified line pre- 
cisely as if the line were at rest. But this does not continue, 
for all the displacement eventually goes to the conical 
boundary, or infinitely near. The turning round of the 
displacement takes place instantly at the apex, and more 
and more slowly the further away from it. As all the dis- 
placement ultimately concentrates about the boundary, the 
amount collected there tends to increase uniformly with z At 
the same time, so does the surface of the cone. So the 
amount of displacement per unit area tends to become uniform, 
and since H = VuD, the state of affairs at the surface tends 
towards that of a pure electromagnetic wave, away from the 
apex, as the surface becomes more planar. A purely conical 
wave of the kind cannot exist alone. The lines of force are 
hyperbolas. 

Fig. 26 will give some notion of the conical surfaces of 
potential and the hyperbolic lines of force, though, being 
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done out of my head, [ cannot vouch for the accuracy of shape 
of the curves. 

Now let the electrified line be of finite length a. We must 
then superpose on the field of force in Fig. 26, the exact 
negative copy of the same, but shifted through the distance a 
to the right. The result of the superposition is that in the 
overlapping region D tends to become radial, towards the 
moving charge, weak about the axis, and very intense at the 
conical surface; whilst outside, between the inner and outer 
cones, is an impure conical electromagnetic wave, in which D 
is very intense. Pushing things to the limit, reducing a to 
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zero, and keeping the charge upon it finite, we come to the 
theory of the moving point charge, already given. It may 
seem to be much ado about nothing, but is there any easier 
way ? 


The Wave from a Straight Line Source of Induction in a 
Non-conducting Dielectric. 


§ 466. In consequence of the circuitality of the currents, 
electric and magnetic respectively, all states of induction 
and displacement which are due to impressed electric and 
magnetic force depend solely upon the curl of e or of h. 
This was shown in Vol. I., § 87. Now, intrinsically electrised 
and magnetised bodies are brought into the theory by what 
are equivalent to e and h. The disturbances produced by 
moving such bodies therefore involve the consideration of the 
waves emitted from the seat of the curl of e or h. It is also 


VOL. III. D 
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true that tho statio states themselves may be regarded as 

arising from the superimposition of waves continuously 
emitted by the sọurces mentioned. But this is useless, 
ìhough curious. On the other hand, when e and h vary in 
intensity, either in time or in place, or in both, the considera- 

tion of the waves in question is imperative. In Vol. I., § 89, 
was described generally the nature of the waves from a 

circular source; and above have been investigated several 

cases of moving magnets, &c., under such ciroumstances as 
give rise to simple plane waves. The results are sometimes 
rather incredible, but that soon wears off. The human mind 
is so made as to be capable of believing anything, no matter how 
silly, provided it is imprinted heavily enough. That is well 
known to all astute people—to those priests in particular who 
convert men and women into sheep by saying the same thing 
over and over again. In the end they have no judgment left. 

The incredibility of results is no evidence by itself of necessary 

error. The reasoning man may not believe till he sees it: 

that does not imply disbelief, but a reserved attitude, waiting 
for more light. 

Tue electromagnetic wave from a straight line source when 
stationary I have considered before, Zl. Pa., Vol. II., p. 456. 
It is wanted here, as a foundation for the theory of the same 
when moving; so for completeness I give what is necessary, 
in a somewhat different way, and with an addition. Let there 
be a straight line source of f or curl e. It generates induction 
at the rate F per second. That is how the wave originates. 
For the induction spreads all round at speed v, and along with 
it is electric force, according to the circuital laws. But it is 
not so simple a matter in the present case as with a plane 
source of f, already considered. There is a mixing up in the 
cylindrical wave. 

By symmetry H is uniformly distributed round about the 
axis which is the straight line of f, so that the genera 
characteristic y?H = 2H, where g = p/v = d/d(vt), reduces to the 
zeroth Bessel form P 

( g) n-vn. 0 

. ien force at distance r from 

the axis. 


WAVES FROM MOVING SOURCES. 85 


The appropriate solution is 
H=K,(qr).A, (2) 


‘where A is a time function to be found to suit F given as 
a function of the time. To find A, note that the second 
circuital law 

- curl (E- e) = pH (8) 


takes the special form 
ld 
= Gp PE) =- bl. (4) 


This is proved at once by considering two adjacent circles of 
E. In this equation f is the density of curle. But let all 
the f be concentrated at the axis to make a line source, of 
strength f,, say, and then integrate (4) over a circle of infini- 
tesimal area centred upon f, The integral of pH vanishes, 
whilst that of fis 70. This is the same as saying that the 
circuitation of E round fo tends to the value f, as ris reduced 
to O. That is, 


QrrE=f,, when r=0. (5) 
But the first circuital law | 
curl H = cpE, 

reduces to — 3 cp; (6) 


so, by (2) and (6), used in (5), we get 


Qrr d 211 d 
h=- T Ake) aà- l 2) = A. (7) 
See Vol. II., p. 226, equation (4), or p. 250, salon (48), for 
the full formula for K,(qgr), of which the only significant part 
at the axis is the log term here employed. So A= = 4PSo and 
therefore 


H = łepK (qr), = 7 Koe (8) 


is the operational solution for H, true for any varying fo 

Let fọ be steady, beginning at the moment t=0. The 
algebrisation was given in Vol. II., § 486, p. 456, equation (119) 
equivalently. But interchange r and vt in that investigation 
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to suit the present case. The result is 


f 


— 40 
H aaa Jrrpr(v?t? E rej? (9) 
and the corresponding E is 
_1dH_ vt /o 
cp dr rr (v — r) (10) 


These are valid between the axis and the wave front at 
vt, beyond which E and H are zero. At the axis H varies 
as t. If the value of H at the axis had been known the 
above investigation would have been unnecessary, because 
H at r is derivable from H, at the axis by 


H= 1,(qr) Hy = 1y(ar) 2, (11) 


which produces the formula (9). Compare with equation 
(118e), $486, Vol. II., in which A and g, r and vt should be 
interchanged to suit the present case, 

In the above the divergent K, function was employed to 
effect the algebrisation. But we may obtain the same result 
by the convergent Bessel function. Thus, 


I,(9r)q1 = 9 + er +e (12) 
1 (r / 2vt) “ (r/ 2 i) nv 
E On|- F D lin +1) —(n +8) [—(n +8) +.. 4, (18) 


the transition from (12) to (13) being made by turning l to 
tn, according to the theory given in Vol. II., with numerous 
examples. Now 


K,(gr)= % L.), (n=0). (14) 
This applied to (18) makes 


5112/1 Cg (-) J C/ 2g) -5 
. a- pa CERD p eo) 


2 1N2 1.37 N. 
2 1 
ECET (17) 
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This corroborates equation (9). For the values of the 
g functions used see Vol. II., p. 451, equations (78). 


The Wave from a Straight Line Source of Induction in a 
Conductor. 

§ 467. Being in the way of it, it is worth while giving the 
corresponding results when the medium is a conductor instead 
of a.non-conductor, and its permittivity is ignorable. The 
operator cp in the first circuital law becomes k, the 
conductivity. This makes g?=pkp. Therefore 


H = Kr (18) 
is the operational solution, instead of (8). To algebrise, 
proceed thus. Gerede par Guen 

Apr) (Ar 
n On e 
_ (ukr?/4t)" J 4t)" (pkr?/4t)m+1 +. ( 9) 
1 n (Lm + 1[- (30 +1) 
To this apply (14), giving 


Kolgr)1 = ~ 2{ log Zè +g (0) - 49'(0) - 329'(—1) 
~ 4727 \~ * — 2) 1260 


ee 


2 Zs | 
= ={ log 2 7 Z+ 22 spt 9 (20) 
where Z = pkr?/4t, and y=9g'(0)=0°5772. Therefore 
_ _Khy Z? Z 
H= 4 [ Z+ y- 29 38 J: (21) 


expresses H at r at time t due to the source f, at the axis 
beginning at t=0. The series is convergent, and is therefore 
suitable when Z is not large. To suit larger values of Z we 
may turn (21) to a divergent series. Use equation (98), 
p. 452, Vol. II. It produces 


H- fo - 2 8 at . (22) 


which is proper when Z is too large for the practical use of 
(21). It is curious to see that the series following e-“ is that 
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exponential series itself with every term turned upside down. 
It is also curious to see that we cannot get away from the 
divergent series, either operationally or numerically. They 
seem to have come to stay, like other things before. 

If / is impulsive, we get the corresponding H by time- 
differentiation. Let the impulse be Bo, then we put pB, for fy 
in (18). This makes 5 


H = HK) pB = 47e, (23) 


by differentiating (21). This, observe, or test to corroborate, 
is the same as 


kB l 


where the operand is the value of H at the axis. But if you 
try to turn (28) to a divergent series by differentiating (22), 
you will come to the convergent solution (23) again. 

Observe that (28) is the same as 


2rr(B = pH) = Be. (25) 


It follows that the total B over all space is B,, constant. 
This is because we impulsively generate B,, and it then 
simply diffuses outwards, but cannot be destroyed by the 
electric conductivity of the medium. It requires magnetic 
conductivity to destroy it. See Vol. IL, S 194, 195. 

Similarly, in case of the continued source %, the total B at 
time t amounts to ft. We must integrate over all space to 
find it, because in pure diffusion the speed v is infinite. On 
the other hand, in the nonconducting dielectric, the induction 
to the amount ft is to be found always between r=0 and vt. 
An easy integration of (9) will show that the induction 
between r=0 and mvt, where mis any fraction, is proportional 
to fot. Here the radius of the circle considered is always a 
constant fraction of the radius of the wave front. But within 
any circle of constant radius, the total induction falls to zero, 
because B tends to zero, everywhere save at the wave front, 
where it is always infinite. This infinity, however, is of no 
consequence, being empty. 

The electric field tended to is specified by 


-h 
E= j (26) 
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It is the electric field due to an electric shell of strength f, 
having a single straight edge at the axis, and therefore 
extending to an infinite distance. But if it is stopped by 
another straight edge parallel to the first at any distance, a 
second source is introduced, which is the negative of the first. 
There are then two waves produced, according to the above 
formule. The total induction (algebraically reckoned) is now 
always zero; although before the waves overlap the steady 
generation at a rate of +f, by one source and —/f, by the 
other, and their existence in separate regions is evident. 
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Fig. 28 will give a general idea of the spread of the H wave 
from a line source. Distance from the axis at O is reckoned 
along the base line, and the two curves show the intensity of 
H in the wave at two moments of time, say t= l and t=2, 
when the wave front has reached P and Q respectively. The 
ecale is quite arbitrary, because one curve is a copy of the 
other. At the initial moment, there is just the solitary 
infinite value of H at the commencing wave front, at O. The 
infiniteness is merely because f, is assumed to start action 
with infinite suddenness. 


The Waves due to a Growing Plane Sheet ot Sources of 
Induction, and to Travelling Filaments, at any Speed. 


§ 468. Now consider the state of things due to a line source in 
motion, or to a plane source steadily extending itself by the 
continuous addition of line sources at its straight edge. To 
fix ideas and formule, refer to Fig. 29. Let z, be the actual 
position of the edge of the plane source at time t, whilst z and r 
are the co-ordinates of the point P where H is to be deter- 
mined. The directions of f and H are perpendicular to the 


40 ELECTROMAGNETIO THEORY. OH. IX. 


paper. The origin of z may be conveniently situated at a 
distance to the left, to avoid negative values. Let the plane 
sheet be of density f per unit length along z, and start at z, 
at the moment te, and grow along z at speed u. The position 
z, indicates the limit of action at P. That is, P at time 
t receives H from the sheet between z, and z,, but not from 
the part between 2, and z,, where its edge is situated. As for 
z that is any intermediate position to be employed in the 
integral. 
P 


>u 
3 20 22 * 
t3 to t: e 
Fira. 29. 


With the above conventions, the value of H at P is given by 
af ta dt, (27) 
2 ů , {v°(t— to)? 1 ~[z—z, Tut e 
this being derived from (9) above by putting in the special 
distance concerned. The diagram is drawn for the case v>u, 
so that the time of going from z, to P at speed v equals the 
time of going from 22 to 21 at speed u. 
The above is the same as 

i s dr 

2A) „ö — . ar (28) 
where J 

„„ a -i, „ Noea rru 
t- U- a= . 29) 


Integrating (28), we get 
H aa |, (80 
= Zr (bs — mlog (7 + xi 72 — a) ( ) 


provided v>u. But (28) may also be written 


Fu dr ; 
B= arp) = THA n 
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so, when u>v, we have the result 


fu Peer ae Ka 

tera ein ak (82) 

At present consider the case of v>u. Then the limits 
T, and 7, are got by putting t, and t, for ty in the expression 
for 7 in (29) above. At the lower limit in (28) the radical 
vanishes. 80 72 =. The upper limit depends upon the 
moment t, of starting action. So 

= fu To + (1g. — a?) 

a 2ruv(v? — 22) log a (38) 
is our solution. Note that H begins at P when R, vt tg). 
This makes 2 = . So H=0 initially. 

If we differentiate (83) with respect to t, we get a formula 
of the type (9), expressing the effect of the introduction of a 
stationary filament at z, But if we differentiate (88) to 21, 
woe obtain the formula for the H due to a filament of f intro- 

duced at z, at time t, and then moved at speed u to the right, 
being at z, at time t. In carrying out the differentiation, 
which is complicated, both 7, and a must be differentiated, 
becanse they both contain 21. The result is 


igen Ae [ C uat(2— eh) (v. -wÀ 

dei mpo Li — t)? - RaP tau — ts)? R357 + (s — a) 
1 (2 — 21) (v? 1 

N (L- (2-2) CI- 7 (1— 260] (84) 


In this formula RB, is defined in the last figure. It is con- 
nected with 7, by 
(0° — w) (T3 — a?) = v(t 16) — Be? (35) 
If f is understood to be the strength of the filament, then 
dH /dz, means the magnetic force to correspond. When u=0 
we get the cylindrical wave from the stationary filament at z, 
But when t = - œ, we get the steady wave of H travelling 
with the filament when it has been in motion for a sufficiently 
long time. Calling this H'“, it is expressed by 
fess oda Z— 2, 
Brp (v — CET. (2 - 21 + 7°(1-— uy (86) 
The eolotropic effect is now clearly visible. 
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When / v is very small, 
„ fy, u 2-2, u cos 6 
R  2ene Be (37) 
where R and 6 are the polar co-ordinates of P where H“ is 
reckoned with respect to the filament’s position and line of 
motion. This formula may be readily checked by the statio 
method. l 
There is always vanishing of H at the plane = Br. At 
the same time, increasing « causes a concentration of H’ 
towards that plane. 80, in the limit, when u = v, the result 
is two plane electromagnetic waves of reverse natures, both 
travelling the same way. 


Fic. 30. 


Now pass to the case uv, equation (32) above, in which 
1 and a are known, whilst the limits have to be considered 
carefully. We require a separate figure. As the edge of the 
sheet advances the envelope of the cylindrical waves emitted 
by it make the wave front consist of two planes inclined to one 
another at the angle 20, the edge of the sheet being their 
meeting line. The angle 0 is given by sin 0=v/u Now 
if P is outside these planes, there is no H at all. When it is 
just on.the boundary, say at P', the cylinder from æ% just 
reaches it, and z z. When it is inside the planes, as 
at P in Fig. 80, thers are two limiting points, marked ¢, and ¢, 
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whose distances from 21 are u/v times the distances of the same 
points from P. In the figure u/v=2. 80 the range of 
integration is from z, to 22, or T, to 7, determined by giving 7 
the corresponding values. That is to say, the H at P is 
entirely due to the filaments from z, to z, The waves coming 
from filaments to the left of z, have not reached P; nor have 
those coming from filaments between z, and 21, which last is 
the position of the foremost filament at the moment in 
question. Here, of course, it is assumed that the sheet began 
to form before the time ¢,, The range is, of course, less at 
the beginning. The important matter is the final result 
when the limits are full. Then we have 


w(t — t Br = o°(t ~ t)? 79 — {u (t-t) - E- 20, (88) 
and also (u-) (a- 7). (89) 
Bo the full limits are + a for 7 in equation (82). This makes 


_ fw 
eee 1 


constant everywhere between the two planes. 


Reversion to Divergent Plane Waves. Is the Ether Fixed? 


§ 469. The last result brings us back to the simple theory of 
pairs of inclined terminated plane waves. It was, in the first 
place, from the theory of generation of a single complete plane 
wave that we concluded that a straight line of curl of e of 
strength F generated induction at the rate f. This property 
bas now been applied to the wave generated by a plane sheet 
of f continuously growing at one of its straight edges, thus 
introducing new filaments of f, both when u <v and when 
uv. The first case includes, for a steadily moving state, the 
theory of Vol. I., § 166. The second case is much simpler in 
results. The H can be determined from the first moment of 
starting the action of f, including the initial partially cylindrical. 
cap. Behind this cap H soon becomes constant, equation (40). 
This signifies slanting divergent plane waves. For, by taking 
differences, we can derive the H due to a plane strip of f 
of constant width started and set in motion at any 

moment in its own plane at speed « Except as regards 
_ the cap, or rather, with the addition of. the cap, we get a pair 
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of diverging plane waves, as described at the end of § 456 
above, according to the formule there given. Likewise the 
result for a moving filament of f. These results were easily 
obtained, but the initial effects required closer consideration. 
Besides that, we have had the advantage of seeing in detail 
that the results of moving magnets or electrets are really due to 
the waves coming from the sources f and g. 

But when we pass from the abstract problems of moving 
sources to those connected with material bodies, it must be so 
done that the conditions assumed are not changed by the 
materialisation if the results are to be the same. In particular, 
the ether must not be disturbed by the motion of the matter. 
This is the assumption I have always made in my investiga- 
tions of the waves arising from moving electrification or other 
sources. (See, for example, EI. Pa., Vol. II., p. 504; and 
E. M. T., Vol. I., p. 269 to 282, and the above investigations.) 
The reasons are tolerably obvious. First, simplicity. Next, 
the changes due to any dragging along of the ether with the 
matter cannot be determined without some assumptions as to 
the extent of the drag, and its nature. This is one of the 
unsettled and very speculative matters in electrical science 
applied to moving bodies. I would rather have no drag at 
all, or else complete drag, if I had the management of it. 
But it may be that a partial drag is an essential condition of 
the connection between ether and matter, even though that 
connection be entirely through electrification, that is, by ions 
or electrons. Even a full drag is not inconceivable. For 
consider a single charge or electron moving through the ether 
without any assumed drag externally. It might really be the 
limiting case of a moving ether; that is, the electrification 
might be inexorably associated with a definite part of the 
ether. Or again, with perfect slipping possible, resultant 
effects of moving collections of matter and electrification 
might give an apparent motion to the ether in the circuital 
equations. 


Drag of Matter upon Ether. Modified Circuital Equations, and 
the Wave-speed resulting. 


§ 470. The question of the drag of a moving body on the ether 
has occupied the attention of physicists for a very long time, 
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especialiy from the optical point of view, and it is open to 
question whether the last word has been said about it by the 
latest investigators. The following comparisons of different 
results will serve to illustrate some aspects of the subject. 
Divide the displacement D and the induction B each into 
two parts, thus, 
D=cBE=(q+c¢,)E=D,+D,, (1) 


B= HH = (m + p, )H = B, + B,- (2) 


Here B, and D, belong to the ether, and B, and D, are the 
extra parts due to the matter, that is, the two polarisations, 
magnetic and electric. 

Next, write the two circuital laws for a moving medium in 
the form 

curl (H— VD,q, — VD,q,)=C+D + up, (3) 


—curl (E- Vw,B,— Vw,B,) =È. (4) 


Compare with § 71, Vol. I. We leave out impressed forces, 
except motional, also the hypothetical magnetic conduction 
current and magnetification. As regards the motional electric 
and magnetic forces, instead of one velocity, there are now 
four, one for each part of the two fluxes concerned. This is 
required for our comparisons. As for u, the velocity of the 
electrification p or divD, it need not be assumed to be the 
same as that of the matter. 

To ease matters, let there be a simple plane wave traversing 
a non-conducting dielectric without volume electrification, and 
let EI, Hy, VEH ||z, and let all the q's and w's be 2. 
Then Va,D,||H; also Vq,D,; and VB,w,||E; also VBIwI. 
These simplifications bring the circuital equations to 


- A(H + Do + Di) =D, (5) 
- A(E + w,B, + w,B,) YB, (6) 


where A is d/dz and p is d/dt. All scalars now. 
But the type of a plane wave is f(z- Ut); where U is the 
wave speed. So p= —- UA, and therefore 


H + gD, + qD: = UD, (7) 
E + w,B, + wB, = UB. (8) 


46 ELECTROMAGNETIC THEORY. CH. IX. 


These are the same as 


H- (U-), (9) 
E= (U- w)B, (10) 
where 9 and w are the speeds given by 
q= Coo + on w m Elo F P (11) 
c 1 


So there are only two effective speeds of motion. In this 
notation the circuital equations become 


curl (H- VDq) = C+D + up, (12) 
— curl (E- VwB) - B. (18) 


When 3 and w are zero, U =v, given by pevt= 1. And in 
general, (9) and (10) lead to 


v= (U-9)(U-w); (14) 

of which the solution is 
-Z U T qs ay (16) 
and farther, when g and w are small compared with v, we get 
U-v=3(q+w). (16) 


This represents the increased wave speed (referred to stagnant 
ether at a distance) due to the motion of the matter. It is 
the mean of the effective speeds associated with D and B. 
Now compare different cases. 


Comparison of Wave-speeds in special Cases. 


§ 471. (1). When there is symmetry, so that c,/c=p,/p, and 
also 90 = 20%, 7, = ul, then 


2-24 928, (17) 


and U. (18) 


exactly; that is, without limitation to small speeds. This is 
a fanciful case, though interesting. 
(2). Let q,=9¢,=w,=w,; then also =, and 
Uv, (19) 
again exactly. Here q is the speed of the matter and ether 
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moving together, equivalent to a single medium theory. There 
is full superposition of velocities; that is, the wave speed 
through the body isthe same whether it is stationary or moving. 
This is the result we ought to have in any rational theory of 
one medium, in a primary theory, that is to say. (See Preface - 
to Vol. 1, E. M. T., for remarks on this subject.) 

(3). Consider an unmagnetisable body, i = O. Then 


+ 
U -v =w + wy (20) 
If we can agree that w, should be the same as g, then 
--%) +49). (21) 


(4). If the ether is entirely left behind as the matter moves 
through it, we may take g,=0 in (21); then 


U-v= 1 22) 


Here q, is the speed of the matter. The result is therefore 
just one-half of Fresnel’s result, according to which, in the 
present notation, the extra wave speed is ¢,c,/c, which means 
that the wave traverses the moving body more slowly than 
when it is at rest by the amount q,c,/c. 
(5). Let q, and qi be both zero in the first circuital law, and 
W, wi in the second. Then 
U-v=4u, (28) 
where wis the velocity of the matter. This result was obtained 
by J.J. Thomson by using Maxwell’s theory in its unamended 
form. In my amendment of the same, given in 1885, I con- 
cluded that the motional argument which led Maxwell to the 
motional electric force e VWB involved a similar one 
leading to a motional magnetic force h= VDw, using the full 
flux in the case of h quite as much as in the case of e; for 
an obvious gastronomical reason relating to sauce. Whether 
right or wrong, it rationalises Maxwell’s theory, and I maintain, 
as before, that it is the proper expression of his theory, 
because of his form of the motional electric force. It leads 
to a full superposition of velocities, as in example (2) above. 
Buf it does not follow that either e or h is correct in fcrm 
universally. That is a distinct question. 
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(6). Larmor, ‘‘ Ether and Matter,” p. 60, takes q,=0 in 
the first law, and wW, =w, = qi in the second. This produces 


U 0 +1), (24) 


where w is the speed of the matter. This is the sum of 
J. J. Thomson’s and one half of Fresnel’s results. The ether 
is assumed to be stagnant, or not dragged atall. Nevertheless, 
the full e- VwB is used, but the full h = VDw is replaced by 
VD,w. This pictures the larmorial bearings correctly, I think. 

(7). But Larmor (I. c.) does not obtain the result (24), but 
Fresnel’s we,/c instead. This is, in fact, the reason why he 
adopts VD,w, though it may be questioned whether the 
optical result is sufficient to determine the theory. His equa- 
tions are equivalent to 


-A(H + Di) = E, (25) 
— A(E + wB)=ppH, (26) 
in my notation.* I derive (24) in the above way, getting 
c 
P= (U - w)(U—u) (27) 


for the quadratic, a special case of (14) above. 

It may perhaps fairly be asked, if the assumed fact that the 
ether is stationary causes the influence of the electric polarisa- 
tion to introduce h, = VD,w, why should not the influence of 
the magnetic polarisation introduce e, = VwB,? I do not 
dogmatise, but wait for more light. 

(8). Let us see what connection is needed between q, and q, 
to obtain Fresnel’s result. That depends upon w, and w, 
also. If we take, as seems the fairest at first sight, % = 0, 
and 21 = , then equation (21) supplies the answer, for an 
unmagnetisable medium. The right member has to be 


gie /; 80 
a e (274) 


91 CHC, 2c Tei 


which may be grossly imagined to represent the drag of the 
matter on the ether. It is here conditioned by the electric 
polarisation, and cannot exist without it. It is small when 
— en ND 


* See § 476 later for correction of Larmor's investigation, 
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c/c, is small, but may be nearly unity with large c,/c,. The 
corresponding e is 
e= V(w,B,+Ww,B,)= VwB 


— odo Fah hato c ; 

mee DR age acl 2 ce) (28) 

So e is zero in an unpolarisable medium, ior then p, = O, 
c,=0. But this e is the electric force impressed in a wire 
carried perpendicularly across the lines of magnetic force in a 
stationary ether. The vanishing of e seems wrong at first; 
but there ig no necessary absurdity. For by assumption the 
body is unpolarisable, and is unaffected by either magnetic or 
electric force. Being perfectly neutral, why should there be 
an e impressed upon it when it just slips through the ether 
without disturbing it? Then why, on the present hypothesis, 
is there e in a conductor? Because c, is not zero. Conduc- 
tion in the physical part of Maxwell’s theory implies polarisa- 
tion, because it is a breaking down of the displacement, with 
external renewal of the same, maintaining an average steady 
state of D. The value of c/c, can only be measured in very 
poor conductors. Even then it may be very large: for 
example, the value 60 to 80 in water has been found. It is 
likely to be much larger in good conductors. This would make 
e=VwB closely, with w=g, nearly, with nearly full drag of 
the ether, or what is equivalent thereto. 

If, on the other hand, we assume w= ¢,, and inquire into 
the relation between q and q, to obtain Fresnel’s result in 
an unmagnetisable medium, we have 


90⁰⁰ + 1% 4 21 11 

2c 2 % (29) 
which makes q, be negative; nothing more need be said about 
that.* 

It is to be noted that should ci/e be very large, the idea and 
the measure of D, as an elastic phenomenon become 
indistinct. It is then also of little importance to preserve it 
in the equations, because conduction, unless very feeble, works 
a revolution in the manner of propagation, turning elastic 
weves to diffusive waves. The precise nature of the failure to 

Prof. G. F. Fits Gerald asks me if I am wise to so hastily dismiss this 
case. Ido not think I am. 

VOL, III. 2 
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support elastic displacement without a continuous supply of 
energy, in relation to the ions, electrons, or corpuscles, is a 
matter of speculation at present. I am rather prejudiced 
against the view that in a solid conductor the conduction 
consists of a continuous flow of electrons or of J. J. Thomson's 
corpuscles either one or both ways, and think it more likely 
to be a local phenomenon in the main. 

(9). A very simple way of obtaining Fresnel’s result is to 
assume e- VqB, h- VDq, that is, the standard forms of e and 
h, but with the velocity of q so chosen as to give the required 
result. We require 

a- (30) 


if q, is the real velocity of the matter. This applies to both 
circuital equations. Butan electrical argument founded upon 
the absence of drag which would justify this procedure in the 
first circuital law, would surely fail in the second. However, 
there is this remarkability, that Fresnel’s result becomes exact, 
instead of for small speeds only of the matter. I do not know 
that this is to be considered a recommendation. But it may 
be possible to invent some hypothesis to justify the procedure 
in the second circuital equation as well as in the first. 

There is a difficulty in applying optical evidence to the 
circuital laws which has not been mentioned, viz., dispersion 
and change of wave-speed with the frequency of vibration. In 
applications involving assumed definite equations of motion or 
of connection between the etherial E and the molecular atomic 
electrical arrangements, the symbols c and u, constants for 
the ether, become differential operators (functions of p), and 
the permittivity and inductivity can only be effectively con- 
stants at a given frequency of simply periodic vibration. 
This must necessarily affect in some degree all arguments of 
the above kind. 


Effect of Modified Circuital Equations on Electrical 
Distributions. 

§ 472. The general nature of the modification of electrical 
distributions due to the introduction of the four velocities q,, 
q,, Wi and w. in the circuital equations (8), (4) above may be 
readily seen in the manner of § 164, Vol. 1, by considering 
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the effect of moving a single charge in a homogeneous 
medium. Using them in the form (12), (18), impress upon 
the whole system the velocity u. This makes 


curl H- VD(d- u)] =D, (81) 
curl E- V(w- u) BJ =È. (82) 


As we have not altered the relative velocities by thus bringing 
the electrification to rest, these are the proper equations when 
we travel with the electrification. In a steady state, that 
is to say, moving forward steadily at speed u, the right 
members vanish. Equation (31) then gives 


H= VD(d- u), (88) 
and (32) makes : 
curl (E- V(w - a)B} =0. (34) 

Insert (88) in (84), and suppose u and w are parallel to k. 
Then the vector 
E + pe(u — q)(u—w) VEVKE 
=E + pc(u — q)(u - w)(KE,— E) | 
=(l—m’)E+m’E,k if m*v%=(u—9)(u-—w). (35) 
By (84) it is polar. So the vector 


a ; kE 
E + kE, =iE, +jE, + 3 (86) 


1 - mn 

is polar. Therefore 

D = —c{iy, +jv,+k(1 - , (37) 
where P is the potential. The result is, when m? is positive, 
to effectively reduce the permittivity in the line of motion both 
ways, to an amount governed by the size of m?, so as to cause 
a concentration of displacement equatorially. This concentra- 
tion is complete when = 1. Then u=U. That is, the 
previously investigated U is the speed with which the 
electrification must move to make a plane wave. There is no 
distortion when either «= 9, or u =w, if u and w are unequal. 
But m? is not necessarily positive. If u lies between g and 
w, m? is negative, and the distortion is a concentration in 
the line of motion. An eminent authority once remarked that 
there is a lot of humbug in mathematical papers. He knew, 
having done it himself several times. To obviate a remark of 


52 ELECTROMAGNETIC THEORY. OH. IX. 


that sort, I remark that the cases of vanishing distortion are 
unlike as regards H. For, if u=q, then H- O; but if u =w, 
then H= VD(q—w), showing magnetic force proportional to 
the difference of the speeds associated with D and B. In 
general, H is positive or negative according as q exceeds or is 
less than w. Unless D is reversed. When can that happen ? 
When m?>1. Then, as in the case of a charge moving 
through Maxwell's ether at a speed greater than that of light, 
there is a generation of an impure conical wave within which 
D is reversed. 


Lorentz’s Equations of a Moving Dielectric. 


§ 473. Another way of getting Fresnel's wave-speed wad 
described to me by Prof. G. F. FitzGerald. Write the second, 
or Faraday’s circuital law in the form 


— curl F = ppH, (88) 
and the first, or Maxwell's, in the form 
curl (H - VI Fw) =pD = pD, + pD,, (89) 


where D, belongs to the ether, and D, is the electrisation or 
electric polarisation added on by the matter. Then let 


D, =c F, D, =c (F e) =ciE, (40) 


where e=VwB. These equations give Fresnel’s wave speed 
when w is small, that is, U =v + (c,/c)w. 

It occurred to me that the term Vc, Fw should be Ve, Ew, 
because in the additional part thus introduced, or Vc,ew, all 
the factors are related to the matter. This change makes no 
difference in the approximate result, and was not objected to. 
But Prof. FitzGerald believed the above way was equivalent to 
Lorentz’s. 

To find Lorentz. After profound research I succeeded in 
disec vering Prof. H. A. Lorentz’s ‘‘ Versuch einer Theorie der 
electrischen und optischen Erscheinungen in bewegten 
Körpern, Leiden, 1895. This important application of 
Maxwell's theory to optical phenomena ought to have been 
done into English at once to save repetitional labour. 
Though sad, it is a fact that few Britons have any linguistic 
talent. This is not due to laziness, but mainly to a real 
mental incapacity, combined with the feeling that one language 
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is quite enough. Foreigners, on the other hand, seem to be 
gifted linguists quite naturally, so much so that they have 
invented a large number of lingos, and are commonly skilled 
in several at once. Very well; I would say let them give us 
poor islanders the benefit of their skill, by doing all their best 
work into English. And why not make English the inter- 
national scientific language? It would be all the same to the 
foreigners, and a great boon to Great-Britain-and-Irelanders, 
and the other English-speaking people. 

On examination, I find that Lorentz’s equations do lead to 
the Fresnel wave-speed, and in the above way. As his work 
is not so well known in England as it deserves to be, I will 
give a short sketch of Lorentz’s way of treating the circuital 
equations, with reference to the matter in hand, but without 
any particular confinement in details. I observe with some 
personal gratification that Lorentz employs Vector Analysis 
(not Quaternions), and that he works entirely upon the 
circuital equations and their accessories, without the vector- 
potential or the Principle of Least Action, which last, in spite 
of its name, has the remarkable property of increasing the 
amount of the work to be done. | 

Let H and F be the magnetic and electric forces in ether 
away from matter and electrification, then 


curl H = pD, = c pF, (41) 
- curl F = pB, = »,pH, (42) 


are the fundamental circuital equations. I think it proper to 
have two ethereal constants. I do not consider the velocity 
of propagation to be a fundamental constant. It is a com- 
pound idea. Propagation is caused by some properties of the 
ether, I believe, and all known cases of propagation arise 
from the interaction of two properties. Lorentz has »,=1, 
or ignores p altogether, and = V:. Of course I also 
rationalise his units. . 

If there is electrification, measured by its volume density 
* div D, the above equations suffer no change unless the 
electrification moves. Let the velocity of p be u w, where 
the part w is constant, the same for all the electrification, and 
u is variable. As is well-known, p(u +w) is a part of the 
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Maxwellian true current, the missing link in the chain of the 
displacement current pD,. So 

curl H=pD, + p(u + w) (43) 
takes the place of (41). The reference space in these equations 
is the ether itself, supposed fixed. But let the reference space 
have the same common motion w as the matter carrying the 
electrification. Let v be the time differentiator for the moving 
matter, then 


p=p+wy (44) 

shows its connection with p. The circuital equations become 
curl H = (p' -w Y )D, + p(u+ w), (45) 

— curl F = (p' - w g )B,. (46) 


Now, in general, 
curl VwB = V y VwB=w.7B+By.w-—B.vw-wy.B, (46a) 
(Vol. I., p. 200, equation 181). 
Applying to (46), we have 
WV. B. Vv VweB,, 

and applying to (45), 

w. VD. - WV. Do = Vy VwD,, 
so (45), (46) become 

curl (H- VwD,) - Do pu, (47) 

— curl (F- VwB,) = p'B,, (48) 
when we travel with the matter. The velocity w may be 
imagined to be the translational velocity of the earth through 
the ether at the place in question, it being assumed that the 
ether is stagnant. Lorentz makes a further transformation for 
the consideration of aberrational questions, but that is not 
wanted here. What is wanted is the introduction of the elec- 
tric moment or the electrisation in a non-conducting material. 
There is no volume electrification, owing to molecules being 
equally endowed with positive and negative ions. These ions 
are displaced under the action of electric force, producing a 
sort of polarisation ; and the first approximation is to assume 
an equilibrium theory between the moving force on an ion and 
the displacement. This takes no count of inertia, and the 
resultant effect is to make the electrisation simply proportional 
to the moving force. That is 


D,=c,E=c,(F +e), (49) 
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where e = VwB,, is the result. Perhaps the averaging is the 
obscurest part of the process. The moving force on p at a 
point is pE, not pF, the additional part pe being Maxwell’s 
electromagnetic force on the current element pw. 

The circuital equations (47), (48) therefore become 


curl (H- VwD,) =p'(D, + D,), (50) 
=p'(cF +0,8), 
=p'(E— c8), 

— curl (F + VwB,) B. (51) 


These are the equations employed by Lorentz for a moving 
dielectric. But I think it is somewhat plainer to let the 
reference space be the fixed ether. To transform, put 
p'=p WV, and use (46a), or rather the special simpler forms 
following it. We get 


curl (H- VD,w) = pD = p(D, + D,), (52) 
= p(cF + ¢,e), 
— curl F = pB, = », pH. (53) 
Or, in terms of E and H, | 
curl (H- VD,w) = p(cE — oe), (54) 
— curl (E- e) pνH. (55) 


Perhaps the most significant form is got by taking out the 
VD,w in (52). Then 
curl H=pD, +7'D,, (56) 
- curl F = pB,, (57) 


express the relations. As the ether is supposed to be stationary 
the time differentiator is simply p for Do. But the matter 
moves at speed w, so the time differentiator is p’ instead. The 
distinction is most important, and the activities of p and py’ 
must not be confounded. In the other equation (57), B, be- 
longs to the ether, the matter being regarded as unmagnetis- 
able, so the time differentiator is p simply. In this way of 
regarding (56), (57) we can eliminate the ionic hypothesis, if 
we can trust that D, and D, can be separated in the manner 
assumed. 
The Wave-speed according to Lorentz. 

§ 474. Lorentz deduces the wave speed from equations 
equivalent to (50), (51) only after a transformation of varia- 
bles, including a changed time variable, making the zero of 
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time different for different parts of space. But there is no 

need for this complication. The mathematios of plane waves 

is quite simple. Thus, using (52), (58). let w||z, FI x, Hy 
They reduce to 

=- A{H + ¢w(F—wp,H)} = p(cF — cwm H), (58) 

- AF = Pop H, (59) 


where A is d/dz, and the quantities are now all scalars. 
Also p = UA, U being the wave speed; so 


H +c,w(F—wp,H) =U(cF—c,wp,H), (60) 


F = „UH, (61) 
giving the quadratic 


U2 20 1 = Ae, (62) 
C C 
where mci? = 1, and, therefore, approximately 
U-v= 5 w, (63) 


the required result. 

That the moving force on pw due to its motion in the field 
B, is pe may be most simply seen thus. The magnetic force 
due to pw is the ordinary magnetic force of a current element. 
The moving force on a magnetic pole in its field is therefore 
known. Conversely, the force on pw due to the polc is known. 
It is the pe in question. That the pole gives a special kind 
of magnetic field is immaterial, because it is only the value 
of B, at p that is concerned. [This simple argument is valid 
only when w/v is very small. 

But I think the above theory is possibly too simple to be 
true. In the first place, can the optical result be considered 
to be so well-established as to make it be necessary to get the 
Fresnel wave-speed? And, if so, is it proper that the result 
should come out direct from elementary equations which take 
no count of dispersion? There is a very wide difference 
between light vibrations, billions per second, and those con- 
cerned in long waves. The above is really a propagational 
theory, without any reflex actions. On the other hand, U 
should strictly be the speed of a simply periodic wave-train, 
itself the resultant of the forward and backward actions. 
Now it is true that when U does not vary much within a 
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given range of frequency, any wave which is compounded of 
simply periodic waves within that range is propagated with 
little distortion, so that a simple pulse theory is approximately 
true. But wher U varies very widely with the frequency, 
and the arbitrary wave when analysed involves widely dis- 
crepant values of U, for example, an impulsive wave itself, an 
impulsive theory cannot be even approximately true. For 
this reason I conceive that a more proper theory should be of 
a secondary character, involving the differential connection 
between the ethereal disturbance and the internal motions. 


Possible Equations for a Moving Magnetised Substance. 


475. And yet it is suggested that the relations (56), (57) 
may be proper for long waves. But then the effect of 
magnetisation is not exhibited. If the above reasoning about 
the meaning of the time differentiators is correct, indepen- 
dently of the ionic hypothesis, it will be equally correct to 
extend them to 7 

curl H =pD, + p'D,, (64) 
- curl F = pB, + p'B,, (65) 
where the new B, is the magnetisation, existent when u differs 
from u, and of course assumed to be of elastic character. 
The question then arises as to the relation of D, to F, and B, 
to H. If we write 
D, ci + e), (66) 
B, = »,(H +h), (67) 
it is still matter for argument whether e should be the former 
VwB,, or should become VwB, using the complete induction. 
And as regards h, whether it should be VD,w, or VDw, or 
existent at all. In the theory of a movable ether of variable 
c and , the variable parts representing matter, everything 
can be done symmetrically. But with matter moving through 
ether, and special hypotheses in connection therewith, there 
would appear to be no longer a necessity for symmetry. 

Prof. FitzGerald says there are electrons, but there are no 
magnetons, therefore there will be a want of symmetry, other 
than that arising from putting zero for quantities which 
might exist. But I think some salt is required here. For, 
first, it is known not that there are no magnetons, but rather 
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that if there be any, they are in pairs like the ions, and do 
not dissociate as far as can be concluded from vB O. Next, 
granting that there are no real magnetons, the theory of the 
magnetic shell remains. It shows that a closed electric cur- 
rent, which may consist of moving electrons, may be replaced 
by a double sheet of magnetons so far as external magnetic 
force is concerned, Thirdly, there are considerations con- 
cerning space and time variation of vectors which are quite 
independent of the physical nature of the vectors. So, alto- 
gether, I think it will be wise not to be overhasty in rejecting 
terms in the circuital equations because magnetons do not 
exist. Let us try to keep to symmetry to aid understanding 
any want of symmetry that may be forced upon us by special 
hypotheses. Say, therefore, 


e =nVwB,, h=mVD,w, (68) 
where m and » are numerics. This will give considerable 


latitude. What is now the wave-speed ? 
First, considering a plane wave travelling the same way as 


w, (64), (65) make _ A (H + Dur) =D, (69) 
. = A(F + Byw) =pB, (70) 

and therefore 
H+D,w=UD, (71) 
F + B,w = UB. (72) 
Now introduce (66), (67), with the meanings given by (68), 
"e ges H + cw (F - wnp, H) = U (cF - cwn H), (78) 
F + mw H- wmc, F) = U (pH - pywme,F), (74) 


which give U for any value of w. Neglecting squares, the 
quadratic is 


U Uw [20 ue) + 44 (1 + m?) | =v; (75) 
c p PS C 
where = co + ei, H= fy + py, and uv = l, That is 
Sate A Fo) aa 2) 
5 ren 27 Lem- l (76) 
To rewert to the former case, ui = O, and n=1. But if both 
m and n are unity, then 


— 0 He) M a); 
a aN 72301 ; Cr) 
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and if we employ e = VwB, h= VDw as another extreme case, 
then n = uju, and m=c/c,, producing 

U-v= (hv. (78) 

C p 

Here magnetisation acts similarly to electrisation. Notice 
that this way of introducing p, allows the coefficient of w to be 
greater than unity. Then the speed of the wave is increased 
from v to more than v u by moving the matter at speed w. 
This is not impossible, however improbable it may appear. 

If we ask how still to obtain Fresnel’s wave-speed when 
ſu is finite, examination of (76) shows that m= — 1 will do it, 
along with the former n= +1. But if n= p/p, 80 as to use 
the full e, then we require m= / co But it seems very 
unlikely that i should have no influence on the wave-speed 
in the part depending upon v. 

There are many other ways of modifying the circuital equa- 
tions so as to always lead to Fresnel’s wave-speed when 1 = O, 
but it is of no use discussing them without some particular 
reason. 

Larmor’s Equations for a Moving Body. 

§ 476. In § 471 above I referred to Dr. Larmor's investigation 
of the wave-speed. He has kindly asked me to delete the § 87 
of his stimulating work Ether and Matter, being convinced 
of its erroneousness, and has referred me to his § 78 later on. 
There is no investigation of the wave-speed there, but on 
making the necessary reductions I find (subject to an indeter- 
minateness) that the general equations there given do lead to 
Fresnel’s speed, and in the same way as Lorentz’s. But there 
is some indefiniteness about the meaning of the vector (a, B, ), 
which he identifies with Maxwell’s magnetic force, so I give 
the equations here in vectorial form and rationalised, that the 
matter may be made more distinct. 

Let (P, Q, R) = E; (a,b, e) B; (p, g, r) w. Then Larmor's 
second circuital law is 

-curl (E- e) = pB, e=VWB. (79) 
This requires no remark. 
Let (A, B, C) I; (A, Bi, Ci) II; (As, Bo, Co) = Io; 
(u, , w) =J 7 (Jg. h) =D,; F. 9. h')=D' 7 
659“, 10 . D“; (Fo, No, Me) = do; (a, B, y)=H. 
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Then Larmor's first circuital law is 


curl H= J, (80) 
where J is what he terms Maxwell's total current 
J=cE + wp + pe (E - e) + p(B + dy) (81) 


1.6., the sum of the conduction current, convection current, 
rate of time increase of the ethereal electric displacement, 
and ditto of the material electric displacement. For it is 
given that 
J=cE+wp+pD’, D“ = D. D' (82) 
D,=c,(B - e) co, D'=d, +E. (83) 
Here w is the speed of the matter and of p the electrification, 
and d, is intrinsic electrisation, analogous to I,, which is 
intrinsic magnetisation, whilst o is the electric conductivity. 
Now as regards H, it is given that 
H=B-lI,, I, =1+ VD'w, I= Io T, (84) 
which lead to e 
H =B - I,- «H - VD'w. (85) 
There are no p’s; that is, the units are electromagnetic,” 
only rationalised. Remembering this, we have in Maxwell’s 
theory 
H= B- I - XH, (86) 
because 1 +x = n electromagnetic,” numerics). This makes 
VD'w=0, which is obviously not meant. On the other hand, 
if we ignore (86), and use only (85), we express H in terms of 
B and VD'w; viz., 
(1+«)H =B - VD'w. (87) 
Perhaps thisis not meant either. It occurs to me to suggest 
that the H in equation (80) is not meant for Maxwell’s H; 
call it H' instead, and then in (85) we shall have H’ on the 
left side aud H, subject to (S6), on the right side. This will 
give | 
curl (H — VD’w) =J, (88) 
which I think it probable is what Dr. Larmor really means. 
Because, transferring VD'w to the other side, by using (46a), 
this equation is the same as 
curl H =cE + pD, Ty D', (89) 
which is equivalent to Lorentz’s equation, with the addition 
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of conduction current and intrinsic displacement; because D’ 
reduces to Di when d, O. 

It took some trouble to effect this reconciliation, and I 
could wish that Dr. Larmor had himself brought his work 
into line with that of other people; but as he has not done 
so, he may perhaps be grateful to me for trying to do it. If, 
however, I have not correctly interpreted his (a, B, y) or H or 
H', in the above way, I do not see how to harmonise matters. 
I should call curl H the total current, as in (89); not the J 
in (80). 

Theory of Moving Electrified Cones; w>v. The Moving 
Force upon them and upon an Electrified Line. 


§ 477. The case above considered, § 465, of an electrified line 
moving in its own line casts light upon that of a moving 
point-charge, because it explains how the infinities arise that 
rendered the interpretation so obscure. In the theory of the 
moving line there is nothing in the distribution of the 
displacement that is seemingly impossible to understand. 
Referring to Fig. 26, we have a continuous transition 
from plane waves to a limiting conical wave, through 
intermediate hyperboloidal waves. 

But how about the applied force needed to maintain the 
motion of the electrified line? We might expect it to be 
infinite because of the linear concentration of the electrifica- 
tion. Or it might be infinite only at the end of the line, and 
finite elsewhere. But we could not expect it to be zero. 
And yet the distribution of the displacement, being always 
perpendicular to the electrified line, does not indicate any 
moving force in the line of motion, whilst transversely there 
is a balance. The moving force due to the induction also 
seems ineffective. What is the explanation of this vonflict 
between expectation and appearances ? 

It is the appearances that are deceptive. The moving force 
due to the stress (electric and magnetic) is indeed perpendi- 
cular to the electrified line in any plane containing the line; 
but since it is infinite, any finite force along the line com- 
pounded with it is lost sight of. We get no information 
immediately as to whether there is or is not a moving force 
along the line. To find out, we must generalise the problem, 
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reduce the infiniteness to finiteness, see what the force along 
the line then is, and finally revert to the original problem and 
see what the limiting value of the force turns out to be. This 
means that we must examine the moving force upon an 
electrified cone instead of a line. 

Referring to Fig. 26, here reproduced for convenience, there 
are two intermediate conical equipotential surfaces exhibited. 
Let the inner one be the electrified surface. Abolish the elec- 
tric and magnetic disturbance inside this cone, but have 
everything else the same as before. 


To show that the substituted problem is electromagnetic- 
ally real in the same sense as the previous problem, we have 
merely to show that the circuital equations are satisfied at the 
electrified cone. The equations referred to the fixed ether 


being 


curlH=pu+pD, . (1) 

~ curl E =pB, (2) 

become, when referred to reference space moving with the 
cone 

curl (H - vu) =p'D =0, (8) 

- curl (B VBu) = p'B =0. (4) 


So H- Vub, because div H- O; and at the conical surface 
VN(E + VaB)=0 (5) 
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expresses the second circuital law. That is, curl is Vy, 
and this is turned to VN at a surface, N being unit normal 
from the surface (see § 181, Vol. I.). 

This equation means that the moving force on the electri- 
fication is perpendicular to the surface. The other moving 
force, pVDB per unit volume ($ 85, Vol. I., equat ion (80)) on the 
medium is inoperative, because by assumption the medium is 
fixed. So, by using the expression for H, we get 


- VNE = VNVuB = u. NB - Nu. B. 


Or, since NB = O, 
-VNE = —Nu.B. (6) 
This expresses tho same as (2), when that equation is 
applied toa unit square circuit in the plane of the paper fixed 
in the ether and traversed by the electrified cone. For + Nu 
is the speed of the cone normal to itself, and Nu. B is the 
rate of increase of induction through the circuit. 
Similarly equation (1) is the same as 
VNH =u.ND - Nu. D, (7) 


by turning p to ND, the surface density, and p to - Nu. This 
is an identity because H=VuD. Therefore both circuital 
laws are satisfied at the moving electrified cone. Its situation 
may be anywhere between the axial line and the limiting 
cone, which is the seat of a free wave. I give these details 
of transformation in order to encourage timid readers 
to study the Vector Analysis in Vol. I. of this work. I repeat 
that there are no quaternions in it, so there is nothing to be 
afraid of. a 
The formula for the electric force is (18), § 465, or 
o 2 tan? C. hi T Ak 


Stn Panig- D (8) 
and from this is derived 
1 T 2 tan? O. h 
aß anz ccf Nn b Gta (9) 
Therefore, by addition, 
E+VuB=_ 2 hk ~ zh, (10) 


Zach tan Ô (zè tan? q- 
Here o is not the surface density, but the linear density when 
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the electrification is on the axis of the cone. The size of E is 
o (22 tan4 0 + A2) 
2 2rch tan 0 (2? tan? 6 — ht (11) 
and the angle between E and N is given by 
22 tan? 0 — h? : 
oos EN Grr OT fer ß (12) 


so, by (11) and (12), cat 
= T (22 tan? 6 - h?) 
W (Etk (18) 
This being the surface density, the moving force on it is, by 
(10) and (18), 


T 2hk - hz 
ND(E T VuB) 60270 tan 0 (2 + he)» (14) 
of which the size is 
T * (15) 
c \2rh tan 6% 


This is the normal pressure per unit area of cone. Multiply 
it by h/r to get the z-component, and then by 27h to get the 
total for a circular hoop round the cone. The result is 

g? 

F= ner tan? 6 4) 
where F is the size of the resultant moving force of the 
electromagnetic field on the circular hoop. The direction of 
this force is from left to right, or against the motion. So F 
measures the applied force required to maintain the motion, 
acting in the direction of u. It varies inversely as the 
distance r of the hoop from the apex. It is always finite, 
save at the apex, which is a point where some modification of 
the shape of the V surfaces is required to produce finiteness, 
by rounding off the sharpness. 

Finally, we come to the initial question of the moving 
force on the electrified line. F remains finite (save at the 
apex again) when h is reduced to zero, which makes r become 
2. Then se 

ra 2c tan? 6 (17) 
is the force required to maintain the state, per unit length of 
the electrified line. If the linear density be reduced from o to 
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zero gradually, instead of suddenly at the apex, it will do 
away with the difficulty there, I think. 

The flux of energy VEH is perpendicular to the hyper- 
boloidal surfaces of D. This requires special interpretation at 
the electrified line, like the above. Substitute the electrified 
cone, and it is all right. The work done by the applied force 
is accounted for. 

Suppose we have a second electrified cone outside the first. 
Referring to the figure again, abolish the E and H disturbances. 
outside the second cone as well as inside the first. The 
second cone is then negatively electrified. Its theory is just 
like that above given for the first cone. There is no free 
extreme conical wave now, of course. The moving force due 
to the field on the second or outer cone is with the motion, 
and the applied force must be against it. So now energy 
goes from the inner cone to the outer through VEH. External 
work is done on the inner cone, and is returned to externality 
at the outer one. 


Theory of Electrified Line of Finite Length Moving 
Transversely; u v. 


8478. Now consider the theory of an electrified line moving 
trausversely to itself, not when of infinite length, as done in 
§ 464, and previously, but of finite length. When of infinite 
length, the effect. is to produce a pair of divergent plane waves, 
and there are only two forms of solutions, V = 0 in one region, 
and V constant in the rest of space. But when the electrified 
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line is of finite length, there are five formuls for the potential. 
To see this, from the two ends of the line as apexes construct 
cones of angle 20, given by u sin 0 = v, whose axes are in the 
direction of u reversed. Join these cones together by a pair 
of planes touching them at opposite ends of diameters. These 
planes diverge from the electrified line and are inclined at 
angle 20. The Fig. 81 will give an idea ef what is meant. 


VOL, II. F 
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The thick line oc is the electrified line moving from left to 
right. The two planes are plain enongh. The ovals are 
supposed to represent the circular sections of the two cones at 
a certain distance, seen sideways. 

The formula for V is (9), § 464; that is, when integrated, 
(11), with proper limits, or 

= F i 2 ee 
V gantan óL ein WE an- i (1) 

The only trouble is to find the limits properly, to be done by 
consideration of the geometry of the wedge and two cones in 
Fig. 81. Let for convenience 


o tan 0 x 
* 2 , 65 


and consider the values of W, the potential measured in special 
units. 
(1). Outside the planes and cones, W = O. (8) 
(2). Between the planes, but outside the cones, Wr. (4) 
(3). Inside the left cone, but not also inside the right oone, 


WIr TT sin . (5) 
(4). Inside the right cone, but not also inside the left cone, 
W- Ii +sin- ETA (6) 
(5). Inside both cones at once 
- 1 — K 1 4 + T 
W- sgin g gin A (7) 


Understand that 2a is the length of the electrified line, and 
that z is measured along or parallel to that line, with origin at 
its middle point. Also 

h= Jätan -, | (8) 
‘where z is measured against u, or to the left, and y upwards 
from the median plane in which the electrified line is moving. 

The single formula (7) will cover the whole on certain 
understandings common in the mathematics of waves—viz., 
the three geometrical variables z, y, z are to receive all values 
which allow W to be real; and then when, for instance, æ or y 
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passes out of these bounds, and makes one of the inverse sine 
functions impossible, the value of W is to be considered to 
remain what it was at the moment of leaving bounds. In 
this way the first four cases are derivable from the fifth. The 
displacement from the electrification divides equally between 
the two planes, just as if the line were infinitely long, but 
there is an auxiliary system of displacement in the two cones, 
to be mentioned presently. The induction in the planes, too, 
is the same as if they did not terminate—namely, parallel 
to the electrified line, from the top of the right to the top of 
the left cone in the upper plane, and from the bottom of the 
left to the bottom of the right cone in the lower plane. The 
question now is, how the induction gets across from one plane 
to the other, and back again to complete its circuit. Fig. 32 
is a section of the wedge in the plane of the induction, as seen 
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from the electrified line, whose position is vertically above the 
dotted line at distance z The radius of the circles is z tan ô. 
If now we measure xv in left circle from its centre to the right, 
and y upwards on the paper, the formula for W becomes 

= in~? „ 

W =4r+sin Stans Gr (9) 
inside the left circle. W falls from r on the right semicircle 
to N on the left semicircle, being 4r on the vertical diameter. 
The equipotential lines are semi-ellipses with a common major 
axis. | | 

Now H=VuD. The z-component of D is here inoperative, 
so H is perpendicular to the lines of D in the plane of the 
paper (ignoring the z-component). But these are given by 
the slope of the potential in the plane, so they are per- 
pendicular to the lines of V. It is only the z-component 


F2 
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of D that follows a different law. Therefore the lines of H are 
the equipotential lines themselves. The flux of induction is 
therefore from the effective point source at the top of the circle 
to the effective sink at the bottom along the semi-elliptic paths. 
This applies toall planes parallel to the paper, from the electrified 
line itself to any distance beyond. As regards the intensity 
of H, it is smallest along the central vertical diameter and 
increases to infinity on the two extreme semicircles. This 
infinity is empty, of course, the total induction passing from 
one plane to the other (per unit distance along z) being finite. 
It is easy to see that if the electrified line be turned into a rod 
of finite size, carrying the same amount of electrification, the 
sheets of induction will become of finite depth, and then the 
density of the induction will be finite everywhere. 

As regards the electric displaccment in the cones, that ig 
more difficult to follow, because it is in three dimensions 
instead of two. The transverse displacement in the plane of 
the paper, Fig. 82, goes perpendicularly across the lines of V; 
but the z-component, which is differently reckoned, and varies 
as ＋ VV instead of — VV, is very important. It is down 
through the paper in the outer half of the left one, and up in 
the inner. The full formula for the electric force is 


E _ (2 tan: 9209 ar 


—— ee ieee ae | — ee 
2 tan? 6 — y? (2? tan? - y?) (2 tan? 6 - a? — y) 


where r is the vector from the origin at the end of the 
electrified line. 

The cones overlap one another at some finite distance 
depending upon the length of the electrified line and the ratio 
ujv settling the angle 6. In the overlap the E and H are the 
resultants of those for the two cones. Go far enough away 
from the electrified line and the circles in a plane section 
as in Fig. 82 tend to coincide, when viewed through a 
diminishing glass; or, viewed from the line, by natural 
perspective. Then the left crescent in Fig. 88 is all that. 
is left of the left circle, and the induction is down in it from 
top to bottom in nearly circular paths. The right crescent 
shows what is left of the right circle, and the induction is up 
init. The resultant H in the overlap, which is nearly a circle, 
is nearly circular, oppositely directed to that in the two 
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crescents. It is intense at the boundary, and falls off towards 
the centre. The short horizontal line in the middle is the 
projection of the electrified line. We approximate in this 
way to the conical wave with reversed internal E and H due 
to a moving point-charge. 

The voltages employed by Trowbridge are so greatly in 
excess of those which give estimated European speeds to 
electrons comparable with the speed of light, that it seems 
very probable that in his experiments electrons do have speeds 
given to them exceeding that of light. They cannot maintain 
them. That is one thing. The other principal peculiarity is 
the reversal of their action upon other electrification. Thus 
an electron moving much faster than light does will draw 
after it other slowly-moving electrons of the same sign, 


B — 
Fia. 33. 


instead of repelling them, unless they get into the conical 
sheet, or rather, into the more diffused real disturbance 
corresponding to the conical sheet of the abstract theory. 

It is to be noted that, by the theory of § 465, to which 
Fig. 27 refers, the inward displacement does not go to the 
point-charge first, and then come out again along the conical 
sheet, when the point-charge is enlarged to finite dimensions. 
It turns round into the conical sheet all the way along it; that 
is, forcing an electron along faster than light goes produces 4 
sort of vortex of displacement in its wake. 


Motion of Electrified Hyperboloids; uv. 


§ 479. The motion of eleotrified hyperboloids comes under 
the theory of a moving electron merely because the 
equipotential surfaces inside the conical wave are hyperboloids 
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of revolution. As the essential mathematics has been given, 
only some special points need be noticed here. Fig. 26 will 
serve to illustrate, only changing its meaning. The electron 
is now to be at the apex. The outer cone is the wave front. 
The two internal cones are sheets of electric force. The two 
hyperboloids are equipotential. The equations are, by § 468, 
Qtan 0 rQ tan 0 

ya Orel ’ ao 2c B= yen, (1) 

where J is given by 


22 tan? 6. (2) 


a Bececcecs a 


Fie. 26. 


The apex is the origin, s being measured to the right, and 
y upwards on the paper, whilst r is the vector from the 
origin. 

Consider the inner hyperboloid. Abolish E and H outside 
it. It then becomes an electrified hyperboloid moving parallel 
to its axis. Its field of force is internal, and is given by the 
above formule. E is directed everywhere towards a certain 
external point, the apex of the asymptotic cone. The electri- 
fication is negative, surface density ND, if N is the inward 
normal. By differentiating (2), remembering that 1 is 
constant for the hyperboloid, we find 


2 tan?0—y 
a (y? +ztan‘é)! : (8) 
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therefore, by the formula for E, we get 


om Q tan 0 

sg Qrl{y? + r tano) (4) 
The total electrification on the hyperboloid is infinite, because 
if ds is an element of the curve in the plane of the paper, 


2422 tan46)s 
anys! = Ory +2 tantot (5) 
which makes | | NDdS = ote J dz, (6) 


so that the total electrification on the hyperboloid is 
proportional to the distance from its vertex. 
The moving force per unit of electrifica tion is E+ VuB, or 


vuvuE u 
*. (1-0 . B., 


E. cot? E. = - ea (z tan! - y); (7) 
of which the tensor is 
Q cot 6 
. Zrel? tante). (8) 
So, by (4) and (8), 1 à 
ND(E + VaB) = 8) K. (9) 


This is constant all over the hyperboloid. It is somewhat 
remarkable that the normal pull of the electromagnetic field 
upon the electrification should be everywhere of the same 
intensity. As in previous cases, applied force in the direc- 
tion of motion is required to maintain it. The question 
arises whether the force may be of finite total in this case. 
It is unlikely to be so, on account of the association of the 
theory with that of a point charge, but as there are no places 
of infinite E and H now, it is worth looking to see. We have 


A z tan?0 A y 
ane CCC 
and therefore 
A 
A 
275008 ENS 27 . Baz tants ; (11) 


cos Zds 


72 ELECTROMAGNETIO THEORY. CH. I. 


consequently the total moving force in the direction of 
motion is 


() J Arz tan?ð . dz, (12) 


where the lower limit is finite, and the upper infinity. The 
total for the complete hyperboloid is therefore infinite. | 

Now look at Fig. 26 again. If we extend the electric field 
until it reaches the outer hyperboloid, we shift the electrifica- 
tion to it, and the same theory applies, with a different value 
given tol. Next, abolish the B and H inside the inner hyper- 
boloid. We then have two charged hyperboloids moving slong 
together, the inner one being positively, and the outer one 
negatively electrified. The electromagnetic field exerts the 
normal traction given by (9) on both hyperboloids. The outer 
surface is pulled back, the inner one forward. The necessary 
applied forces required to maintain the motion are with the 
motion on the outer surface and against it on the inner. 

If the direction of motion is reversed, without changing E, 
the effect is merely to reverse H. The moving forces remain 
the same. 


Growing Plane Source of Induction. Transition from 
u v to u Cu. 


§ 480. In considering (5 468) the waves sent out from a 
growing plane source of induction, two distinct cases arose, 
according as the speed of growth was less or greater than 
that of light. The question of the transition from the 
one case to the other présents itself; whether there is any 
difficulty in the intermediate case of equal speeds, and what 
is the state of affairs in the cylindrical cap which completes 
the diverging plane waves generated when the speed of growth 
exceeds that of light. 

One figure will serve for both cases in connecting the two 
solutions. The circle is of radius vt. Its centre is the place 
where the f source began, say at the moment ¢=0. When 
u<v, the circle (section of cylinder) is the wave front, and 
the region occupied by the source extends from the centre to 
some distance less than ve, say to a, when w=4v. Then any 
point P within the circle receives induction not from the 

existent source between O and a, but between O and some 
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point not so far as a, except at a itself. If P is on the circle 
itself it is only just beginning to receive induction, namely, 
from O. The intensity of H is greater in the right than in 
the left semicircle, because of the source being to the right 


Fic, 34. 


of O. The formula for H is (29), §468. Put 5 = O, and 
give 7, the value there determined. The result may be written 
in the form j 18 
* 
Dre (ot ap 108 (-A). „ AY 
where A is given 
W-wie — 22 — y3) (2) 
vt — uz 8 
Here z is measured from O to the right, and y upward on 
the paper. Note that the denominator in X cannot vanish, 
provided we keep inside the circle of disturbance, so that A is 
real positive and C 1. 
In the limiting case u =v, the solution reduces to 
. I 22 — 2) 
ne mv vrt 2 (8) 
The f source now extends from O to Q. The magnetic force 
is still zero on the circle, save at the point Q, where it is 
J| rev. 

Increasing u above v, the wedge begins at Q, with sides 
tangential to the cylinder. In the case shown, u= 8v, so that 
R is the extreme limit of the source at time t. We cannot 
expect the formula (1) to be valid outside the circle when 
taken literally. But it may be suitably interpreted, It is 
equivalent to 

u 1 1 (u? — v?) (v — y2 — 22) 
Zr uv (u? 5. en g ne — (4) 
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and when uv, the vanishing of the denominator separates 
the circle into two regions, to right and left of the chord AB. 
On the left side, the angle tan™!... increases from O on the 
circular boundary to $7 on the chord. On the right side it 
increases from r on the chord to r on the remainder of the 
circle. That is 


fu 

as Bpo(u? vil (5) 
on the oylindrical boundary on the right side, one-half this 
value on the plane AB, and zero on the remainder of the 
cylindrical boundary. 

Now the last formula shows the constant value of H inside 
the wedge as found by a different kind of integration, § 468, 
suitable for the case u v. See Fig. 80, § 468, indicating the 
limits of integration when the point P is shifted outside the 
circle, say to P'. So, by using the formula appropriate to 
the u<v case, the extension to u>v requires us to keep H 
at the circular boundary value, and continue it up to the plane 
wave fronts. 

We must next show that the complete integral in the u v 
case passes properly into the above form when we leave the 
region of constant H and enter the circle, This can be done. 
Thus, by (81), § 468, 


H= ` u 1 oe dr 
Zruv (u? — v). (B? - r) 
a fu 1 — a 7 
Zr ( l 5.1 * 
wt—uz\2 75272 — / — 22). 
where p= f = =) — , (7) 
and T= ae = — to» (8) 
At the limits, when complete, 
. = + B, 9) 


v — u 
using the + sign with the larger value of to, which indicates 
two values of the time variable. So the 7 limits are , 
which used in (6), produce the preceding result (5). But this 
is only true provided the lower t limit does not pass the 
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centre of the circle, because the source does not exist on the 
left of O. But when P' is shifted to the circle, the lower t, 
limit is sent down to zero. After that, when P is shifted 
inside the circle, the lower limit for tọ must remain zero. 
Therefore, applying this to (6), by (8) we get 


_——8 
a fu _a 5 N 
A sepa ow ae 
That is, | 
= fu r 1 VE 2 11 
* 21 — ) {3 * (ur 0. í (11) 


This gives the full value (5) on the right portion of the 
circular boundary, half this value on the line AB, and zero 
on the left ciroular boundary. Just as before, in fact. So 
formula (11) should mean the same as (4). This is the case, 
for they are mutually transformable. But pay proper atten- 
tion to the sign of wt - uz. Otherwise these inverse circular 
functions are treacherous. The radical must be kept to its 
+ value always. . 


L 


Fra. 35. 


We have therefore a complete harmony. We can pass only 
suggestively from the u<v to the u>v case. But the latter 
is more comprehensive, and we can include in it both cases. 
We have then two forms of solution, one outside, the other 
inside the circle; and if v is made less than u, the outside 
solution disappears and leaves the inside one alone. 

Now go on further. When the source has reached R, stop 
its further extension, and see what happens. The former 
state of things will continue, but with an exactly similar nega- 
tive state superposed, with origin at R instead of at O. After 
a little while therefore, we shall have things as in Fig. 35. 
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The plane source extends from O to R, beginning at O at 
time t=0. Inside the left circle the value of H is given by 
(11). Between the two circles and between the tangent lines 
it has the constant value (5), this being the region of the 
plane waves. In the right circle, the formula for H is like 
(11), with suitable change ‘of origin and time reckoning. 
H falls from the full value to half value in passing to the 
vertical chord, and then to zero on the right circular boundary. 
As time goes on the circles overlap, and the region of constant 
H and E disappears. 


The Waves from a Plane Strip Source of Induction 
suddenly started. 


§ 481. If we increase u to infinity, we obtain the result due 
to the immediate starting (all over at the same moment) of the 
plane strip of F extending from O to R Fig. 82 suits this 
case excellently. 


Fie. 32 


We have H = fur between the two circles, and in the left 
circle it is given by 


f fri. 
H- (2 fr a. aa gaat (12) 


This is derived from (11) by making u=œ. But it may, of 
course, be obtained from the reduced form of the integral 
leading to (11). H falls to half the constant value on the 
vertical diameter, and then to zero on the left semicircle. 
Similarly in the right circle. 

It may be asked what the semi-elliptic lines now represent. 
In a previous problem, § 478, they were the lines of the induc- 
tion entering at the top and leaving at the bottom, their con- 
tinuations being plane sheets of induction. But in the 
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present case the plane sheets are sheets of electric current. 
Does the current divide over the circles in the same way in 
the present problem? Les, just the same. The y and 2 
components of the current, say C, and C,, are 


C e 8 za; ö (18) 
that is, the rate of increase of H along any line in the plane 
measures the transverse current density from right to left 
across the line. To fix ideas, x is downward through the 
paper, y upward on the paper, and z to the right. Origin at 
centre of left circle. So, if f is down through the paper, so is 
H all over, whilst E is from left to right above f, and from 
right to left below it, between the circles. The electric 
current, therefore, enters at the bottom and leaves at the top 
of the left circle. Using (18), applied to (12), we have 


Le 1 hie -yz 
“peony OT Tew (con ( lr Ay (4) 
where r? =y? + 22. 

Now the displacement cE is the time integral of the current, 
Outside the circles this means simply first E, - O, until vt =y, 
and then E,= + V, from vt = until vt = r. At this moment 
the circle vt reaches the point, and later still the time integrals 
of (14) must be added on. Thus, 


E, =" J Cdt = Ê [iost + (ott my 


m 1 - log vt + — — ryt 


(15) 
This is the complete formula for the — component of 
the electric force in the circle. 
As regards the other, we have by differentiation, 
| d vtz 2 JY (16) 
Tet) EP Ra (rer 
Particularly attend to the /y?. If it is written y, every- 
thing will go wrong in the subsequent work, and the displace 
ment will not be continuous in thecircle. Having found this 
out by troublesome experience, it follows that in integrating 
(14), which has the numerator — yz, we, of course, use the left 
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member of (16) when y is +, but must change its sign 
when y is -. 
The final results are 
f fer 1 a 

E,= + 252 sin aE) (17) 
inside the left circle, using the + or — sign according as y is + 
or , that is above or below the plane of the source of induc- 
tion. The initial displacement due to the plane waves, 
already referred to, is included in (17). The two equations 
(15) and (17) give a complete account of how the two 
oppositely directed uniform horizontal displacements above 
and below the plane of f are joined together through the 
terminal circles. The nature of a line of E differs according 
to whether it strikes the f plane in the cylinder or goes round 
its extremity in the outer part of the cylinder. If it goes 
round it does so in a continuous curve which is naturally 
vertical across the continuation of the f plane. This applies 
to the outer lines of force. But the inner ones strike the 
f plane sideways above and below it, in the right part of the 
left circle and in the left part of the right circle, so as to 
produce closed lines of displacement possessing a pair of 
convex cusps. 


Impressed Current along a Straight Axis. The Operational 
Solution in General. 


§ 482. When electrification moves along a straight line, the 
magnetic force generated is in circles centred upon that line, 
in planes perpendicular to it. One datum, the intensity of 
magnetic force at distance r from the axis and distance z along 
it is sufficient to specify H. The characteristic vw E= E also 
suffers a reduction in the number of variables by the sym- 
metry, E being representable by an axial component and a 
radial component. Say 2 is along the axis, x and y trans- 
verse; then - ( /), and the characteristic of the z 
component is 

ld,‘ dE TE p PE. 


7 dr dr da (1) 
This allows the immediate use of Bessel functions. Let 
22 2 . 
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then the characteristic is 
ld dB 
fdr dr E, (3) 
of which the solution is 
E = 1,(qr)A + K,(q7)B, (4) 


where A and B are any functions of t and z. 

It being supposed here that E means the axial component 
of E, let F be the transverse component; then the second 
cirouital law is fully given by 

dF dE 


ap H. (5) 


if H is the intensity of H. But the first circuital law has two 
representatives, 3 


dH 
7 H =cpE, . (6) 


These equations (5), (6) are best obtained by immediate appli- 
sation of the circuital principles to elementary circuits It 
follows that = 1 

a dr’ * cp dz (7) 


The second of these is an obvious consequence of the second 
of (6). The first one is proved by inserting E according to 
(4), and then using (8). 

These general equations (4) and (7) apply to other problems 
besides the present one, to straight round wires and 
tubes for example. (El. Pa., Vol. II., p. 175). But we do 
not require such complication as is there involved. Let there 
be no external interferences or boundaries or changes of 
medium. Then we have only one set of solutions, and we do 
not want the I, function in (4), but only the K,. Or, if there 
was first an external boundary, its removal to an infinite 
distance would cause reflections to disappear and the I, 
function to drop out. That is, all we want now is given by 


E = K,(77)A, =- Z 2 (8) 


-P ÈK (an, ® 
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with one function A, which must be found to suit given 
conditions at the axis. 

Now the motion of a point-charge or electron along the 
axis obviously comes under this theory. Also, I have pre- 
viously shown how to algebrise the special forms assumed in 
this case, without direct reference to a point-charge, however. 
(El. Pa., Vol. IL, p. 456; E. M. T., Vol. II., p. 456). 80, by 
now pointing out how to construct the operational solution, 
and previously how to algebrise it, I might consider the 
matter essentially completed, and leave the working out of 
details to my readers, Perhaps, however, they will be more 
satisfied if I continue to elaborate the subject. Besides, there 
are various other matters to be noticed in connection. Sol 
continue. 

To find A. If O is the electric current impressed at the 
axis, the circuitation of H must be C when r is reduced to 0. 
That is, 


ert SR (qr A=C, when r=0. (10) 


epf 2J _ 125 
Or, 27010 04 O, therefore A ora (11) 
Using this in (8), (9), we get 
aes . 
E tp K*), F 7 
: (12) 
H= - 328 ,(qr)0, 


giving E, F, and H in terms of C, which may be any function 
of z and t What we have to find is K,(gr)C. The algebri- 
sation may be effected in a good many cases, immediately 
in simply periodic cases, but more difficultly in more 
interesting cases. If C is a convection current, and it is 
written = ru, then o may mean the linear density of electrifi- 
cation moving along the line at speed u. But there may be 
two convection currents, In either case, it is the second of 
equations (8) that finds the linear density of electrification, 
which is 2rrcF. 

Regarding the use of the K,(qr) operator alone, a caution is 
needed which is of some significance. I. (r) is finite-at the 
axis, infinite at o, when gr is numerical; whereas K,(qr) is 
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infinite at the axis, and vanishes at infinity. This seems a 
sufficient reason for excluding I, when the source of disturb- 
ance is at the axis, and there is no external interference. For 
do not the waves expand, and so decrease in intensity as they 
go out to infinity? Certainly they do, but that is not the 
real reason for using K, The true reason is because K, (gr) 
is the operator appropriate to an out ward going wave. The 
disturbance need not always vanish at infinity. There may 
be a wave front of infinite intensity, and which remains always 
of infmite intensity. (See Vol. II., pp. 240, 257, for the parts 
played by Ho and Ko in inward and outward waves.) There is 
a similar property in plane waves, when there is no attenuation 
at all. Thus, f(t) f (t e); so e% is the operator for a 
positive wave, q meaning p/v. Now C vanishes at infinity, 
but the disturbance does not, if it can be imagined ever to get 
there, which is a separate question. 

The K (gr) operator is the cylindrical analogue of * for 
the plane. The analogue of e for a negative plane wave is 
H,(qr). This is appropriate when a wave travels towards the 
axis from an external source. 

Nevertheless, the I,(gr) function can be properly used 
instead of K,(qr) to obtain a wave coming from a source at 
the axis, provided we know what the disturbance there is. 
This is not the same thing as the strength of source. The 
I, function is compounded of both H, and Ko. The disturb- 
ance at the axis is due to inward and outward waver. 
Knowing it, then I. (21) E. - E, fimds E, from E, In the 
purely mathematical aspect, these relations of H, and K, to 
Jo are rather obscure, but the wave theory throws light 
upon them, and makes the two divergent functions useful 
working agents. 


Algebrisation of the Operational Solution in the case of Steady 
Motion of an Electron or of an Electrified Line; u>v. 


§ 483. Returning to equations (12), there are two differentia- 
tors in the operator g. But in the important case of steady 
motion, there is an effective reduction to one differentiator, 
which makes the algebrisation quite easy for an electron. 
Thus, let C =e- %40, and O, be a function of z only. Then 
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O is the same as C, in shape, but travels at speed u along the 
zaxis, making O=/(z-ut). In another form, we may say 
OSN.) = F(t—z/u). This way is sometimes more con- 
venient. F(t) is the value of C at the fixed origin = O, and 
may be the given datum. In either case, if d/dz = A, d/dt =p, 
we have 


2 
40 , PENA -N (18) 
if vot <1 (14) 
eo” 


and both A and q are expressed in terms of p. Equations 
(12) become 


E- vex (2 00, (18) 
1 À 

H= -p EE (E) Oy (16) 

F = H/cu, (17) 


where Co is the value of O at 2 - O, a function of the time. 
Now let 
U- LE (= Pr) O (18) 


4cu 


then the preceding equations assert that 
Bomini], Pe em 4, Hew. (0) 
dr 


These equations may be compared with § 468. They show 
that U is the travelling potential, and that the electric force 
is derived from it in the eolotropic manner there described, 
and that H=VuD. The operator - merely does the 
translation. 

We have therefore to determine U according to (18). 
First of all, for a travelling electron—a charge Q moving at 
speed «. Suppose that it passes the origin at the moment 
t =0, then C,=Qpl operationally expressed. This makes 


U=2 Rigel. (20) 


which has been already algebrised. But as it is shortly done, 
it may be here repeated, for completeness. 
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Let ꝗ be any differentiator, say with respect to the variable J, 
then 


K,(qr)gl = 5) (a Gr er y Jal 
121 128% 


N ‘om Sr PONE ` 


)- e- 
e- =a) +) 


That is, finally, 1 

, k. en -A x (a1 
Applying this to (20), we have q=Ap/u, so I= ut / X. This 
makes 

=Q 1 
U g Ur NPY (22) 
This is the potential at the plane of the origin. It is zero 
before the moment t=0, and later is given by (22), but only 
provided ut is not less than Ar. We assume u to be positive; 
then the operand 1 in (20) begins at the moment t=0; and 
then again the operator e turns ut to ut Ar, so that ut - Ar 
begins with the value zero. 
Finally, if V is the potential at the point z, r, we have 


=: ( Ps /UTT = Q 1 
V =] Ues car 2 rs f (28) 
provided (ut 2) is not less than Ar. This confines us to 
the oone behind the travelling electron, outside which we have 
V=0. 

The above argument appears to be perfectly distinot in all 
respects. But it is necessary to carefully note the underlying 
assumption, and its consequence. Thus, at the beginning, 
the assumption C = F(t- z/u) implies that the electron has 
been in motion for an infinitely long time before it reached 
the origin. That is why we obtain a travelling steady state 
of E and H. No information is given as to how it was arrived 
at a long time previously. To show that, a different operand 


VOL. III. a3 


84 ELECTROMAGNETIO THEORY. OH. IX. 


for C is required, showing how the electron passes from rest 
to the state of uniform motion. 

Closely connected with this problem is that of a moving 
infinitely long line of electrification. Let o be the linear 
density and u the speed (positive), and let its free end reach the 
origin at the moment t- 0. Then ©, jumps from 0 to the 
value cu at the moment ¢=0, and remains at that value for 
ever after. Therefore 


rad 0 


is the potential at the plane of the origin. It only differs from 
(20) in the absence of p/u. We have, instead of (21), 


Ro(er)1 = ?tog{! + * 5-1}. (25) 


This may be proved in the same way as (21) was proved. 
But it is unnecessary to go through the work, because having 
the operand 1, now instead of pl, only requires us to integrate 
the former U solution from 0 to t. Bo 


e ut ut X 
Uns {pev GJ eil ee 
and then V is got by changing ut to ut 2, as before. This 
is the solution used in § 465. 
Application of Simply Periodic Analysis. The Transition 
from u< to u>r. 


$ 484. Now for a change. Apply harmonic analysis to the 
operational solution (20), and see what we come to, and 
whether the definite integrals are recognisable. We have 


pl = 1 feos nt dn. (27) 


Use this operand in (20), and work by differentations. 
Assume that p =ni is true in the K, function, making 


U=j_2 K. (A7) cos nt dn, (28) 


Arc. / o 


where i is the differentiator p/n really, but has to be worked 
according to d= - 1. Now we at once note that if X is 
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negative, that is, u v, the argument of the K, function 
becomes real. Say «= Ai, and « =(1—1u*/v*)’, then 


KNT g 


which is a real integral without further change. 
Now we know, § 463, that the solution is 
_ 2 1 
U= Fre Pa hr n 
because changing ut to ut—z produces the proper ellipsoidal 
solution about which there is no difficulty. We conclude that 


KNT u 
f K (h) cos nr dn ee (81) 
On consulting Gray and Mathews’ ‘ Bessel Functions,” 
p. 227, I find this integral given, ascribed to Basset. So far 
good. Then how does the doubling of the formula take place 
when u>v? The 47 in (30) has then to become 2r. 
Go back to (28) with A real. We have 


K,(xt) = G,(z) - tJ, (2), (82) 
when ~ is real. he II., p. 258.) So (28) is 
sog. EC (A r) cosnt+ J = sin nth (88) 


4 ru. o 


which is a real integral, A being real. Now our U in this 
case is zero when ¢ is negative, and since the second part 
changes sign, whilst the first does not, when ¢ is made positive, 
it follows that 


Anr\ |; = u 
f, „()en Nr 84 
a Anr | u 
J , (=) os nt dn - a (85) 


The first of these (34) I find in Gray and Mathew asoribed to 
Weber. The second (85) I fail to find, so for the present 
I will ascribe it to myself. 

Thus, as « passes from less than v to greater than v, the 
value of the integral doubles itself. This would not perhaps 
be a correct way of putting it if the integral were purely 
algebraical, for we must consider that the integral concerned 
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is really (28), in which ni stands for d/dt. Strictly it takes 
two forms, one of which gives double the result of the other. 

Observe, too, that the symbol i has had two distinct meanings. 
In (82) it is algebraical. In (28) it is a differentiator. Both 
follow *=—1. Although they have not come into conflict, 
it may very easily happen that such will happen in investi- 
gations of this class, involving definite integrals and harmonie 
analysis; and to avoid error, it is desirable to be guided by 
the conditions of the physical problem concerned. That 
will serve to counteract the ambiguity of the purely mathe- 
matical machinery. 

If we employ the other method referred to above, making 
C = f(z — ut) = C, where Co is a function of z at the initial 
moment, and O what it becomes at time t later, we eliminate p 
and use A instead. The reasoning all through is quite similar 
to the above, and the results are the same. But this way of 
working I did not find so easy to follow in the particular pro- 
blem of a moving electron on account of purely technical diffi- 
culties of the kind just mentioned, and the fact that the solution 
admits of a double interpretation. The conical wave may be 
either expanding or contracting, although only the expanding 
wave can be imagined to arise naturally. 


Train of Simply Periodic Forced Waves along an Aus. 
The Work done and Waste of Energy. 

§ 485. The simply periodic train of waves utilised in the 
last paragraph poasesses some properties which deserve notice, 
especially as regards the activity of the forces and the waste 
of energy. There is no waste at all when the speed of the 
wave train is less than v, but there is waste when it is 
greater. Say that the impressed current at the axis is 

O = C, cos m(ut — 2), (86) 
existent permanently. Then 


V= 85 {G,(Arm) cos + J,(Arm) ein] (ut -#) (87) 


is the potential when u v, and A is real; whilst when u < v 
it is | 


V= TeK (xrm) cos m(ut — 2), (88) 
and « is real. 
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Start with u=0, and go right through to show the effect of 
the motion. With stationary electrification, density o cos ms, 


go that Co = cu, 
V=" = KE. (mr). (89) 


It is only the wavy distribution of the eleotrification that 
prevents V from being infinite everywhere — namely, when 
m- O, a well-known electrostatic result, though the electric 
force is finite save at the axis. At a distance from it, or 
more generally, when mr is large, 


V= ——— i- r Ni (40) 


and close to the axis, or when mr is M 


V= = 7808 m8 | I,(mr) (log = 70. 5772) + (Z) +. . (41) 


20 
which is nearly the same as 


0 COB MZ 
V = — one log My. (42) 
This makes 
dV o Sin m dV _ o — 7 COB ms 
B= eg Are log mr, F=- =o (48) 


When m =Q the axial component vanishes, re iis simple 
state F =o/2rrc. 

Now the effect of increasing u from zero turns K (mr) to 
Ko(emr), where «= (1 - u?/v3?)}}. The result is, as may be seen 
by (40), to decrease the rapid rate at which V falls off as the 
axis is receded from. But there is still no change of sign of 
V between the axis and r=o, for any particular value of z, 
because K,(«mr) is always positive. This action continues 
until & = O, or u- v. The potential solution is then useless, 
but it is the case of plane progressive waves travelling at the 
natural speed v. E is zero again, and 

cos mut — 3) 
Y- (44) 
without any function of r as a factor, save the usual r~1, 

Increasing « above v brings in a different state of things, as 
in (37), where À = (u?/v2? —- 1)}. It makes V oscillatory along r, 
for any special value of z; and the larger A is made, the 
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shorter the wave length. By sufficient increase of u/v we may 
pack the regions of positive and negative V as closely as we 
please. These results will be understood on remembering the 
conical nature of the wave fronts corresponding to the different 
elements of electrification, and that its arrangement upon the 
axis is alternating. 

As regards the electric and magnetic forces, we have 


F=- A =- 4 6 cos + Jo(Amr) sin mut — 2), (45) 


E . = 296m sin Jo( Amr) cos? m(ut—z), (46) 


and H =cuF, as before. The big accent means d/dr, 
Now H is perpendicular both to E and to F. So 


FH =cuF? = eu( 2 J fa, 2 cos? + J,? sin? + 20006 cos sin } (47) 
Averaging, we obtain f 
. 
FH = zen (Z) (Go? + Je. (48) 


_ This is the mean flux of energy per unit area along z or with 
the wave. It does not involve any waste. 
As regards the flux outward along r it is 


— BH = - cuEF = —cudA*m (2 {IG cos? — GJ, sin? 
10% - 0 ein cos} (49) 
Averaging, we obtain 
- cull = ~ Joudtm(Z.) (1,6 - Gale) 
where JG —J,G,= 2/vr. (50) 
(Vol. II., p. 257.) So the averaged outward flux per unit 


area is 
1 ( 2 105 


This must be multiplied by 27r to obtain the waste per unit 
length of axis. It is 

ZeurA2m(c/4c)*, (52) 

independent of the distance. This is real waste of energy. 

We conclude that the averaged applied force (Newtonian) 
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needed at the axis to keep the electrification moving in the 
way specified is (52) divided by u, or 

Arm / Sc. (58) 
This increases infinitely with u or A. It is zero when u == v, 
or A- O. It remains zero when u v. 


To confirm this result, consider the mechanical reaction of 
the electromagnetic field upon the electrification. It is 


Eo cos m(⁊ - ut) (54) 
at any point on the axis. Or, by (46), 
Caig: sin cos — J, cos*}. (55) 


4c 


The average of the first partis zero. Of the second it is the 
negative of (58). So (58) represents the average regarded as 
impressed, and (52) the average activity. 

There are several cautions to be expressed regarding the 
above. First the investigation has no reference to ordinary 
vaves along wires. They do not behave in the above way, even 
if all resistance were done away with. The above waves are 
forced waves, whether u be less or greater than v, although 
only in the latter case is there permanent activity on the 
average. If we want to represent waves of this type along 
a wire, we require a continuous distribution of impressed 
electric force along the wire, or something equivalent. That 
is, the wire is to be a source of energy, instead of a sink, as 
is usually the case with waves along them, for the loss of 
energy by radiation of the heat is a separate matter, which 
does not come in question. Prof. G. F. FitzGerald was the 
first to calculate loss by radiation from a wire, but I do not 
know the precise circumstances he contemplated.* Whether 
there is any loss depends materially upon the circumstances. 

There is waste when the impressed current is everywhere 
in the same phase, say C=O, cos nt, with O, constant. This 
is a reduced case of the above—viz., 


u = , m=0, mu=n, cua, (56) 


George Francis FitzGerald is dead. The premature loss of a man of 
such striking original genius and such wide sympathies will be considered 
by those who knew him and his work to be a national misfortune. Of 
course the nation knows nothing about it, or why it should be so, 
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These reduce the expression (52) for the waste to 
ni 7 1) 10 02 


8c \v? Bev? 8 (57) 

This is per second. But 27/n is the period, so the waste per 
period is 420g, at any frequency, provided the amplitude 
of the axial current is kept the same. This independence is 
also true in the former case, down to u=v. But we should 
not apply it to the extreme of zero frequency, or infinitely 
long period, because then we cannot have reversal of current to 
make a period. 

Also notice that in the calculation of the waste by averaging 
at the axis, the neglected part, which goes out on averaging, is 
infinitely large compared with the retained part; which may 
seem absurd. But the infiniteness is of no consequence at all, 
when its reason is considered. Itis to simplify results that the 
impressed current is condensed in a line instead of being dis- 
tributed in a rod. The condensation causes the infinite values 
at the axis. But the effective results away from the axis are 
not materially affected by finitising all resulta by spreading 
the axial current throughout a small rod. So there is nothing 
to be alarmed about. It is nothing like so curious as the 
result in § 465 and § 477, where we found a finite moving force 
(and electric force) acting quite perpendicularly to the lines 
of electric force. 

Construction of the Simply Periodic Wave Train from the Two 
Electronic Steady Solutions. 

§486. Having employed in § 484 the simply periodic wave 
formuls to build up the two kinds of solution for an electron 
in steady rectilinear motion, the converse problem presents 


Fia. 36. 


itself for completeness—namely, to build up the simply 
periodic wave formulæ out of the two electron solutions. If 
this cannot be done, there must be something wrong. 
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Required U at the point P due to the distribution of electri- 
fication of linear density o cos mz along the axis, this 2’ being 
the former z— ut. We suppose that P also travels along at 
speed u. The U required is the sum at P of the steady 
potentials of all the elements of electrification which produce 
potential at P. There are two cases. First, if u<v, every 
element of electrification operates at P, because the electric 
force of an element extends over all space. So, by equating 
the integral of the electron solution to the simply periodic 
solution we obtain 


: 0 
F cos m2, do 


Tre . 0 - 2 /f f iR 1 . Ko( mer) oo , (58) 
where « is real. Put 2 2 =y, and there results 
2 
=f r Ken (59) 


which is a known definite integral. 

But in the other case, with u>v, the total U at P is derived 
only from the electrification to the right of Q, if the angle 
PQ?’ be the 0 before used making «sin 0 =v, and the electrifi- 
cation is moving from left to right; becanse the electrification 
on the left side of Q does not act at P. So the lower limit 
must be x= rA, where rà is the distance 2 in the figure, 
instead of- 0. Therefore, by equating the new integral to 
the new simply periodic solution, we have, with A real, 


COS mz T . : , 
Tre fee in ( zF- : a Net- gs Golem) cos Jen sin} mz’. (60) 
Putting z, — , reduces the left side to 
ene y (61) 


at rA (Y- PA) 
which, by comparison with the right side of (60), requires 
2(° cos my dy _ r sin my dy _ 

1 = =G,(Amr), „GN (Amr), (62) 
which are also known Bessel integrals if I correctly under- 
stand the formula given by Gray and Mathews, p.230, ascribed 
to Weber, viz., 


[crap .- G- 2I) 270 
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Finally, it may be remarked that the application of 
Fourier's theorem to the first of (62) leads to the formula 
(35) above. (See also Vol. II., p. 106.) We have, therefore, 
a good harmonisation of results all round by all methods. 
This is particularly desirable, because no intelligible and valid 
mechanical analogue has yet been invented which will enable 
us to see clearly what the behaviour of electrons in motion 
ought to be according to the circuital laws, without resort to 
troublesome mathematios. From another point of view, 
having established the two steady and the two periodic solu- 
tions independently of the various integrals, we may consider 
the solutions to establish the values of the integrals. 

To my mind, proofs of this character are more convincing 
than those involving the theory of functions. 


Connection between Moving Electrification and Moving Electri- 
sation. Transition from Cylindrical to Conical Wave. 


§ 487. Some light is cast upon the effects due to moving 
electrification by the connected theory of moving electrisation. 
It is not necessary that the impressed current in the above 
investigations should be moving electrification, or O- cu, say. 
We may exhibit the axial source in terms of impressed electric 
force. I have before pointed out that the effects due to con- 
vection current pu, p being the volume density, are the same 
as those due to impressed e, such that pu=pce (El. Pa., 
Vol. II., p. 509). Here ce may be regarded as intrinsic eleo- 
trisation, the electric analogue of intrinsic magnetisation, and 
its time rate of increase is equivalent to impressed electric 
current. Applying this to a rod reduced ultimately to a mere 
line, as p is turned to o, the linear density, e must be multi- 
plied by the cross-section of the rod to preserve equivalence. 


Thus, put C = cpe, (63) 
instead of conveotion current, in the equations (12). They 
become 1 aH 
E = - } Kor)eo, F=- cp ds’ (64) 
H= 1 2 Ky(or)epty (68) 
There are the equations expressing the electric and magnetic 
forces generated by a straight filament of e, along the z-axis, 
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where ¢ may be regarded as the product of section and 
impressed voltivity ; or, equivalently, ce, may be regarded as 
the total strength of intrinsic electrisation. These equations 
may be obtained independently, as beforedone. (See El. Pa., 
Vol. II., p, 457, where various results due to a filament of eh 
are given. The G function there employed is the negative of 
the present one. A consideration of the measure of an axial 
source and the transition from K, to G. - iq, will show that 
the present positive reckoning is proper.) 

We may therefore translate results due to varying impressed 
force to those due to moving electrification. To show 
-explicitly by an example, let PQ be an electrised rod. If 
at rest, it is known by statical considerations that the electric 


Q P 
20 

displacement outside the rod is the same as that due to a 
positive charge at P and a negative charge at Q, both of size ce. 
That is, the convergence of the intrinsio electrisation is the 
measure of the fictive electrification. There is no real 
electrification, because the displacement is made circuital by 
the flux of displacement ce, along the rod. There may be 
electrons, but that is a different matter, involving a finer kind 
of space division to find them. If we put a negative charge at 
P and a positive one at Q, both of size ce, the external 
displacement disappears. There is left only the displacement 
ce, along the rod from the positive charge to the negative. 
The rod is then a charged condenser which will not discharge 
itself even though its poles are conductively connected. To 
discharge the charges, eo must be relaxed. (See El. Pa., 
Vol. I. pp. 466 to 515 for details about real and fictive electrifl- 
cation, and intrinsic displacement. For the benefit of the unin- 
itiated, I should explain that El. Pa. means my “ Electrical 
Papers. They can be picked up cheap, because the remainder 
was sold off in quires for a few pence per volume, on account 
of the deficiency in storage room. So look in the fcurpenny 
boxes. Though somewhat vexed at first by this disposal of my 
laboured lucubrations, it has, later, given rie and others 
occasion for much laughter.)* 

„I do not delete this remark under the sad circumstances of the 


last footnote, for FitzGerald was the firat man to see the humour of the 
proceedings of those unhumorous publishers. 
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Now if the rod PQ, electrised but uncharged, be moved at 
speed u from left to right, the external effects, electric and 
magnetic, sre the same as those due to a pair of equivalent 
charges, positive at P, negative at Q, both moving the same 
way at speed u. The effects due to a single moving charge are 
therefore the same as those due to an infinitely long electrised 
rod, ending at P, and pushing forward. The speed u may be 
anything from 0 tow. It is not necessary for the rod to 
move. The region occupied by the electrisation has to grow 
at the P end. We may imagine little demons putting on 
fresh electrisation at any rate we like, and whether P effeo- 
tively travels at a speed greater or less than that of propagation 
in the medium makes no difference to the demons individually. 

If u= œ , this is the same as putting on es all over at the 
same moment. The result is a cylindrical wave. (El. Pa., 
Vol. IL, p. 460.) Dis of two sorts. At the wave front is a 
shell in which D is oppositely directed to eo; and inside the 
shell D is directed the same way ase,. The same reversal 
occurs With H. At the wave front it is so directed as to 
make E =,vH with outward expansion, as usual. Inside the 
shell it is reversed. 

Now, suppose u is not infinite, but still very great compared 
with v. The cylinder becomes a cone of very small angle, 
nearly the same cylinder in fact, if we consider only a part of 
it at a time. It has the same characteristics as before. The 
cylindrical outer sheet becomes a conical sheet, in which D is 
directed away from the apex, from right to left. Inside it, D 
goes the other way, in the direction of e, at the axis. H is 
similarly reversed. 

These will be seen to be the properties found for a moving 
electron, when its speed is greater than v. For the equivalent 
electrification is situated at the end of the e, region where it 
is growing. 

In El. Pa., Vol. II., p. 461, is worked out in some detail the 
case of finite section and u = , and I meant to adapt that 
investigation here to illustrate the electron theory. But in 
looking through the troublesome calculations I find some 
numerical errors, so the matter must be postponed. But 
a general idea of the cause of the reversal in the theory, 
of e may be shortly given. An electrised rod of finite size 
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corresponds to a disc of electrification at its end. Now the waves 
are initiated at the surface of the rod, the seat of the curl of e, 
the impressed voltivity. Induction is generated there at the 
rate e per second, in a cylindrical sheet. It spreads both ways, 
outward and inward. Along with it the outer displacement 
is against e, and the inner with e, just as in the case of 
plane waves, § 453 above. The inner wave of D condenses 
to infinite intensity ut the axis, but does not change sign 
in expanding again, being longitudinal or axial. But the 
corresponding H does reverse effectively. Not in reality, because 
an element of a circle of H in condensing and crossing the axis 
preserves its direction. But when the circle expands that 
element is on the opposite side to its old place. So there 
is effective reversal of H, as well as of D, compared with those 


at the outer wave front, save at the beginning. This pro- 


perty oontinues true when the rod is condensed to a line, and 
also when « is reduced, so that the wave front turns from a 
cylinder to a cone. | 


Spherical Impulsive Wave due to sudden Displacement 
of an Electron. 


§ 488. The equivalence in external results of convection 
current pu and current of intrinsic electrisation cpe, both 
being impressed currents, enables us to immediately interpret 
worked out problems in impressed e in terms of the equivalent 
convection current. An important fundamental problem con- 
cerns the wave generated by the sudden establishment of e at 
a point, or rather, in a spherical portion of the ether. This 
will be found fully worked out and interpreted in El. Pa., 
v. 2, pp. 409 to 412, Only a small part is required here for 
present purposes. Changing from cpe to pu is the same as 
changing from ce to ppu If, then, e is suddenly established 
in a sphere of radius a, the magnetic wave sent out is the 
same as that due to the impulsive time integral of pu through- 
out the sphere—that is, to the displacement of p through the 
distance u dæ. So ce=pdz is the equivalence. 

The intensity H of the circular magnetic force at the point 
r, 9, at time t, is 


-s (i- Gu - 0) 
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the origin being at the centre of the sphere, and 0 being 
measured from the direction of e. (El. Fa., v. 2, p. 409, 
equation (189)). Here e may vary any how, it being tlie opera- 
tional solution that is writen. Makiog e simply perlodic 
produces tlie spherical wave trains used by Hertz as a first 
approximation to the theory of his vibrator, together with an 
impulsive wave at the front. By taking e constant, beginning 
when ¢=0, by an easy algebrisation we obtain an in ward and 
an outward wave from the spherical boundary of e, leading 
ultimately to a shell wave of H of depth 2a, given by (loc. cit., 
p. 410, equation (142) ) 
e sin 0 vet? - a? 
n 44 ( ie ). 2) 

This formula expresses the magnetic force from the first 
moment between the limits r=a + vl, until vt~a; but after 
that, between the limits r=vt+a. It is a double shell of H, 
positive outside, negative inside, vanishing at the distance 
rm (vs? - a ˙)l. 

The time- integral of H during the passage of the wave past 
the point r, 0 is 


P H= 4772 ; Sin 6= Que sin 6, (3) 
wre 


where we write ce, for the product of ce and the volume of the 
sphere. It is the moment of the electrisation. Its equivalent 
is Qdx, if Q is the total charge, or density x volume. 

But the formula is somewhat deceptive, because it is only 
a difference. If H, and H, refer to the outer (positive) and 
inner (negative) shell, their time integrals are 


_ e sin 0 a8 a?\ 
p H parr {-1+5+(1+5)?} 


aad a3 8a? 
6 P RA 0 s) 
p- ‘per í 5 a2 
H,= - (125 * 
Pot a’ 8 a? 
6 ( 22 +) (5) 


The sum depends on 7 as just seen. But when a/r is small, 
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the two impulses are sensibly equal and opposite, and depend 
upon 21. Their values are nearly 
3 sin ô _ 8 sin 0 


e = + Ode 
E ceo igre © * Od Te (6) 


in terms of the electric moment. With a=0 we get o. 
That is nothing unusual. We cannot have a finite charge 
at a point. If it existed it would be immovable by a 
finite force. 

The electric fields of ce, and Qdz only differ in this respect. 
There is no E to begin with in the case of the electrisation. 
There is in the case of the electrification—say the stationary 
polar force of Q. So add this on to the electric force pro- 
duced by establishing ce, to get the electric force which exists 
when Q is shifted. Now, what ce, does is to set up circuital 
displacement similar to the induction of a spherical uniform 
magnet. This state is fully formed right up to the rear of 
the wave of magnetic force at any moment. So when Q is 
shifted its polar displacement persists at any point until the 
front of the shell wave reaches it, and when the wave has 
passed it is turned into the slightly changed polar displace- 
ment of Q in its new position. It is the electric force in the 
shell wave itself that lays down the change in the internal 
electric force (see also v. 1, p. 314). At a great distance 
E = pvH in the wave. 

The magnetic energy in the shell being always positive 
need not be divided into two parts. It amounts to (EI. Pa., 
v. 2, p. 412) (eas 

_ ces” _ (Qdx)? 

See Breas” (7) 
and is constant on the whole journey, as soon as the wave is 
fully formed. Compare with the usual static energy of Q. 
It is 


2 


Q ee 
oe external, and Orca’ internal. (8) 


So T= (4) x ; of stationary energy. 


This energy is wasted. But the total waste is 2T, because 
there is equal electric energy in the shell ultimately. 2T is, 
therefore, the work done in shifting Q. 


VOL. III. H 


98 ELECTROMAGNETIO THEORY. CH. IX. 


_ I expect, in passing, that Maxwell's characteristic expres- 
sion, ‘‘electric displacement, may need to be changed. It 
did not formerly present any trouble that I know of. I never 
heard of anyone mistaking it for the spacial displacement of 
electrification, until one day I heard that I had been supposed 
to have done so myself. But in reading Dr. Larmor's book 
it occurs to me that trouble may very easily arise in the way 
mentioned, particularly because the spacial displacement of 
charges is so much in evidence at present. Maxwell's electric 
displacement D was (and I suppose is still) primarily a pheno- 
menon in the ether, not necessarily connected with a spacial 
displacement in the direction of D. In matter D is increased. 
The excess is also not necessarily conditioned by the spacial 
displacement of positive and negative charges, but it is a 
reasonable hypothesis that it may be so, and the facts of 
electrolysis show that it is a probable hypothesis. The resul- 
tant makes up the excess displacement, to be coupled with the 
other and counted with it to make the total D called by Max- 
well the electric displacement. Here the word displacement 
has no reference to the supposed spacial displacement of 
charges. So a new word, and a good word, is wanted for D. 
This would also be the case if an ether theory were elaborated 
in which D in the ether itself involved spacial displacement 
of + and — charges. There is room in the ether for much 
speculation. 


Spherical Impulse due to sudden change of Velocity of an 
Electron. Rontgen Rays. 


§ 489. There is another sort of impulsive magnetic wave, not 
to be confounded with the above, which is supposed by J. J. 
Thomson to represent the elementary portion of Röntgen 
rays. Presumably also, previously by Sir G. Stokes, though 
he did not express himself in magnetic language (Wilde 
Lecture, 1898). This is the magnetic pulse arising when a 
moving electron suddenly changes its velocity. By “electron” 
I only mean an electric charge, without hypothesis that it is 
really a singular point in the ether. I do not think Larmor 
has established that point. I wish he may, for the matter of 
ether and matter is in a very obscure state. Personal opinions 
at second-hand count for little, but I may as well say that I 
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incline at present to J. J. Thomson's idea that his corpuscles 
are electrified matter. This does not exclude altogether the 
idea that the matter may be conditioned by ether and elec- 
trification. To show this pulse go back to (1). Put a=0 
and reduce. The 5 solution becomes : 


d e = de E 
H = sin 945 = pe, = sin . (9) 
a a We | 
Or, in fall, H = ein ofa „0 or. (10) 


So, if u at the moment ?- O suddenly changes by the amount 
1% the impulsive H, say, H, the time integral of Hat t=r/v is, 


H. — 10 (11) 


This shows a spherical pulse out from the place where the 
change of velocity occurred. The operator «— only fixes the 
position of the pulse. Strike it out to express the magnitude. 
That there are such pulses produced by the collision of 
electrons with obstacles: can hardly be doubted. That they 
fully express the Röntgen rays is not so clear. For there is 
the body struck to be considered, and the special vibrations 
emitted by it when struck. 

To see the state of things in the pulse itself, we must take 
a finite. Use the full operational oo (1). It is the 


game as 
-tne 1) f -ar-a) -=) C ä H 
n- 17201 ( 44% on. (12) 


Here let u at the moment t=0 jump from O to u, An easy 
immediate algebrisation makes 


H= man in Ooty vh? ＋ 4 dr 


— — 
— 4x4 — [Á 


2a 2 Gar 
pua sin 0 vt? ot | vss 
, %% % . J r (18) 


The algebrisation is done by g 1 = (vt) / in a: and then Taylor's 
theorem to translate, making 


vt, vl 4 a, vl. vt - Y- a, (14) 
confined to positive values only of ti and . 
VOL, IIL 1 2 
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We have assumed that the charge has not sensibly shifted 
its position. Now the first line in (18) expresses the wave out 
from the surface of the sphere. The second line is the wave 
going in, and then out again, following the first, and can- 
celling it partly by overlapping. If, therefore, we take the 
sum, it expresses not the impulse, but the internal dregs. 
The sum makes 


_ Qu, sin 6 
H = 1e (15) 
which is recognised to be correct under the circumstances 
considered, that the position of the origin with respect to the 
point r,0 does not sensibly change, for (15) is the magnetic 
force due to the steady convection current Quo But the 
impulse is expressed by the first line only of (18), for it is the 
part of the primary wave, between the limits rt ra which 
is free of the second wave. To verify, take the time integral 
between these limits. We get 

IH Pot sin O 2a? a\ _ Qu, sin 0 ' 
es 2rv 3 ( + 4 Amru (16, 
which agrees with the result (11). The first line of (18) may 

be used to calculate the energy of the pulse. 


Wave Train due to Damped Vibrations. 


§ 490. If it is desired ta draw the lines of displacement, we 
may make use of 

21 sin 6.H = D., (17) 

where D, is the total displacement through the circle r, 6, as 

is obvious by the circuitation of H. Then, in terms of Do, we 
have (17) to derive H, and 

FFF „ 

Arx sin 6 do Zr sind dr 


to find the two components of D along and perpendicular to 
the radius vector r. And Do constant expresses a line of D. 
If e is a damped vibration, say fee sin nt, beginning 
when t=, then 
y ain2% 2 TET sin n(t — rje) 
D, ein 0 35 ͤ (19) 


. (18) 


by equation (17) and (9) above. There is an impulsive wave 
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at the front. Ignoring that, we obtain for the state of things 
in the rear of the wave front, 


= of, sin ba — 2m) COB + (Aa- 2 sin | nt, 


4 ur nr 
+ o sin 0 E 
cfs 
D, = 0 os 2 gin nt,, (21) 
5 em v s 
D, = “nemh? cos 971 -d COs + (2 - =) sin | nh, (22) 


where ti - f- 7/v, and D,, Dg are the components of D along 
rand Lr in the direction of increasing 0. 
To find the speed of a particular phase, let 


H & sin n(t—r/v+ B), 


then . 28) 


men - n mine 


Let ¢—7/v + be constant, and = U. Then 
U dBr_a. 
1- 52 1 U=0; (24) 


leading to 
v (vinir) 
U di 1 + (vinr —m/n)* (25) 


Similarly, let D,o sin n(i—7/v + Bi), then 


tan nb, = 26) 


vn = in/n 


and pao 281, leading to U=U,. (27) 
1 

So the speeds of phases of H and E, are the same —viz., U, 
and so is the speed of the part vH of Ey. The other part of 
Ee has speed v. U becomes negative near the origin. But 
the idea of U being a wave speed becomes very artificial then; 
there is such huge distortion. A paper by Pearson and Lee, 
Phil. Trans., 1899, on this subject contains a series of 
diagrams showing how the tubes of displacement behave as 
the vibrations decay. The behaviour is, of course, not 80 
simple as in the maintained vibrations assumed by Hertz in 
his theory of a vibrator. 
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Investigation of the Electromagnetic Field due to an Impressed 
Electric Current growing in a Straight Line. The 
Solutions in Sphere and Cone. 


§ 491. Now consider comprehensively the state of things 
‘arising when a charge is brought from rest suddenly to 
rectilinear motion at any steady speed. Previous investiga- 
tions discuss the steadily travelling electromagnetic field 
or else the impulses. But there is a variable field as 
well. Its investigation is by no means so difficult as 
might be anticipated. We can ease matters in two ways. 
First, by discussing the easier theory of a growing straight 
line of impressed current. The results for a solitary 
charge will follow by differentiation. Secondly, by working 
it out for the case u>v. This will save a separate 


investigation for the case u<», which might be expected to be 
easier, but is not. The results when u>v may be used to find 
those when «<v. But we cannot pass the other way. The 
process ig similar to that employed in § 468 and § 480 to find 
the magnetic force due to a growing plane source. The 
formule are all different, but the same diagram will serve, 
with a fresh interpretation. aa 

Let it be given that there is an impressed current C along 
the line OaQR, whose length is ut, increasing uniformly with 
the time at the end R, and beginning at the origin O when 
t=0. Find the magnetic force at any time . 

Let u>v. Then the wave front is the cone ARB with a 
spherical cap on the left side, the radius of this.sphere being 
vt. To find H at any point P' inside the cone, but outside the 
sphere, we must sum up the magnetic forces at P' due to all 
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the elements of O which are within speaking distance of 
P’ at the moment. They are comprised between those two 
points on the line of O, whose distances from R are u/v times 
their distances from P'. That is, if z and „ are the co-ordinates 
of P', and 21 the distance of the apex from the origin, the 


equation mal ö 
+ (2-2)? - 20 
v? ( u ) (28) 


finds the values of z, required. This quadratic gives 
20 = 28e070 — z tan?0+ sec OV (z 24 tan -h3 (29) 


These are the limiting valaes of z required, provided they are 
both positive. But shifting P’ towards the sphere sends the 
lower z, down to 0. This is proved by equating 25 to 0 in (29) 
when there results 
2,° sin? = h? + 2%, , = (80) 

which belongs to the sphere. 

Formula (9) above shows the H due to any element. 
Writing it in the form 


pa=- ah’ (81) 
we have | 


i — 2 „aC 2 2 


By (29), 4 limits are 
20 — = (221) tan 20 4 sec OV (21 - z) tan? = , (g) 
mn, say, 
outside the sphere. This makes 


=) m +n jh? + (m+n) 
A 8 ons itt (m nP (84) 


But inside the sphere the limits for z,—z are -z and m +n, 
making 
m+n + {h? + (m+n)? (86 


Here m and n are defined in equation (33), so the two A 
solutions look very complicated. But they may be much 
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simplified by some troubiesome algebraic reductions which I 
omit for brevity. We come finally to 
HO 0 t+ e 
A 97 log ; (86) 
outside the sphere, where L is the semidiameter of the cone, 


that is 
l= (z - 2) tan 6. (37) 


And inside the sphere, we come to 


y 2 — 2 
A Achs 1770 + ee} (88) 
-z+ V2 ＋ A 


Though much work remains to derive the electrical resulte, 
the solution of the problem is now virtually complete. For, 
if we reduce u, the cone dwindles and disappears when u=v; 
and after that we have merely the spherical solution (38). As, 
however, it is expressed in terms of /, 7 should be got rid of 
in discussing the case of u<v. Put it in terms of « and v, by 
(87) and the relation sin 6=v/u. Then (38) takes the form 


A545 log (1 2) . » - 9755 2 ＋ he ( — u”), (89) 
. 5024 ogee Sh +27! 


The magnetic force inside the cone is given by (31) applied 
to (36). It gives 
5 (40) 
21 (L-e) 
in agreement with § 465. This remarkable result follows, that 
the state of E and H in the cone which was previously inves- 
tigated is established instantly , that is, it is not the final 
result of a variable state, but begins at the moment t=0. We 
may also see this in (36), which is independent of the time in 
the sense required. On the other hand, there is a variable 
state of things inside the sphere which has to be elucidated. 
The above A and the travelling potential called V in the 
previous investigation are in constant ratio, for we obtained 
by the operational process (§ 483, equation (26),) 


o, t+ . 
V=z leg ä (41) 
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when O-. That is, the relation of the two potentials is 
A =peuV = V. (42) 
92 
The electric field demands separate consideration, to follow 


The Ellipsoidal and Conical Equipotential Surfaces. 


§ 492. Digging out the details of the problem under con- 
sideration deserves to be done with care, for this reason. The 
results of the two important cases of the steady motion of an 
electron at a speed either less or greater than that of light, 
hitherto treated separately, though abundantly verified, do not 
exhibit much compatibility. But in the present investigation 
the spherical and the conical states are both in action together, 
and we shall see how they are harmonised. It is done by means 
of the spherical pulse due to the sudden change of velocity at 
the initial moment. Or, if the change is not quite sudden, or 
the charge is of finite size, then by a shell wave of finite depth. 
In fact, the wave on the surface of the cone is continued upon 
the surface of the sphere and, by leakage therefrom, con- 
nection is made between the displacement inside the sphere 
and that inside the cone, which are of different densities. 

In the first place, as regards the potential A in the cone and 
A, in the sphere, equations (36) and (38). The outermost 
equipotential surface is the wave front itself, partly the surface 


Fic. 34, 


of the cone, partly of the sphere; A =0 on the one, and A, = 0 
on the other. Also A=A, upon the portion AQB of the 
sphere, Fig. 34. Prove by (88). We have identically 


a) ee mon, 8 
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and when v??? = ＋ , we get 


„HC u — v\i(ut — 2)v + (uz - °t) 
Ay 4 log (: + r) (u? — v?)i(vt — z) (44) 
on the circle. Here uz- vet is + on the right side and — on 
the left side of the plane AB, and the value of the radical 
(2 — Re) in (88) must be always taken +. Allowing for this, 
A,=0 on the left side, and 

dom te log ( HH (40 


rt - 2 ur 


on the right side of AB. This also agrees with A derived 
from (86) in the cone. 

The innermost equipotential surface is a surface enclosing 
infinitely closely the axial current C, on the line OQR. 
There A- , A,=w. Now we know already that the 
equipotential surfaces in the cone are co-axial cones, § 477, 
and since the outermost cone is made complete by a spherical 
continuation, it is an easy guess that the internal cones are 
completed within the sphere by means of ellipsoids of revolu- 
tion. That is, the equipotential lines in the plane of the 
figure are ellipses with their major axes on the line OQR. In 
fact, it is quite easy to draw them roughly by the mere look 
of things. They must all pass round the point O on the left 
side. For the help of anyone who may wish to go further in 
this respect, I give the equation of the ellipses, without the 
complicated work. Let 


X( 1) 2. 5 (46) 

u-v Ju. v (u- 9) 

1-172. 4, (47) 
1 — v 4 — vv 

Z= 174 , (48) 
1 — v 


where a is a N Then, 

urt Y ZR awe uvtY \3 
F(u—v)X 1 40K aX ( X Cu- UK) (49 
is the equation required, in a form showing the position of 
the centre upon the axis of C, and the size of the semi-axes. The 
co-ordinates are z and 4, origin at O; and ut is the distance OR. 


z+ 
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The position of the centre, from the values of Y and X, may 


be represented by 
z vt 
3 = 5 | ae 
v (50). 
u TI- 50 y 
if b=a 1. From this we can see that when u<v the position 
of the centre varies between 2 = O and ut. When u = v, 


z=} bu, (51) 


going from 4vt to O as b goes from O to 1, and all the ellipses 
touch at the point Q, that being the extremity of their major 
axes. The line of impressed current is then OQ without the 
extension QR. The ratio of the minor to the major axis is 
%-, and the semi-axis major is vt/(2 — 2). 

That is enough about the nature of distribution of A, for its 
only utility here is to lead to the physically significant magnetic 
force by equation (81). It happened to be easier to obtain H 
through A than directly. We may also use it to derive the 
electric force, at least partly, and fully by the use of an 
auxiliary potential function, but for electrical clearness there 
is a better way than that, which will be used presently. 


The Magnetic Force and Electric Current in the Cone and 
Sphere. The Spherical Current Sheet. 


§ 493. Denoting by H, and H the intensities of magnetic 
force inside the sphere and the sone (outside the sphere), we 
have a i 

H= - | 9 ber 


0 l 2 
K.-G. (68) 
These are valid whether u be>or<v. But in the latter 
case, 2, which is the semidiameter of the cone when uv, 


should be put in terms of « and v, by l= (ut 2) tan 0, and 
sin 0=vju. This makes 


= ut — 2 3 
u. a aa CET (54) 
which is equivalent to (58), and is valid at any speed, provided 
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we keep inside the sphere. But this H, is not continuous with 
H. We have 


H-H, = (55) 


ale = he?) -R 
at the junction R = (22 ＋ A2) vt of the sphere and inside of 
cone. This indicates a current sheet upon the part AQB of 
the sphere. It has no energetic significance, but makes con- 
tinuity with the current elsewhere. It may be made to be of 
finite volume density by having a not quite sudden start. 

The value of 2rhH on the axis is C between Q and R, and 
the value of 27hH, is C between Q and O, but is zero on the 
other side of O. These results are necessitated by the initial 
datum about impressed current. H is infinite at the conical 
wave front, where l=}, as well as at the axis. There is a 
minimum value in the cone when i? = 4/?. 

There is no impulsive wave. On the spherical boundary H 
increases from O at the extreme left, to 

_ Cu 
Lr. v 
at the top (and bottom, of course, negatively). At the junotion 
of the spherical and conical portions of the wave front it is 
infinite. 

When ut is very large, we should approximate, round about 
O, to the magnetic force due to an infinitely long (one way) 
straight current. The formula (53) or (54) leads to 


050 en 


which is a well-known elementary result, provided there be 
a proper radial continuation at the origin of the axial current 
©. The conditions of the present problem necessitate this as 
ultimate result, 

In general, the current density is got by the first circuital 
law, making 


(56) 


= -l 
and these, e to (58), As 
h tan 6 
=D,= * (22 -W (59) 


5 l 
C,= —— 86. EN) (60) 
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the transverse and axial components of the current density— 
the rate of increase of the displacement. Here the first parts 
represent the components of the inward radial current. The 
rest ultimately vanishes. It is directed radially towards the 
other end, R, of the impressed current, though not equably, 
like the first part, but with increasing density outwards from 
the axis. 

Similarly, it will be found that in the cone outside the 


sphere 


_ _C htané eS, l 
R Zr (I — h)? C. = ＋ 27 G) (61) 


and this represents a radial current towards R exactly like 
that last mentioned, but with 27 in the denominator instead of 
4r. The current towards the apex therefore doubles itself in 
crossing over from the sphere into the cone, without changing 
its direction. 

To account for this singular behaviour, we have the current 
sheet before mentioned, equation (55). It may be reduced to 


“(4 aj 

y C R 

- H.-E. T (62). 
vR 


where Rut, the radius of sphere. The direction of both 
H and H, is positive, or up through the paper above the axis, 
and down below, and H is the greater. So, by the rule of 
curl applied to a surface, if B is the polar angle, reckoned 
from the forward pole of the sphere, and Cg the surface 
density of the current along the lines of longitude, reckoned 
positive from the forward pole, the value of Cg is 


“sin B 
1 =; cos 8 


between B= and the value of 6 making the denominator 
vanish. That is at the circle of contact with the cone. 
Beyond this, on the left part of the sphere, the surface 
density is given by the value of H, alone, because there is no 
external magnetic force. It works out to the same formula. 
That is, (68) is the proper formula all over the sphere, and 
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this is true whether u is less or greater than v. If u/v<l, 
Cs is positive everywhere, from the forward to the backward 
pole. But if «/v>1, Cg is positive behind the cone only, and 
negative forward, or from the circle of contact to the axis. 
Continuity is made at the circle of contact by the current at 
the boundary of the cone. 

The reader who is practised in making translations of appli- 
cation of electrical formule (by interchanges of electric and 
magnetic quantities, or by differentiations) will perhaps be 
able to see the application of (63) to the problem of a moving 
electron. It is this. Let a charge p, initially at O, be 
suddenly started and moved along the axis at speed u, then 
the spherical. impulse is fully represented by 


H, ee eT (64) 
° 4rR 1-% cos f 


v 
all over the sphere, at any speed. This is important in the 
theory of Röntgen rays, and is the generalisation of the result 
(11) in § 489 for small speeds. H, and D, mean the values of 
H and D multiplied by the depth of the pulse, positively 
reckoned in direction in the same way as for Cg above. But 
as the translation of meaning is not very obvious, I will give 
a demonstration when the present problem of an axial 
impressed current is completod. 


The Manner of Continuity of the Electric Current. 


§ 494. So, returning to (68), consider its connection with the 
internal currents. Multiply by 2rR sin B, making 


s Vom EL (65) 
” 1-* oos B 
v 
This is the total current in the sheet crossing the circle 
R, B, from right pole to left when positive. Its rate of 
decrease with Rf is therefore the leakage from the sheet 
between two circles at unit distance apart. The result is 


u? 
1—* 
satin eh Z a ; (66) 
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Now by (59), ( 60), the outward radial component of the internal 
urrent, say Cx, is 

2 21 N tan 0 1 

0 OR Rl GEH B. N 


in which R vr. Putting in the values of L and tan 0, this 


. e -d. 
Terme) 


and, since there is a radical concerned, we must be careful 
about the sign. When u<», there is no trouble. For (674) 
is then the negative of (68) divided by 22 B sin 8. That is, 
the leakage per unit area from the current sheet is equal to 
the sum of the two internal currents reckoned from the sheet, 
thus making continuity. The same applies precisely when 
u>v, provided we keep on the left side of the circle of contact 
with the cone. 

But it is different on the right side. Then 1<(u/v) cos B, 
because cos B= sin 0=v/u at the circle of contact. The 
radical is always to be positive in these physical problems 
(a rigorous demonstration of the necessity might, however, 
be lengthy and obscure). So the denominator in (67a) ‘is 
positive whilst 1 - (ujv) cos 8 in the numerator is negative. 
So (674) becomes 


5 (67a) 


y? 
ami 


C „ 
AI (1 -* cos 55 


This is inside and towards the surface. On the outside, there 
is the current (61), Its radial component outward is double 
the first part of (674). That is 


Ca 


(68) 


u? 1 
C ‘i 
sriti u x 
(1-5 008 8) 


The excess of (69) over (68) therefore represents the 
leakage per unit area from the sheet. This excess is exactly 
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the quantity in (66) divided by the circumference 27R sin gf. 
So there is continuity all over, except that we have not 
considered the circle of contact, where the current divides ; 
but the conical sheet current joins on there and makes things 
right. The current, being the curl of the magnetic force, is 
necessarily oirouital when the discontinuities and junctions 
are properly attended to. The value of Cs is infinite only at 
the circle of contact, and the leakage from it also. The 
current in the conical sheet is infinite, too; but just under it 
there is a reverse current of infinite value going the other 
way, which makes matters right, for, of course, the infinite 
current at the conical wave front could not be continuous 
with finite currents in the spherical sheet. 


The Electric Force, and Time Integral of Magnetic Force. 


§ 495. So far nothing has been done as regards the electric 
field. An impressed current C of any kind has been assumed, 
and the magnetic force and external current due to it have been 
established. There was no magnetic force initially. To fix 
the electric force similarly let there be none initially also. 
Two principal suppositions may be made about the nature 
of C. It may be the impressed current of increasing intrinsic 
electrisation. If so, there will be no electrification at any 
time. Or, it may be supposed that there is a continuous 
electric separation going on at the point O, generating equal 
amounts of positive and negative electrification, and that the 
positive moves along the axis at speed u, so that C = ru, where 
o is the linear density of electrification, whilst the negative 
remains stationary, so that there is a negative charge 
—Ct= -cut at the origin at time g. In either case the 
external displacement will be the same. In the case of 
intrinsic electrisation there will be fictive electrification of 
amount -cout at the origin, indicating the convergence 
of displacement there, but this displacement will pass along 
the axis and leak out uniformly all the way along, producing 
the same effect as if there was electrification o along the axis, 

For distinctness, take the case of CS ou, or real convection 
of electrification, with stationary compensating charge. Now, 
we had two formule for H; but it is easy to see that by time 
integration they will lead to three for D, the displacement. 
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For let P be a point where D is required. From the origin 
O draw a cone passing through the circle of contact. Call it 
the secondary cone. Now, if P lies to the left of this secondary 
cone, it is never inside the primary cone at any moment. It 
will be traversed first by the spherical shell, and then by a 
portion of the sphere. This makes one formula for D. But 
if P is on the right side of the secondary cone, it will be first 
traversed by the conical wave front and then be within the 
primary cone for a time. This makes a second formula. But 
later on it will be traversed by the spherical wave front and 
then be inside the sphere. This makes the third formula. 

But to avoid the complications of the wave front and the 
shell, we had better calculate results a little differently. 
Since the electric current is the curl of the magnetic force, 
the displacement outside the axis is the curl of the time- 
integral of the magnetic force. Let 


Z pH, then curl Z=D, 


where D is the time-integral of curl H, therefore the electric 
displacement required. This would be also true on the axis 
in the case of electrisation ; but with convection current there, 
since it exists as current in the first circuital law, its time- 
integral also counts. The theorem of curl has no exceptions. 
This Z is also the vector potential of the magnetic current 
(El. Pa., v. I, p. 467), but we need not employ that curious 
property. 
If the point P is inside the cone at time ¢, 


S 3 dl OC cot é 2. paral 
Z- faa- n 5 251 LC ry. 
; O cot % zz 
That is, 2 Ji (2 — h2)A, (70) 


by the H formula (52), remembering that /= (ut - 2) tan 0. 

This state of thing lasts until the sphere reaches P. The time 
limits are then ¢, and ¢,, given by 

(ut, - 2) tan 0 = , (vi) = h? + 22. (71) 

This value of t used in ¿ in (70) gives Z at time fr. Later 

on, we must add on to this Z the integral of H, according to 
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(58) in the sphere from t, to f. This makes 
C 2(t-t,) C cot 0 
21 J (ei T ke) t Ark TEL hh + Va Fe}, (72) 
where J, is / with t, in it. This formula continues valid. 
Thirdly, when P is on the left of the secondary cone the 
time limits for the integral of H, are from t, to t, without any 
extra. The result is 
C 2t-t,) O cot 6 3 
25 f (2 FMA Tri A (VERB VE} (18) 
Comparing Z, with Z,, and calling them Z, for the sphere, 
we may write it 
C 2(t-t,) C cot 0 


„Af. (T l) dehy “ Vi =}. (74) 
The complete Z is now given by (70) in the cone and Z, in the 
sphere, Z, being really two formulm. Use the + sign on the 
right and ‘the — sign on the left side of the secondary cone. 
It may be inferred that /i I vanishes on the secondary 
conical surface, and the fact may be verified. It is then 
suggested that (74) may be converted to a form not involving 
any +. This is the case, for the quantity under the radical 
sign is the perfect square of a fanction which changes sign 
in passing through the secondary cone. We get 
C f#_ B. V- 
K A u tan 6 (75) 
anywhere inside the sphere, at distance R from its centre. 
We may now derive D from Z in the same easy way as the 
current from the magnetic force, since 4 is like H, in circles 
round the axis, though unlike H, it is continuous at the 
spherical boundary between sphere and primary cone. 


The Distribution of Displacement. 


§ 496. The displacement components D, perpendicular to, 
and D, along the axis are found by 
dZ 


D=-- 42 D. 1 1 aah. (76) 
Applying these to (70) and (75), we a 
Ol C cot 0 
D. = Dn ee 
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which apply inside the cone, and 

D. 2 C (ht z l J 

i A T h? 

(78) 
C (het h h cot 0 
Das 4 ＋ R N 
inside the sphere. These are exhibited in a form admitting of 
a ready interpretation. 

According to (77), and as previously seen, the displacement. 
in the cone starts from the axis, to the amount C/u per unit 
length, spreads uniformly all round, perpendicularly. to the 
axis at first, and then turns round in hyperbolic curves, 
ultimately tending to parallelism with the conical wave front. 
This displacement, of total amount O/u multiplied by the 
distance of the apex from the sphere, all reaches the e 
and enters it. 

Now the terms at the end of (78), containing I, are of the 
same nature as those in (77). Therefore this part of D in 
the sphere represents the continuation of the process just 
desoribed, originating along the axis all the way from the 
right to the left side of the sphere, but weakened, as if the 
electrification density were 30/u. 

Next, the middle terms in (78) represent displacement in 
semi - circles centred at O, the centre of the sphere. Consider 
a spherical shell of radius R=(h?+ 27)! and of unit depth, 
centred at O. Then 30% of displacement starts from the 
pole of this shell on the axis on the right side, spreads out 
uniformly in the shell, follows the lines of longtitude all round, 
and terminates at the pole on the axis on the left side. (Both 
poles here are really unit lines). This distribution of dis- 
placement, combined with the former, makes the linear 
density of electrification be fully C/u on the right side of O, 
and zero on the left side. 

. Finally, the terms containing ¢ in (78) represent a radial 
distribution of displacement such as is due to the charge 
of amount — Ot situated at the origin, and 4 Ot upon the 
. surface of the sphere of radius vt. The charge at the origin 
is the necessary complement to the charge along the axis 
(real or fictive as the case may be). The apparent charge 
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＋Ct on the sphere does not exist, for the displacement has 
no divergence there. 

To examine the state of things on the spherical surface. 
The radial component of D, say Dz, anywhere in the sphere is 


_ AD, + 2D, ae 1 D 


Dg (79) 


— 
— amw — — — — — — 


R ANR“ Ru e- 
Now, when R= vt, we have l= U, and 
[2 — h? = (Ru/v — 2)? tanz — A? = (R tan 0 — z seo 6). 
R tan 6 2 sec 0 
ain 0 i 
So, taking the + value of the radical in both cases, we get 


Da = O on the left side of the circle of contact with the cone, 
and 


and Is cot d= 


Ct 
Dp= ZR (80) 
on the right side. This formula (80) also represents D, in 
the cone, according to (77), at R- vt, and completes the 
verification. 

It should be noticed, because it is rather remarkable, that 
the displacement in the cone reaches the sphere everywhere at 
the proper angle to make the normal component the same. 
That is, the displacement enters the sphere equably all over 
that portion which is to the right of the circle of contact. 
Multiply (80) by the area 27R?(1 - v/u), and we get Cz(1 — u), 
which is the charge upon the portion of the axis outside the 
sphere. The rest of the axial charge is joined to the charge 
at the origin by tubes of displacement entirely inside the 
sphere, of course. 

Although the formuls are necessary for precision, yet the 
general nature of things may be easily seen without them, 
guided by the radial displacement just round O, and the 
hyperbolic in the cone, and the fact that the wave front is the 
outermost sheet of displacement. The hyperbolic tubes of 
displacement, as soon as they enter the sphere, begin to be 
deflected towards the axis. They all converge to the centre 
ultimately, though the outer ones only do so by making a | 
wide sweep round the other side of O. 
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Using the two potentials A, and P, in the sphere, defining 
mane Ce v2 


P. H 1. (81) 
we may write the electric force thus 
E= - Å,- VP, (82) 


as may be verified. Knowing already that curl A, = HH, the 
form of expression has become quite antiquarian, or at least 
classical. Po is the potential of the electrification within range 
of the point considered. Now the direction of A, is that of 
the impressed current, which happens to be ali the same way. 
Hence the appearance of A, in P, equation (81). In general, 
P, and A, have no simple connection. 


Solutions for an Electron Jerked Away from a Stationary 
Compensating Charge. The Spherical Pulse. 


§ 497. The passage from the abovo theory of a moving line 
of electrification to that of a moving point-charge is tolerably 
obvious. First, it is easy to construct the formule for a short 
piece of electrified line moving in its own line. For imagine 
at the moment ¢=0 electric separation to begin at O, the 
negative electrification remaining there, whilst the positive is 
moved along the axis so as to constitute the linear current. 
The resulting E and H are completely known by the above. 
Next, at the moment t= x, stop the electric separation, without 
other change. Then we have a line charge of amount Cr 
moving in its own line at speed u, running away from a fixed 
charge — Cr at the origin. The results are also completely 
known, because the stoppage of the first supply is equivalent 
to the superposition upon the first supply (without stopping 
it) of a new supply, the negative of the first, only differing in 
starting at the moment t=7. So the results for E and H are, 
after the moment t= r, the same as before in a certain forward 
region, and behind it the results are the difference of two 
similar states of E and H which overlap. If r is very small, 
we have two nearly coincident cones and spheres. In the 
region common to both is a differential state of affairs, though 
in the space between the cones is the original state, and at the 
rear the hinder part of the sphere shows the negative of the 
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original state. The previous formule make the state of 
E, H and electric current intelligible everywhere. 

Now shorten the interval 7 to O, and at the same time 
magnify o in proportion. In the limit we come to this 
problem. At the moment t=O, a finite charge p is projected 
from the origin at speed u, leaving behind the compensatiug 
charge —p. The solutions for E and H are obtained by 
differentiating the previous solutions for a line charge with 
respect to the time, with alteration of the constant factor. 

Thus, in the sphere, if we put pu=C, so that C is the 
moment of the impressed electric current, we shall have 


uC tan 0 
A. (=I (83) 
or, expanding J, 
ie ! ee (84) 
4ar}(ut — z)* + CL u2/v) 0 
and the corresponding magnetic force is 
— Ch tan 0 
H, = 4 (l — a A202 (85) 
or, expanded, o abe 
2/12) „ 
H, = 4r (ut — 2)? +i + WL u /r N (86) 
Again, inside the cone, but outside the sphere, 
pC tan 0 — Ch tan 6 
ig Dar(1? — h?)" 2 02 -kT (87) 


These are entirely residual formule due to the near coincidence 
of similar opposite states. Thus (86) holds good only up to 
the inside of the spherical surface, R = vt, and (87) holds good 
from the axis up to the inside of the conical surface, and 
the outside of the sphere. The conical and spherical sheets 
require separate consideration. 

The magnetic force is now negative in both the cone and 
the sphere (when the cone exists, that is to say) or in the 
cotrary direction to the natural magnetic force of the 
impressed current under usual circumstances. Its intensity 
just outside the spherical shell is double that just inside. 
But this is no guide to the magnetic force of the shell itself. 
- This shell is bounded by sheets of oppositely directed electric 
current. But the shell is really an electromagnetic pulse, 
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consisting of tangential E and H, to be presently noticed. The 
conical surface is also the seat of a sheet of displacement and 
magnetic force, and their directions are unreversed, that is, D 
is from the apex of the cone, and H is as usual. But just 
underneath it D and H are reversed—viz., at the boundary of 
the internal conical region. 

The complicated distribution of electric current in the 
previous line-problem is now replaced by a similar distrib ution 
of displacement, also obtained by time-differentiation. The 


results are 
A x tan ct 


* -l =. 


9 82 l 
ai tle- (= mit 
in the sphere. Similar to (59), (60), in fact. 
Here the first part represents the radial displacement due 
to the charge -p at the origin, but extending only as far as 
R=vt. The rest represents displacement directed towards the 
apex of the cone. Calling this part d, its Pan are 


d tan 0 tan 6 
d= -J 47 (E d, = cot? 9 EE (= (89) 

This exhibits the displacement d in the sphere derived in 
eolotropic manner from the scalar potential used in previous 
investigations of steadily travelling states. This derivation 
(89) is valid whether u< or >v. But should the cone be non- 
existent (u ( v), then the moving charge p is inside the sphere, 
and the displacement is in its natural direction, away from p, 
The complete displacement is then the sum of two radial 
distributions—one isotropic, centred at the fixed charge, the 
other eolotropic, centred at the moving charge. They do not 
cancel at the spherical sheet unassisted, but by leakage from 
the sheet. 

The cone formule for the displacement are 


(88) 


_d tan ad p tano 
* dh 2r- 20 Dance 0% 27 Zr (1? h 
similar to (89), but doubled. The apex is the point of con- 


vergence, as before, so there is no change in direction of the 
displacement. 


(90) 
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The complete course of the displacement is thus: First the 
conical sheet of displacement from the apex. When this 
reaches the circle of contact it divides right and left in the 
spherical shell. Now the conical sheet carries an infinite 
amount of displacement. So the amount entering at the circle 
of contact is also infinite. But the leakage from the shell ig 
also infinite close up to the circle of contact, and this forms 
the reversed flux of displacement before mentioned just under 
the real conical wave front. The rest of the displacement 
entering at the circle of contact makes a spherical shéll of finite 
intensity, with finite leakage. Continuity is made between the 
displacement in the sphere and in the cone by the leakage 
from the spherical shell. It is defined by 


p u sin B 
IR l- (ujv) cos B 81) 
if Ho and D, mean the product of H and Din the shell and its 
depth, and £ is the polar angle of the sphere, radius R = vt. 
The proof is that this formula for D, harmonises the dis- 
placement in the sphere and cone according to (88) and (90). 
Full details were given of the continuity of the current in the 
line-problem, The details are exactly the same here as regards 
the displacement, so they need not be repeated in the new 
application. 


n 


Solutions for a Jerked Electron Without Compensating 
Charge. 


* 


§ 498. To treat the case of «<v, we have merely to omit 
the cone formule. The rest remain valid, including the spheri- 
cal pulse. I pointed out in the line-problem that the state of 
things in the cone was established instantly. The same is 
true in this point-problem in a more complicated manner. 
But even when u<v, there is a similar instantaneous estab- 
lishment of the steady state understood in a particular way. 
Thus, let there be no compensating charge at the origin. The 
problem is then this: The charge p, initially at rest at the 
origin, is suddenly projected along the axis at speed u, leaving 
nothing behind. No change is made in the magnetic force, 
or in the spherical pulse. To find the change in the displace- 
ment, we have merely to superimpose upon the previous D 
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the polar displacement of p in its initial position. The new 
displacement is therefore the d of equations (89) inside the 
sphere. Outside the sphere is the remains of the initial polar 
displacement in any case, and the cone displacement in 
addition when u>v. 

Now let the charge be inside the sphere. As it changes its 
position, and the sphere expands, there is a variable state of 
things. But if we travel with the charge and keep near it, 
there is no change at all. That is, the steady state is estab- 
lished instantly at the charge itself, when its motion is altered. 
It is the spherical pulse alone that does all the work of 
establishing E and H, or else the spherical and conical pulses 
together. The initial act of changing the motion generates 
the pulse. The external work is, if u<v, done momentarily 
too. It is easily seen that the distribution of displacement 
round the charge is then symmetrical and involves no inertial 
resisting force. But if «>v, continuous working is needed to 
maintain the velocity, because the cone is being constantly 
regenerated at the apex. 

But the finite point-charge must not be taken literally. 
Even in electrostatics it is a make-believe, because its energy 
is infinite. In its motion there is a higher degree of make- 
believe, and infinities of less easy interpretation. We should 
spread out the charge to finitize results. In special cases of 
plane and line distributions the energetic relations becomes 
quite plain and in accordance with Newtonian dynamics. 

The apparent inertia of a charge due to electromagnetic 
causes arises from the lag involving bending of the displace- 
ment just round it when its velocity changes. There is no 
bending there when u becomes constant. It is then farther 
away, being propagated outward. But this apparent inertia 
is not a constant. It is a function of u. The continuous 
working required when u>v is something like frictional 
resistance. Change of velocity should be understood in 
Newton’s sense. Thus an electron revolving at constant 
speed in a circular orbit wastes energy continuously on account 
of the curvature. 

On the question of inertial resistance to change of motion 
I take the opportunity of making a correction to the Note, 
App. G., vol. 2., p. 583. That Note agrees generally with 
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the investigations of this volume, but the paragraph on p. 584, 
beginning Where does the energy come from?” requires some 
emendation, to be made in the sense of the present and fol- 
lowing section. Mr. G. F. C. Searle called in question my 
statement that the force on a charged body set moving, whilst 
tending to vanish when u<v, does not when «=v. He said 
it did tend to vanish. I agreed. But he said further that the 
force vanished because it varied as ¢!. On consideration I 
differed, and said only the initial impulse was wanted after all. 


Comparison of two Cases of Motion of Electrification at the 
Speed of Light. 


§ 499. The reason for this conclusion was the existence of a 
class of easily-understandable cases in which no resisting force 
whatever is experienced after the initial impulse required to 
start the waves, although the speed of motion of the electrifi- 
cation is the same as that of propagation of the waves. One 
simple example will be sufficient. 


Let BOA and DOC be two cones having a common apex 
at O. Let them be perfect conductors first. Then a voltaic 
impulse acting at O will generate a spherical shell wave 
bounded by the conical surfaces. AB is a band of positive 
electrification and CD a band of negative electrification going 
round the cones. The displacement is in circular arcs, from 
A to C and B to D, symmetrically all round. In the wave 
itself E = vH, and H is in circles round the axis of the cones. 
The wave expands uniformly, so as to make the bands of 
electrification run along the cones at speed v. 
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Now, there is no mechanical force on the conductors under 
the circumstances, because the stress is a pressure in the wave 
perfectly radial from O, and therefore tangential to the conical 
surface. Or, we may say that the moving force Ep on the 
electrification element p is exactly neutralised by the moving 
force pVVB on the current element pv, the same p moving 
with velocity v. At A, for example, the first force is upward, 
the second downward; both are equal, and perpendicular to 
the conical surface. 

If we take away the conical conductors altogether no change 
whatever will be made in the condition of the wave, provided 
the two bands of electrification move through the ether in 
the same way as before. The energy is finite and constant ; 
therefore nothing more than an initial force impulse is 
required to set things going, and no force is needed to keep 
them going. | 

The angle of the two cones may be reduced to nothing. In 
the limit we come to the case of positive electrification moving 
along OE, connected through a spherical shell with equal 
negative electrification moving along OF. That the energy 
becomes infinite in the limit is nothing. The point in question 
is the balance of forces. 

Many other cases of this sort concerning the projection of 
electrification radially from a centre at the speed of light 
may be constructed, having the same property of not requiring 
energetic assistance after the initiation of the waves. 

But now consider the matter from a slightly different point 
of view, through a simple solution of another kind. 

Let O (Fig. 38) be a continuous source of separation of 
+ and — electrification, the + to move to the right along 
OA, and the — to the left along OB, both moving at speed v. 
Let o be the linear density, then there is a linear convection 
current C ou extending all the way from B to A. The com. 
plete solution is, at distance r from the axis, 


C 
= cv E =— 2 
H=cvE Tre (92) 


with the additional information that H is in circles round the 
axis in the usual way, and that E is in semicircles as shown, 
from the + electrification to the —, and that the sphere 
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within which (92) is valid is of radius vt, if the current begins 
at O at the moment t- 0. 

The supply of electrification need not be at a constant rate. 
The quantities co and C may vary anyhow with the time. 
Still, (92) will be true for the particular spherical shell asso- 
ciated with a particular pair of +o and - c. So this example 
looks exactly like the last, with the angle of the cones reduced 
to nothing. If there were no difference the force on the 
electrification would be zero. 


Fia. 38. 


But there is a difference. In Fig. 88 the electromagnetic 
force on ov is perpendicular to the line of o all round, and 
does not produce any resistance. The electric force E is also 
perpendicular to o all round, but it does produce a resistance 
to motion. It has a finite component along the axis in the limit. 

Thus, considering any point near the axis between O and A, 
the z-component of E, at distance z from O, is 


Bes 


eee (98) 
Tare (ATT BrE F Y 


In the limit, with 7=0, this is — 0 / 2c. The mechanical 
force on any linear element o is, therefore, 


2 
S 94) 


Irez Imcvt 


Applied force is therefore required, not merely at the moment 
of projection from O, but later as well. It varies as 1. 
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The reason of the contradiction of results is that the infi- 
nitely fine line of electrification is treated as a cone in one 
case, no matter how slowly its diameter may increase, but as 
a cylinder in the other case. The axial components of the 
electric and electromagnetic moving forces are both finite and 
balance one another in one case. In the other case only 
the electric part exists, unbalanced. It is the greatness of the 
electric and magnetic forces at small distances that makes 
the usually insensible difference between a fine cylinder and a 
fine cone of insensible angle become of significance. 


Peculiarities at the Speed of Light. 


§ 500. The above theory, (98), (94), seems to me to contain 
the essential part of Mr. Searle’s argument that the moving 
force on a charged sphere jerked into motion at speed v varies 
as t! ultimately, his calculation being professedly a first 
approximation. It is here put, perhaps, in its simplest form, 
in an exact solution. 

Now, as regards the reason why there should be a residual 
force when u is exactly equal to v, whereas there is none when 
u is less than v by any amount, however small. Ifa single 
electron, of radius a, is suddenly jerked into motion at any 
speed making u/v very small, the spherical pulse generated, 
which is of depth 2a, is clear of the electron almost at once, 
in a time interval just over 2a/v. Similarly, any distribution 
of electrification similarly jerked, has the whole of the impulsive 
part clear of the electrification in a time interval a little over 
2a/v, if 2a is the greatest diameter of the electrified region. 
After that, the steady state is fully formed there, and there is 
no resisting force left on the electrification as a whole. The 
mutual forces that remain balance. But when u is increased 
it takes longer for the impulsive wave to get clear of the eleo- 
trification, and so bring about the state of no resisting force. 
In the limit, when «=v, the electrification travels with the 
impulsive waves, which, therefore, never get clear. There 
may now be a residual resisting force, or there may not, accord- 
ing to circumstances. In the spherical waves of the class to 
which Fig. 87 refers, the electrification is projected radially 
from the origin, and therefore spreads out as it travels, In 
Mr. Searle’s case there is no spreading. 
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We have next to ask what bearing the residual force vary- 
ing as t- has upon the question whether it is possible to move 
electrification through the ether at a speed equalling or 
exceeding that of light? Assuming that a charged body, say 
a sphere, is really moving at speed v, it travels with what is 
practically a plane wave. If the wave were fully formed, 
extending to an infinite distance, its energy would be infinite, 
if it travelled alone (though finite if it travelled with an equal 
compensating charge). But this is really no reason 
why there should be an infinite resisting force, or why it 
should not be possible to increase u above v. For the assumed 
final state with infinite energy would never be reached. And 
the ¢-? theory shows that the increase of energy in the wave 
tends to go on infinitely slowly. A further increase of speed 
will then bring in the resisting force of the conical theory, 
which is a different thing altogether, and requires special 
calculation in particular cases. 

There is, however, one reservation to be made about the u = v 
case. An impulse is an instantaneous affair, and is, there- 
fore, ideal. It is convenient for calculation and for general 
simplificetion of reasoning. If the work done by an impulse 
is finite, there is no harm in replacing practical impulses by 
ideal instantaneous ones. This is the case when u<v. But 
if u =v, the energy in the impulsive wave, if really impulsive, 
is infinite. Then we should not assume the existence of an 
ideal impulse; the change of speed from 0 to v must be done 
gradually, making a diffused impulsive wave of finite energy. 

The importance of this point will be plainly exhibited by a 
consideration of how the steady final state comes about. Sup- 
pose u (v; then first we generate a spherical pulse at an elec- 
tron, after which the change in the field is made by the pulse 
itself. So the complete addition to the energy of the final 
field comes from the pulse as it travels. This will work 
right when the energy of the pulse is finite, but not when 
it is infinite. There is always some energy wasted in a 
pulse, carried away to infinity, after supplying the field. How 
much is wasted depends upon the rapidity of the change of 
velocity. In the limit, with the ideal instantaneous change, 
the wasted energy equals the work done in the field, or twice 
as much work has to be done initially as is accounted for in 
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the form of stored energy. So in the limiting case, when 
u v, instantaneous change of velocity of a charged sphere 
from 0 to v will cause infinite resistance merely because it is 
instantaneous. A calculation of the energy wasted when finite 
will follow presently. 

In case of a distribution of separated electrons impulsively 
moved, there will be a highly complicated state of affairs in 
the very short interval before the steady state is established 
just round the distribution. For the first effect is a spherical 
pulse from every one of the electrons. Every pulse has to 
cross every other electron, and in doing so there is external 
energetic action (by the force Ep). Not only the initial work 
done, but all the later additions (or reductions) have to be 
taken into account in order to fully account for the energy 
of the field which results. 


The Energy Wasted in the Spherical Pulse from a Jerked 
Electron, and the Energy left behind. | 
§ 501. We are in possession of the formula for the total flux 
of B and of tangential D in the spherical pulse from an 
electron when jerked. But that is not enough. In order to 
calculate the energy in the pulse we require to know the 
distribution of B and D in the depth of the pulse. That 
depends upon the constitution of the electron in detail. Not 
to make a complicated matter of it, I shall calculate the 
magnetic energy and the energy wasted on the simple sup- 
position that H is ultimately constant in the depth of the 
pulse. The results are interesting enough and bring us to 
Searle’s and Morton’s formula for the potential of a moving 
charged sphere. 
Thus, by the pulse formula (91) above, we have 
u sin g 
AR 1 — (ujv) cos E’ (95) 
if 2a is the depth of the pulse and Q the charge. This con- 
stancy of depth implies sphericality of the aaa The 
magnetic energy is, therefore, 


24, -1 (TK. Ta) Jener pf a sa 
| ) 

Hu. 1— * i 
ra) 111 (u/v)v}? N 
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Put 1 —(u/v)y=y, then we get 
pQ?u? CS /e . +e) 45 i (98) 


B2raj 1-u/o ut 


integrable at sight, and siding to 


Q? (v l+ujv ‘ 
Grea (Zu 1 1— 1} (99) 


Q? (151 lst u? 
"areal 5 * 7 * Jes (100) 
To show the meaning, let 

Q lu? 11 

~ deca Its 7 5 a ). (101) 
and let P, be the value of P when u=0. Then the magnetic 
energy in the pulse is 4(P-P,)Q. Here 4P,Q is the electric 
energy before the impulse acted, P, being the usual electro- 
static potential of a sphere of radius a charged superficially, 
with Q in equilibrium. And P is the potential of the same 
after the impulse has worked. For it agrees with the poten- 
tial of the final state as calculated by Searle“ and by Morton, 
and this final state is assumed on the spot as soon as the 
pulse is clear of the electrification. The total waste, in the 
case of an ideal impulse is, therefore, 

W =Q(P-P,) - UT Us, (102) 
if U, is the initial, U the final electric energy, and T the 
magnetic energy of the field that ultimately results, assuming 
equality of the waste to the increase of stored energy. We 
can now find U and T separately in terms of P. 

For if F= V, and f=«°F = (1—u’/v’)F, we have 
f=E + VuB, (108) 
inside the spherical pulse, by § 164, vol. 1., p. 271. Multiply 
by D. Then 
fD = ED + DVuB = ED —BVuD = ED - HB, (104) 
because H = Vub. Now, here 4ED is the density of the electric 
energy, and HB the density of the magnetic energy, so their 
spaco integrals are 
U-T=È 4fD Pp, (105) 
* G. F. C. Searle, Phil. Trans., 1896, and Phil. Mag., Oct. 1897. 
+ W. B. Morton, Phi. Mag., Jı une, 1896. 


WAVES FROM MOVING SOURCES, 129 


if p=div D. The “ space extends up to the inner surface 
of the pulse, and in general p has to include the apparent 
electrification there. But when the pulse has gone out far 
enough, only the electronic charge counts, so 

UTS IPO, (106) 
a relation proved by Searle for the ultimate steady field. 
Thus, U being known in terms of T and P, the formula (102) 
of the pulse gives us T in terms of P. We get 


=19{(1+ “\P -P,}, (107) 


for the final magnetic energy. Or, in series form for plainness, 


Paral -60) -( 0G. V. (18) 


This agrees with Searle's formula obtained by space inte- 
gration. I have much pleasure in arriving at his results, 
because I could not understand his A. It seemed academical, 
not electrical. He said it was not lemma, but lambda. That 
might be, but was unconvincing. 


The Potential of a Charged Spheroid moving along its Axis. 


§502. We may readily obtain the formula for P without using 
the academical A integral, for which I have, nevertheless, the 
profound respect of ignorance. For a given distribution of 


p 


Fia. 39. 


electrification, P is the integral of the potential of a point 
charge. In case of a sphere this will be an integral over its 
surface. But it is easier to integrate along a line in an 
equivalent manner. Let the charge Q be spread uniformly 
along a line of length 2/, which moves in its own line at speed u. 


VOL. HL | K 
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Let AOB be the charged line, and let the potential at P be 
required. Co-ordinates z and r. Origin at O. By (1), 
§ 463, it is 


aS eee 10 
j 2 -i4rc{(2- y} + KrP (109) 
where dy is any element of length. This makes 
P= Q lo aN (110) 


Scl 5 TIEN ET 
The equipotential surfaces are ellipsoids of revolution round 
the line AOB. To find the relation of the axes, put first r =0, 
z= a, and then again z=0,7r=5, and equate the two P’s. Then 
atl l+ f+ nb? 
a-i I- TVU 
which reduces to L= a? b, (112) 
giving a in terms of b, when a and b are the semi-axes of any 
equipotential surface. One of them is a sphere. Put a=b, 
then l/a = u gives its radius a. Shift the charge Q from the 
line to this sphere, then P in (110) becomes the potential of 
the charged sphere at any point outside it, when we put 
¢=au/v. Further, put z =a to obtain the potential of the sphere 
itself, as in equation (101) above. 

When the charge Q is not on a sphere, but on the ellipsoid 
a, b, the magnetic energy is not given by (108), but by the 
more general formula obtained by writing l/a instead of u/v 
inside the { }, l being given by (112). This general formula 
got by Searle is very comprehensive, for the charged ellipsoid 
may vary from a long rod to a flat disc. When / is reduced 
to 0, the equipotential surfaces are those of a point charge, 
and are oblate. With a greater degree of oblateness, the line 
21 has no existence as a charged line equivalent to the external 
charged ellipsoid. The equivalent becomes a charged circular 
disc whose plane is ae to the previous line. 

: Q a+l 

ane “ae? at (118) 
is the surface potential of the ellipsoid a, b, when in motion, 
its potential P, when at rest is the same with x=1. These 
values should be used in the waste formula (102) when a 
charged ellipsoid is concerned. 


(111) 
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APPENDIX J. 


NOTE ON THE SIZE AND INERTIA OF ELECTRONS. 


When an electron is set in motion its energy is increased 
by the amount 
ynu + W, 
the first term being the ordinary kinetic energy of the mass m, 
of the electron, if it has mass, and the second being the addi- 
tion made to the energy of the field, that is, U-U,+T. The 
expression for W is (E.M.T., vol. 8, § 501), 


14 
W = {ay los 1 ae -1} 


1112 
Arca 2055 27 at J 
The series is useful for small values of w/v, but large ones are 
now to be the subject of calculation, so use the log formula. 
Since cv2=n-'=1 in electromagnetic units, and Q? = Ares, 
if e is the charge in common irrational units, we may write 


L+ujv_ 105 
I-up Ju 


and therefore, if M is the effective mass of the electron, 


2e? 
4Mu? = 3(m, ta X ) ut 
from which we derive 
M = Mo + 26x, 
e e 
where X is a known function of u/v. 

In The Electrician, March 14, 1902, are reproduced data 
given by W. Kaufmann (Gött. Nach., 2, 1901). Five values 
of ujv and tho corresponding five values of M/e are given. I 
am not competent to express any opinion upon the accuracy 
of the data. But, taking them to really express what is pro- 
fessed, we can employ them to find the ratio m/e and the 

| KB 


W-. , if X- (4 106 tte 
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size of an electron, in so far as it is expressible by the 
quantity a, the radius of the sphere upon which the charge e 
is distributed in the above theory, in terms of e itself. The 
data are : 

u/v=0°94, O91, 086, 0°88, 0:79. 

M= 6805, 770°, 97504, 1170 138105. 

From u/v calculate the values of 2X. They are: 

2X 216, 1°64, 1:86, 1:24, 1°16. 

Use these in the formula for M. The results are: 
M/e=159 x 10-9 =2°16¢/a + m/e, 


180... = 1°64... +... 
108... = 1:86... +... 
86... = 1'24... 1 
76... = 1'16... +... 


Taking these in pairs, so as to eliminate m,/e, the values of 
e/a are rather wild. We cannot tell whether m, exists at all 
from these data. But from the rough proportionality of the 
figures on the two sides it may ba concluded that mo is a 
small fraction of M. If we ignore m, altogether, we get 


e 73, 79, 76, 69, 66. e 73 
a 10’ 4 10° 
A remarkable thing about the figures for M/e is their small- 
ness, compared with what might be expected from the gene- 
rally-accepted size of m/e and the largeness of u/v. If we put 
1 = O in the equation of M, and write m instead of M, we have 
m Mo, 2e 
5 30 


because X=: when u=0. This m is the effective mass at 
small speeds, mọ is common mass, and 2% 3% =m, is the 
addition due to electromagnetic inertia. 

A. Schuster was the first to try to measure m/e. Later 
experimenters, J. J. Thomson and many others, have done 
better. J. J. Thomson made it 10-7. Schuster (Phil. Mag., 
February, 1901) adopts Wiechert’s 1:3 x 10-7. There does 
not seem to have been any experimental separation of m into 
mo and mi. If 0 = O, then m, or 26 a is the effective mass. 

Now, using the above high-speed estimate of ¢/a we find 
mſe = 49 * 10. This is only half of J. J. Thomson’s value. 
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In fact, his value is that of M/e at the high speed u = O- 86 v, 
which doubles the effective mass. 

Which, then, are the more probably correct, the high-speed 
or the low-speed experiments? I should think the latter, but 
do not profess to know anything about it. 

As regards the values of e, m and a separately, e and m are 
given by electrolytic measurements, combined with the esti- 
mate of the mass of a hydrogen atom founded upon the 
kinetic theory of gases and the experimental estimate of m/e. 
This mass is, therefore, subject to uncertainty probably much 
greater than that in the ratios m/e and e/a. 

Thus, take e/m=1:8 x107, and %% 104 for hydrogen. 
Schuster calculates m’ = 2 x 10-*4 and e=2 x 10-9, and these 
lead by the low-speed formula to a=1'8 x 10-" centim., 
‘‘ which is 80,000 times smaller than the molecular distance 
in solids.“ 

Now we have 


2305 ) = 20%) and ma= ges; ; 


a 3 
so, if we use the high-speed value of e/a, giving the low value 
of m/e, we get 
m 2010 4972 g 
a 200% 10 


Use also the datum e= 2 x 10, which does not depend 
upon the electronic experiments, and we get 


m=10-" gram; a= 2.6 * 10 centim. 


In short, the high-speed data about halve the value of m 
and double that of a as compared with the low-speed data. 
It is a matter of fundamental philosophical and scientific 
importance to know whether an electron has mass inde- 
pendently of the electromagnetic inertia. No doubt the 
experimental difficulties are great, but there are some 
remarkably able experimenters at work. That is one 
thing. Another thing of importance is a perfectly reliable 
estimate of e/m, and its harmonisation with e/M at any speed. 
There is a difference between m and M which is not merely 
numerical. The common m is a constant, whilst M varies 
with the speed, though it is only in nearing the speed of light 
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that it increases very fast, This variability may necessitate 
some modification in the interpretation of experimental 
observations. 


[Postsorrer, July 7, 1902. The above m/e=49x10-*, or 
gay e/m =2 x 107, is not much different from the latest results 
relating to cathode rays at low speeds, and to the Zeeman 
effect. Thus (The Electrician, June 13, 1902, p. 808, and 
W. Seitz, Ann. der Physik, No. 6, 1902), % m has been put at 
1·3 * 107 by Wiechert, 2 ͤ 107 by Wien, and 1:77 * 107 by 
Kaufmann, and W. Seitz found that Kaufmann and Simon's 
method gave the best and most consistent results, making 
m = 1:87 x 107 or m/e = 58 x 10. 

Also, (The Electrician, June 27, 1902, and E. Rieoke, 
Phys. Zeitschr. June 15, 1902), E. Riecke points out that in 
Zeeman's experiment, the isolated mercury lines, which form 
true triplets, give ¢/m=1-:86 x 107, according to Lorents’s 
theory. 

So the formula for M/e used above gives results which 
harmonize roughly with the accepted low speed results. But 
the formula is not invariable, because there is no invariable 
connection between M and u.] 


APPENDIX K. 


VECTOR ANALYSIS.* 


More than a third part of a century ago, in the library of an 
ancient town, a youth might have been seen tasting the sweets 
of knowledge to see how he liked them. He was of somewhat 
unprepossessing appearance, carrying on his brow the heavy 
soowl that the mostly-fools ” consider to mark a scoundrel. 
In his father’s house were not many books, so it was like a 
journey into strange lands to go book-tasting. Some books 
were poison; theology and metaphysics in particular; they 
were shut up with a bang. But scientific works were better ; 
there was some sense in seeking the laws of God by obser- 
vation and experiment, and by reasoning founded thereon. 
Some very big books bearing stupendous names, such as 
Newton, Laplace, and so on, attracted his attention. On 
examination, he concluded that he could understand them if 
he tried, though the limited capacity of his head made their 
study undesirable. But what was Quaternions? An extra- 
ordinary name! Three books; two very big volumes called 
Elements, and a smaller fat one called Lectures. What 
could quaternions be? He took those books home and tried 
to find out. He succeeded after some trouble, but found some 
of the properties of vectors professedly proved were wholly 
incomprehensible. How could the square of a vector be nega- 
tive? And Hamilton was so positive about it. After the 
deepest research, the youth gave it up, and returned the books. 
He then died, and was never seen again. He had begun the. 
study of Quaternions too soon. 

Perhaps there was no cause for wonder. Great mathema- 
ticians have even done worse, by wholly misconceiving the 
essential nature of the quaternion itself. Such, at least, is 
what I gather from one of the latest papers written by Prof. 
Tait, professedly devoted to an exposure of Prof. Klein’s errors 


* [This was written as a review of E. B. Wilson’s work upon Vector 
Analyeis, founded upon the lectures of Prof. J. Willard Gibbs.] 
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on the subject. The quaternion, regarded as the ratio of two 
vectors in Hamiltonian fashion, is a quite distinct idea. It 
is the logical deduction of vectorial properties that is 80 
difficult. 

My own introduction to quaternionics took place in quite a 
different manner. Maxwell exhibited his main results in 
quaternionic form in his treatise. I went to Prof Tait’s 
treatise to get information, aud to learn how to work them. 
I had the same difficulties as the deceased youth, but by 
skipping them, was able to see that quaternionics could be 
employed consistently in vectorial work. But on proceeding 
to apply quaternionics to the development of electrical theory, 
I found it very inconvenient. Quaternionics was in its 
vectorial aspects antiphysical and unnatural. and did not har- 
monise with common scalar mathematics. So I dropped out 
the quaternion altogether, and kept to pure scalars and vectors, 
using a very simple vectorial algebra in my papers from 1888 
onward. The paper at the beginning of vol. 2 of my Elec- 
trical Papers may be taken as a developed specimen; the 
earlier work is principally concerned with the vector differen- 
tiator V and its applications, and physical interpretations of 
the various operations. Up to 1888 I imagined that I was the 
only one doing vectorial work on positive physical principles; 
but then I received a copy of Prof. Gibbs’s Vector Analysis 
(unpublished, 1881-4). This was a sort of condensed synopsis 
of a treatise. Though different in appearance, it was essen- 
tially the same vectorial algebra and analysis to which I had 
been led. That is, it was pure vectorial algebra, and the 
method of treating V by the operations potential, curl, diver- 
gence and slope was practically the same. Not liking Prof. 
Gibbs’s notation so well as my own, I did not find it desirable 
to make any change, but have gone on in the old way. My 
chapter on Vectorial Algebra and Analysis (vol. 1, E. M. T.) 
was written to meet a want, but specially for my own readers. 
Regarded as a treatise, it was a stop-gap. 

Prof. Tait’s attitude towards quaternionic innovations was 
originally that of the extremest conservatism. Anyone daring 
to tamper with Hamilton’s grand system was only worthy ofa 
contemptuous snub. Even Prof. Gibbs should be regarded as 
a retarder of quaternionic progress, he said. Yet it is a fact, 
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that if he had considered Gibbs’s work fairly, he would have 
found that Gibbs had actually extended the field of operation 
of Hamilton’s ¢, miscalled a quaternionic operator. As for 
myself, I was too small to be seen, at first. However, things 
changed as time went on, and after a period during which the 
diffusion of pure vectorial analysis made much progress, in 
spite of the disparagement of the Edinburgh school of scorners 
(one of whom said some of my work was a disgrace to the 
Royal Society,“ to my great delight), it was most gratifying to 
find that Prof. Tait softened in his harsh judgments, and came 
to recognise the existence of rich fields of pure vector analysis, 
and to tolerate the workers therein. Besides those impertinent 
tamperers, Tait had to stick up for quaternionics against 
Cayley, for quite different reasons. There was danger of a 
triangular duel, or perhaps quadrangular, at one time, but I 
would not engage in it for one. I appeased Tait considerably 
(during a little correspondence we had) by disclaiming any 
idea of discovering a new system. I professedly derived my 
system from Hamilton and Tait by elimination and simplifica- 
tion, but all the same claimed to have diffused a working 
knowledge of vectors, and to have devised a thoroughly prac- 
tical system. This system, like that of Gibbs, does not profess 
to be a grand system like Hamilton’s Quaternions. But it has, 
nevertheless, a wide field of application. First, to geometry 
in three dimensions, and then to most of the physical mathe- 
matics of real space. In this respect it is like the old Cartesian 
mathematics done in terms of the really essential quantities 
concerned, the vectors and functions thereof, instead of 
coordinates and components. The work is simplified, and 
one keeps in touch with physical ideas throughout. 

Dr. Wilson’s book is, I believe, the first formal treatise on 
the subject. It is founded upon Gibbs’s pamphlet before 
referred to, and his lectures, with plenty of explanatory matter 
and examples in illustration and for practice. In some small 
matters Dr. Wilson follows me, but on the whole his work stands 
for Gibbs. Personally, I should have liked to have seen Gibbs's 
pamphlet reprinted as an appendix. That he did not publish 
it was unfortunate, but it should not, therefore, be overlooked. 
Its publication would prevent the possibility of its being 
thought that Gibbs explains or uses my algebra Is such a 
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calamity possible? Yes, for I find it stated upon p. 578 of 
Whitehead’s ‘‘ Universal Algebra” that Gibbs’s algebra is 
explained and used by me; and I am sure Mr. Whitehead 
would not have said so if he had not thought so or been told so. 

I think Dr. Wilson has done his work exceedingly well, and 
has turned out a book that will be useful to students of physi- 
cal mathematics. There is much to praise and little to blame. 
But as space is very limited here, I shall leave out the prais- 
ing and confine myself to a few critical remarks. They are 
likely to be more useful in the long run. 

Dr. Wilson’s remark (p. 18) on the impossibility of adding 
a scalar to a vector is, I think, liable to be misunderstood by 
early students. It is really quite legitimate to add together 
all sorts of different things. Everybody does it. My washer- 
woman is always doing it. She adds and subtracts all sorts 
of things, and performs various operations upon them (includ- 
ing linear operations), and at the end of the week this poor 
ignorant woman does an equation in multiplex algebra by 
equating the sum of a number of different things received in 
the basket at the beginning of the week to a number of things 
she puts in the basket at the end of the week. Sometimes 
she makes mistakes in her operations. So do mathematicians. 
I think Dr. Wilson should explain the real point thus :— 


If A, +B, T Ci .. . =A, T B. T CZ T. ., 


and the A’s are of one sort, the B's of another, and so on, 
then we have also A, = A, B. = Ba, and so on, separately, each 
to each, as well as all together. Just like the washerwoman. 
There is a moral. Mathematicians who want to extend multi- 
plex algebra should go to the washerwoman, and observe her 
ways. The ant is an idiot in comparison, as Mark Twain has 
noticed. 

Dr. Wilson, in making the extension from the space 
vector to physical vectors, does not explain any criterion for 
the identification of vectors or enter into any detailed justifica- 
tion of the validity of treating the physical like the space 
vectors, in addition, multiplication, and soon. Nor should I 
consider it necessary. The recognition of physical magnitudes 
as vectors is usually pretty obvious. Yet it seems that some 
people do really want some argument about it. There was a 
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letter in Nature lately on this matter. I think the following 
will be a sufficient descriptive chain, for the identification of 
vectors, to make quite sure. Start with the space vector. The 
circuital property (polygon of vectors) is obvious. It is just a 
fact, which nobody can deny; any so-called proof must be 
hanky-panky. Next, differences of vectors are vectors, of 
course. Therefore, differentiants of vectors are vectors. 
Because da/dt is the limit of Aa/At, and Aa isa vector. In 
fact, da/dt is a very small space vector very largely magnified 
by the multiplier 1/dt. So velocity is a vector, and so are 
acceleration and momentum and force; and (multiplying by 
scalars) we see that electric force and magnetic force, and 
electric current are vectors ; and rotational velocity, and so on, 
all over the field. Spacial displacement is a vector, and so 
are they all—all vectors. They are infinitesimal space vectors, 
with scalar factors making them finite and endowing them 
with the proper physical dimensions. They do not go from 
place to place like the space vector, but vectorially they are 
all similar, and each may have its own diagram. The paral- 
lelogram of velocities and of forces is true because it is true 
for the space vector, and for no other reason that I can see. 
Of course, you can make up proofs of the parallelogram of 
forces ; you can do anything by logio if you are artful enough. 
Dr. O. W. Holmes made some excellent remarks about logic 
in his Autocrat.” 

Dr. Wilson’s book is, on the whole, commendably free from 
that straining after rigour by the invention of difficulties 
which the Autocrat would have laughed at. But I observe 
a remarkable exception, and it is so typical of what is 
done in other books that I shall hold it up to view as a 
shocking example. It is about linear vector operators. 
You have first to get to know what a linear operator is. 
Then comes this property, nf(r)=¢‘nr); that is, multiply- 
ing the linear function of r by the scalar n is the same as 
multiplying r itself. Dr. Wilson says it is tolerably obvious, 
and then proceeds to prove it, presumably for the benefit of 
unhumorous people. He first proves it when n is a positive 
integer: then extends n to a rational positive number; then 
passes to negative numbers, and finally extends n to an incom- 
mensurable number by the method of limits. Now I declare 
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that the whole of this is really what FitzGerald used to call 
1 hugger-mugger. But I may be asked, ‘Is not the proof 
right, then?” I don't know. I dare say it is. I would not 
dispute it. Then how would you prove it?” Just by 
inspection, of course. Write down any formula for ¢(r), say 


br = ra. IA rb. mr. n, 
and multiply it by n. Then 
nor = nra. I urb. m ure. n, 


that is, nor = nr, instantly, and without any argument. It is 
like the sum in arithmetic that Alice did for Humpty Dumpty. 
And when he sees that it seems right, he may ask why it goes. 
Just because n times the vector r is the vector mr. And the 
rationality or irrationalty of n has nothing to do with it. 
Besides, n might be a complex number, and Dr. Wilson has 
not proved that case. 

It seems to me that the demonstration I have poked fun at 
is typical of a lot of work made up by the brain-torturers 
who write books for young people and college students who 
are going to be Senior Wranglers, perhaps. Let mathematios 
be humanised if possible. The best of all proofs is to set out 
the fact descriptively, so that it can be seen to be a fact. 

The vector algebra, considered as algebra, does not take 
very much space in Dr. Wilson’s book. In fact, very little 
is wanted. It is morea matter of applications than abstract 
theory. But there is a good deal of space given to the theory 
of the space-differentiator V, called del here (it will do), and 
divergence, curl, slope and potential. The method of operating 
is something like that of my early work (1883), but I have no 
space for detailed notice. Further on, there is avery full account 
of the properties of linear vector operators. This is Prof. 
Gibbs’s speciality. His treatment of ꝙ is somewhat different 
from that of the quaternionists. He makes ¢ act backward as 
well as forward, by algebraical processes ; of this useful exten- 
sion of operation I have sometimes been glad to avail myself. 
Unless I am mistaken, Hamilton was the inventor of the 
matrix, for that is what & is. There is nothing quaternionic 
about it. But Hamilton was so wedded to quaternions that 
he probably failed to see the full power of ¢, as he might 
have done by purely vectorial treatment. There may be any 
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number of unitary symbols instead of the three i, j, k, making 
generalised vectors which are obviously treatable in the same 
way in direct products and linear functions as the space 
vectors. Keeping to three only, what I write 


br = A. lr b. mr c. nr, 
or r= a(Ir) + b(mr) + c(nr), 
is what Hamilton wrote as 
dp = — aSrp — BSH — ySvp. 
Here ¢ itself, when isolated, is 
d=a.l+b.m+c.n; 


and the conjugate function of r is 
r = ra. I rb. m re. n, 
which is equivalent to Hamilton’s p. Now Gibbs writes 
Sal bm en, 
. Tal. r bm. r en. r. 


He calls a dyadic, and al is called a dyad. This brings 
me to the somewhat important questions of notation, and 
what should be called a product. Gibbs’s scalar product 
is a.1(=my al); his vector product is axl ( my Val); 
and al itself without any mark between (except a space, 
which, however, does not seem to be essential, because 
these spaces between letters occur all through the book, giving 
the formule a rather loose appearance), he calls the indeter- 
minate product, and says it is the most general product. I 
have great respect for Professor Gibbs, and have therefore care- 
fully read what Dr. Wilson says in justification of regarding the 
dyad as a product. But I have failed to see that it is a 
product at all. The arguments seem very strained, and I 
think this part of Gibbs’s dyadical work will be difficult to 
students. In what I write a.l, the dot is a separator; a and | 
do not unite in any way. With a vector operand r we get 
a. Ir, or lr times a. That is plain enough, but I do not see any 
good reason for considering the operator a. 1 to be the general 
product, in whatever notation it may be written. 

As regards notation, the following comparisons will illustrate. 


(Mine) VaVbc=b.ca—c.ab=(b.c —c.b)a, 
(Gibbs) a x (b x c)=be.a—ca.b=(be - cb). a. 
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Looking into my last article for the most developed product, 
I find itis V(V 7 VDq)B. This will be Gibbs’s[ v x (D x q)] x B. 

In short, I amalgamate the members of products ; Gibbs 
separates them. 

Now I once devoted a good deal of thought to the question 
of notation. What I had particularly in view was poor human 
nature, and the needs of elementary workers. Generally 
speaking, it may be said that at first glance, all sorts of ways 
of denoting the scalar and vector products, as mn and mn, or 
(mn) and [mn], &0O., are equally good. But in developments 
they work out differently, and are by no means on equal terms. 
I arrived at these conclusions :—(1) The members of products 
should not be separated, but should be amalgamated. (2) The 
marks in use in common algebra should continue to have the 
same meanings. (3) Any marks needed to specialise the 
nature of a product should not be on both sides of the product. 
(4) The ideas of common algebra should be closely followed. 
(5) Only one special mark is wanted in elementary vector 
algebra and analysis. 

Dr. Wilson agrees with (1), on his p. 269, but the odd thing 
is that the application is made to the dyad, the members of 
which are not multiplied together. As regards (2), this applies 
to dots and crosses, and bracket marks, used for grouping and 
distinctness. They should not have special vectorial meanings. 
Regarding (3), we get into mixtures difficult to read and mani- 
pulate algebraically by having initial and terminal marks. 
Number (4) is important because common algebra is funda- 
mental and well understood, and very few men will go beyond 
the elements of vector algebra. I do not, for one, not finding 
it necessary. Considering (5), there are two special products, 
the scalar and the vector. But the scalar product is the 
proper generalisation of the product in common algebra, so 
no special mark is wanted. It is properly Fv, for example, 
the activity of a force. The vector product is a sort of extra 
special; it wants a mark, therefore. After consideration, I 
concluded that Hamilton's prefix V, making Vab, was, per- 
haps, as good as any way, and a great deal better than many 
other ways. There is a very remote contingency. It might 
come into contact or conflict with a scalar called V. I have 
not known it do so, but even that can be avoided by using 
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Dr. Föppl's specially shaped letter, long and slender. Now it 
seems to me that my notation complies pretty well with the 
desiderata mentioned, and that Gibbs’s does not. I am 
naturally very sorry that Dr. Wilson (who was given carte 
blanche) did not adopt my notation, and sincerely hope he 
may be able to see his way to do so in his second edition. 

Dr. Wilson gives a full account of the different classes of 
dyadics, and their effects as strainers. Whilst about it, he 
might well have given a few details regarding the more general 
matrix of Oayley. It is not difficult. Say 

A=A,i, + A +... 
subject to 112-1, i,2=1, ii =0,&c. Then the direct product 
of A and B is AB=A,B,+A,B,+ ., 
and a general form of linear operator is 
b = AI. Ii T 4 l +... 

J find this notation work much more easily than what is given 
in the Universal Algebra I have already referred to. If 
Heinrich Hertz had used it in his Mechanics, I think it would 
have simplified his arguments considerably. But I hope that 
Prof. Boltzmann will not see this, for fear he may be led to 
tell another story.* 


* [I spoke of Hertz's experimental establishment of Maxwell's electro- 
magnetic waves as a great hit.” Prof. Boltzmann turned this into 
“lucky hit,“ and then fell upon me 1] 


CHAPTER X. 


WAVES IN THE ETHER. 
Matter, Electricity, Ether and the Pressure of Radiation. 


§ 503. On the very borders and extreme limits of Maxwell's 
theory of the ether in its electromagnetio functions we come 
to definite indications that a wider theory is wanted. Nota 
narrower one, involving retrogression, but a wider one. Gra- 
vitation is left out in the cold, for one thing, although I have 
shown (v. 1, p. 455) that the propagation of the gravita- 
tional influence may be done at finite speed, which may be 
that of light, by relations which imitate the cirouital equations 
of electromagnetics, and that the old idea that the speed of 
gravitation must be an enormous multiple of the speed of light 
in order to avoid aberration is only moonshine. Then there 
is the unknown nature of the connecting link between ether 
and matter. This is Maxwell’s electrification. To call it an 
electron does not help much, It is true that Maxwell’s idea 
of fundamental atoms of electricity has received very important 
experimental support, which may lead to better knowledge not 
merely of electrification, but of the nature of matter itself; but 
at present there is little definitely certain about the actual 
nature of any one of the thr3e unknowns—matter, electrifica- 
tion, ether. 

Then there is the moving force on the ether under electro- 
magnetic influence. Maxwell's theory, to my mind, proves 
the existence of this force, by sound dynamics, and I must 
consider any theory that ignores it to contain unsound 
dynamics. (This, of course, assumes that the Maxwellian 
equations are true. If the force be denied, the circuital 
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equations must be altered, or the distribution of energy.) 
But as this force exists, what does it do, what motions 
result? It does not follow necessarily that any motion 
results. The medium cannot be compressed if it be incom- 
pressible, or distorted if rigid. So an incompressible rigid 
ether would simply oppose the force due to the electromagnetic | 
cause by its own natural reaction. The moving force will 
do nothing in the way of motion or work. 

But I think a rigid incompressible ether is an exceedingly 
difficult idea. How move matter aud electrification through 
it without elastic or frictional resistance if it is, by hypothesis, 
rigid and incompressible? I think a deformable ether is far 
more probable. By the consideration of electromagnetic 
effects in a deformable medium I was led to my dynamic 
theory of the forces and stresses in the ether, which should 
not be confounded with Maxwell’s static theory, as people will 
find out if they will take the trouble to read it (El. Pa., 
v. 2, p. 524). There is nothing to show the necessity or even 
probability of incompressibility. If necessary, I should rather 
prefer to go to the other extreme as a hypothesis, and consider 
that the ether does not oppose compression elastically. This 
would do away with the difficulty about the motion of 
matter through the ether. Besides, there is some theoretical 
evidence, which counts for what it is worth. The only 
mechanical imitation of the circuital laws known is that 
furnished by the ideal rotational ether, when done for infinitely 
small motions. Now I have shown (v. 2, p. 508) that in 
this analogy the existence of finite compressibility is inadmis- 
sible, if electrification is to keep its identity and not be 
dissipated in wave fashion, and that it is by the assumption of 
no elastic resistance to compression that we come to Maxwell’s 
purely transverse waves, with persistence of electrification. 
Even an analogy counts for something. But what about 
r«diation from the sun and stars? This constitutes progressive 
plane waves, practically. If Maxwell’s pressure of radiation 
exists, its space variation along the ray is the moving force, so 
it must move a compressible ether and compress it, and it 
would appear from the circuital laws taken in the form given 
by me for a deformable medium that there must be a reaction 
upon the radiation itself, distorting the light waves and 
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altering the speed of propagation. Now it is a conclusion 
from observation that the speed of light in ether is constant, 
to a very high degree of constancy. Any variation of speed 
with the amplitude that is permissible must be very minute. 
By consideration of stellar distances, therefore, it is possible to 
obtain rough ideas of the velocity permissibly produced in a 
compressible ether so as not to cause more than a stated 
small fraction of a wave length of displacement of the antinodes 
in a wave train by the changed and variable value of the speed 
of propagation. In large scale electromagnetics, on the other 
hand, there might be large motions of the ether allowable, since 
the speed of propagation is so great as to allow of a sensibly 
instantaneous re-adjustment. But in making these calculations 
concerning disturbed radiation, which were rather troublesome 
and involved quite speculative data concerning the density and 
compressibility of the ether, I was induced to ask myself, 
Why have the speed of radiation variable at all? Why not make 
it an absolute constant? It will save all this bother caused 
by a variable speed. The following investigation was the result. 


The Moving Force Acting on a Deformable Ether. 


§ 504. As regards the force on the ether, I pointed out long 
ego that it was the sum of the electromagnetic force and the 
magnetoelectric force, which are equal in a solitary wave, and 
that the force has an interesting form—viz., 

re, where M- VDB -YEE (1) 

This is the first approximation, for a practically non-moving 
medium. By remembering Newton's equation of motion, M 
is momentum density, either the momentum produced, or a 
part thereof. J. J. Thomson tried to make this go. He 
assumed M to be the momentum itself. But I cannot follow 
his investigation ( Recent Advances,” p. 22), and believe the 
result is erroneous. 

My own interpretation (B. Pa., v. 2, p. 558) is this. 
The Newtonian equation of motion of any material (or inertial) 
medium is 80 

F+X= mo (2) 
where m is the density and q the velocity, F impressed force, 
and X the force due to the strain of the medium itself, or to 
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its resistance to strain. Here F is known by electromagnetics, 
but X is quite unknown. It depends upon the nature of the 
ether considered as a substance. 

To go further, we require to use the expression for F cor- 
rected for the motion of the ether. The stress vector on the 
plane whose normal is N is 

PN=E.DN+H.BN-N(U+1), (8) 
(v. 1, p. 84). The force per unit volume may be got by 
changing N to v, according to the theorem of divergence 
extended (v. 1, p. 190), giving 
F=E.DV+H.BV-—V(U+T). (4) 
Here V has to act on all quantities. So 
F = (Ep + Ho) + (DV . E + BV. H) - V(U + T), (5) 
if p and o are the divergences of D and B. Assuming isotropy, 
so that there is no torque, this is transformable to (v. 1, 
p. 107), 
F- He) V curl H.B + V curl E. D- (AEN H zv). 
6 


In a medium of constant » and c, and with p=0, G- O, as in 
pure ether, only the middle terms exist, the two veotor produots. 
There is another interesting form, the corrected form of (1) 
above. Use the circuital equations (v. 1, p. 71) for a non- 
conducting single medium, 
curl H = D +up + ourl VDq, (7) 
-ourl E = B + wo + curl VBq, (8) 
and use them in the vector products in (6). Then 
V(VVH)B + V(VVE)D = V(D + VVVDq)B - V(B + VVVBq)D 
+pVuB -V. (9) 
Here the deflecting forces on p and o moving through the 
medium are 
§=pV(u-q)B+oV(q—w)D. (9a) 
Ignoring them, the rest on the right side is f say, where 


t- + VD(B.va—BY.4) - VB(D.Vq—Dv. q) (10) 


which, by the formula (55) in the chapter on vector algebra 
(v. 1, p. 168) ig the same as 


f= (5; + vq)M +V,(Maq). ay 
L2 
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Here çy, means that v differentiates q only. This is important. 
Prof. G. Mie has been investigating this subject lately,* but 
he has employed a wrong formula, derived from Helmholtz, 
equivalent to 


[== - Vy(Mq). (18) 


The absence of Vq merely means the assumption of incom- 
pressibility. There is also a changed sign. But the important 
matter is that Mis to be differentiated, not q. This is fatal to 
the vitality of developments. So I have given above the details. 

The complete F is therefore (6), with f+g put for the sum 
of the vector products, f being as in (11), and g being the p, o 
terms in (9a). First consider (11), no electrification, &c., and 
constant c and u. Then 


F= 5 + va) M + v. Md), (18) 
F= (è + va) mq - X, (14) 


where (14) is a changed form of (2). The suggestion is again 
that M=mq. But if so, X is determined, That is, 


M=mq, X= YOU, (15) 
make (18), (14) identical. Or, if X= Vp, then 

dp _ 

dq a mq, (16) 


is the relation between the pressure p (not the Maxwellian 
pressure) and the momentum, if q is the size of q, as usual. 
Now what sort of a medium can it be in which the moving 
force due to the strain is the slope of a pressure connected 
with the momentum by the relation (16)? A fluid, of course, 
but known fluids do not behave like that. However, it has 
to be remembered that it is not a mere question of a fluid, but 
a fluid under electromagnetic influence, or something more 
than a fluid. The suggestion that M = md is so inevitable by 
(18), (14) (though not inexorably inevitable), that I have 
tested various relations between p and m to try to make a 
decent fit. The speed of propagation through space always 
varies with the amplitude of the electrical disturbances. This 


* Phys, Zeitschrift, 2, No. 21, p. 519. 
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causes accumulation at the nodes, given time enough— 
thousands or millions of years, for example—according to the 
size of m and d. I may return to this part of the subject. But 
at present it is much easier to change the data somewhat, and 
make the speed through space constant. 


How to have Constant Speed through Space of Plane Radiation 
Traversing a Moving Compressible Ether. 


§ 505. Let u be the speed of radiation in plane waves, v the 
speed of propagation through the medium, and q its own speed 
in the same direction, and let 

u=v+g, (17) 
then u is to be later on an absolute constant, whilst v varies to 
suit the variation in g. This cannot be done with constant u 
and c, for we have 

perè =l, (18) 
but since the medium is compressible, we can vary u and c. 

Consider a solitary plane wave. The common and necessary 
equation of continuity of mass 

- div (mq) =m, (19) 
becomes - (mq) =m, (20) 
if the accent, here and below, means dd, the wave travelling 
along 2. That is, the matter entering any fixed unit volume 
through its boundary is not lost, but stored therein. 

There is a similar magnetic property. The induction, 
moving transversely, is not lost, but persisis in amount. 
That is, , 

—{(¢ +q)B} =B, (21) 
if v is the speed of the tubes of B without reflection through 
the ether, which itself moves at speed q. Here (v+ )B is the 
rate of flux of B transversely. Similarly as regards D. We have 

— {(v +9)D}' =D. (22) 

In a plane common electromagnetic wave B and D are per- 

pendicular to one another and to the direction of motion of 

the wave, and E = urn connects their size. But in order that 

the two equations (21), (22) shall be consistent in general, 
they must become identical by a relation between u, c, v. 

Let $cH?=4uH’, and per? =1. (23) 
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These make E = vH, and then (21), (22) become 


~ (v+ YH = pH, (24) 
= {(v + q)cuoH}' = cw. (25) 


These become identical by cv=constant, or uv = constant. 
I showed some 14 years ago that this is the property 
required to prevent reflection in transit, when u and o and v 
are variable. Every plane slice of B and D keeps to itself, 
without mixing. 80 
—{(v+q)By =B (26) 
is the single equation necessary, understanding that E = yvH, 
and pv = constant. 
Now go further, and let v+q=u be itself constant, not 
previously assumed. 
Then, —uB’ =B, (27) 
or B and D travel at constant speed u, unreflected and without 
distortion of the wave shape. It is easy to say so, but can it 
be done? First, we have 
u ev 
p= 19 ’ C= ug (28) 
showing how A6 and c depend upon g. 
Next, let the momentum mg have the same property (27), 
viz., 


' — 
~ u(mg) = mq. (29) 
Comparing with (20), we have 
um m m, or (u—g)m=mg=vm. (30) 
Therefore, mv is also constant, and 
Mv 
m= TEA (31) 


like (28). That is, c and » are both proportional to the 
density, and all three vary inversely as v or u- g. 

Now, if we introduce the condition M=mg, we must find 
whether it is possible to harmonise with the moving force F, 
without absurdity, and find what X is. We have 


F+X= m(q 1290. (32) 
and this is the same as 
F+X= -—mvq, (88) 


because u = - , and v+q=4. 
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As regards F we must use a form allowing for variability of 
pand c. Go back to (5). Applying to a plane wave, DV. E 
and BV. H are zero, and U and T are equal, so 


F= — (uH?)'= — (meg) = meg. (84) 


because M = DB = B?/w = mq, and mv is constant. 

Comparing with (83) we see that X= O. This is unique. 
It cannot be zero in general, but is made zero by the relations 
of u, o, m and q. All conditions are fully satisfied. It is like 
magic. The result is, that radiation is transmitted by a com- 
pressible ether at absolutely constant speed through space if 
its inductivity and permittivity vary as its density, and if the 
ether behaves as a substance subject to the moving force 
arising from the electromagnetic cause, whilst the electrical 
relations are the general ones introduced by me for a deform- 
able medium. 

There is no restriction to small velocities, for g may have 
any value less than u. The ether always moves the same 
way as the wave, and that is how we get the constant speed. 
We have 

. B“ 
277 ＋ mv? 


where pm»? is constant. So g varies as B? at first, then more 
slowly. It requires B= œ to make 9 = u, so there is plenty of 
room. But, of course, other considerations make it desirable 


(85) 


to keep / very small. 
One relation between the magnetic energy T and the 
kinetic energy is 
T= Ang) (me?) ; (86) 


that is, when 9% is small, T is the geometrical mean of the 
small energy of m at the actual speed and the large energy 
of the same at speed v. The proportionality of c, p and m 
suggests that they are different aspects of the one property of 
inertia. 

The vanishing of X means no elastic resistance to compres- 
sion. There is, of course, resistance to compression in another, 
not the usual sense—viz., inertial resistance. It is strictly 
translational inertial resistance, but compression is not possible 
without translation, 
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In the general case, X = 0 requires 


0 = V(qM— }cE?— 3H, (87) 
on the understanding that V acts upon d, c, u only. 
Or, 0 = Mdq - Ede - $H'dp. (88) 
But de /e dp]u —dv/v; 80 
dv Mdq 
Ur (89) 


Here M = VDB. To have v exactly constant, we want 
Mildq and Mv=U+T. This means the plane waves before 
considered, or ordinary radiation, except close to the sources. 


Connection Between the Compressed Electromagnetic Wave 
and Rankine’s Wave of Compression. 


§ 506. I have shown (v. 2, p. 498) that when the cir- 
cuital equations are appropriately extended, three sorts of 
waves arise—namely, (1) the Maxwellian, or electromagnetio 
wave, (2) the compressional electric wave, and (8) the eom- 
pressional magnetic wave. But I gave reasons why the com- 
pressional waves should not be allowed to appear as possible 
extensions of Maxwell’s system. Now we have just had a 
wave of compression under consideration. But it must not 
be confounded with either of the rejected compressional waves. 
It is a pure electromagnetic wave. It is alsocompressed. It 
may, therefore, be fairly described as a compressed olectro- 
magnetic wave. 

Subject to some reservation, the compressed electromag- 
netic wave might also be considered to be an electromagnetic 
wave accompanied by a wave of mechanical compression, such 
as Rankine’s classical solitary wave of compression in a fluid, 
which may, however, be solid. This works by means of a 
tension varying as the rarity of the medium, the tension being 
the negative of the excess of the greatest over the actual pres- 
sure. Our wave resembles the Rankinian wave in respect to 
the compression and its connection with the actual motion. 
But the pressure which in Rankine’s theory is imagined to 
have presumably a purely mechanical origin, must be 
abolished. The place of the excess pressure in Rankine’s 
theory must be taken by the Maxwellian pressure of radiation. 
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If the pressure of radiation bears the same relation to the 
density of the ether as the mechanical pressure in the Ran- 
kinian waves bears to the density, and if the variations of the 
pressure of radiation constitute moving force in the same way 
as the variations of pressure in the Rankinian wave, then it 
it is clear that the behaviour of the two mediums as regards 
motion and compression will be identically similar. This is 
the mechanical part of it. That the electromagnetic circuital 
equations are also obeyed, by making the ether be compressed 
in its permittivity and inductivity as well as in its materiality, 
is a separate matter. 

The compressed electromagnetic wave is essentially accom- 
panied by the wave of material compression. Neither can 
exist alone. For the Rankinian wave will not work without 
the pressure, and the electromagnetic wave will not work in 
the manner required without the proper compression of the 
Rankinian wave. The result is undistorted propagation at 
constant speed through space, even though the medium may 
be itself moving at any speed not exceeding that of radiation. 

The wave-speed u is the sum of the speed v of propagation 
through the ether, and of q, the speed of motion of the ether, 
and this sum is constant. What happens is this. If the 
induction B increases, so do g and m, the density. Along with 
increased density come increased p and c (the electromagnetic 
constants). This lowers the value of v, since ucv? =1, and to 
the same extent as 9 was increased. The displacement D 
and induction B may have any values, but there is a greatest 
pressure and a greatest electric and magnetic energy density. 
The total energy density is 2(T + T,), and the energy flux is 
2(T+T,)u, if T is the magnetic energy and T, the energy of 
motion. 

In the propagation of an electromagnetic wave through a 
compressible medium it is necessary in general to consider 
the moving force to be F + X, where F is Maxwellian and X 
is due to the strain of the medium as ordinarily considered. 
Now we found X=0. But then F performs exactly the same 
functions as the abolished X of the Rankinian wave. There 
is, therefore, an alternative way of viewing the matter. The 
Maxwellian pressure may be regarded as being the pressure in 
the medium. This may be romewhat a matter of convention. 
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To understand fully would need an explanation of how the 
Maxwellian pressure arises. That is going too far at present. 
Yet it is necessary to allow for the work done by p and F in 
translating and compressing the ether just as if they were the 
abolished » and X. That is, not only are the electric and 
magnetic energies equal, but the energies of translational 
motion and of compression, as in Rankine’s wave. 
Theory of the Rankinian Wave of Compression. 

§ 507. The best way to understand the connections is to 
take the Rankinian wave alone first. The electromagnetics 
can be tacked on afterwards. Let q be the speed of the fluid 
(along the x axis); then the equations of persistence of mass 
and momentum are ; 

- (ug)! -m,  —p'=m(q+ 27). (41) 
If there is a solitary wave at constant speed u, then 
d/dt= ud/dæ, so the first of (41) becomes 
(mq)'=um', therefore mu- 9) - const. mo, (42) 
if u = v2, so that v is the speed of propagation through the 
fluid. 

Similarly, eliminating g from the second of (41), we get 

p =m, or E = mv, p- po mug, (48) 
if po is the least pressure, when g=0. So the working 
pressure varies as the speed. Also, since mv is constant, 


mv = mv = mg, because u = vr g. (44) 
Put this value of 9 in the first of (43). Then 
' , _ dp 
pram, or v= Tr (45) 
This makes za 
Pı -D m 1 (46) 


if pi is the greatest pressure, when m= œ, or 9 = u, and v=0, 

The deficit from this pressure varies as v, and as m`? 
If mo is the least density, when g=0, then meu = mv. Then 
also p = po, 80 
i my? 


i- Po = mu? = 0 (47) 
1 1 2 
and p- po mv? (= os g mv" — mus, (48) 
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The activity of the working stress is (p — po)g. The convec- 
tive flux of energy is g(U,+T,). Their sum is the flux of 
energy. Its convergence is the rate of increase of energy 
density. That is, 

-{(p- p, U To) =U, +T.. (49) 
This applies in general, without specifying the law of pressure 
or that u is constant. Bui making d/dt - ud/dæ, (49) 


becomes | 
—{(p-p,)g} = - {o(U,+T,)}, 
ifv=u—q. Therefore 
(D- pg = 0(U, To) | (50) 
if U,=0 when g=0. Putting in the value of p — po, it follows 
that U,=T,. This value of U, may also be directly calculated. 
Thus, if m—=V, we have 
-V =m{"2 =P 
v. -- En. (61) 


Put in the value of ꝓ- p, in terms of m, and integrate. The 
result is 


1 1 
U,= Im. m2 ( — =) =} mg? = Ty, (52) 
because 9 m (75 — 5). (58) 
Another expression is f 
U,=4(p - po), (54) 


as may be seen by (50). So 2T,u is the flux of energy, 
including the equal stored energies moving at speed q, and 
the activity of the working pressure. 


Crossing of Two Waves. Riemann's Solution. 


§ 508. The wave may travel either way. So there may be 
two waves approaching one another, both travelling at speed u 
without distortion. On emergence from one another after 
crossing, they will also follow the above theory. But when 
coincident, there is mutual influence, and consequently change 
of type. Aclassical investigation of Riemann allows us to see 
what happens in crossing. Go back to equations (41), and 
put A=log m, and v?=dp/dm. Then they become 


-N 299, - Ag. (55) 
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Multiply the second equation by v and add it or subtract it 
from the first. Thus, 


e 5 + a v0 9 = 5 i 1 . (56) 
These are the same as 

( a+ Zh +d), (57) 

{Z+(q- -u =05 (58) 


which show that 
20 + /o) travels positively at speed v +g; (59) 
$(q—/vdd) travels negatively at speed v — g. (60) 
The sum and difference are g and /vdA, which may be the 
given data, since the latter is a function of m. 
Now in Rankine's fluid mv is constant, where v= (dp/dm)}, 


Judà = my T = mo (+ -=) Su v. (61) 


Mo 

So, by Riemann’s results just got, 
(q +u- v) is the positive wave; speed v +g; (62) 
3(q- u + v) is the negative wave; speed vg. (68) 
Of course, it is not assumed here that w=v+¢, but merely 
that mv=constant. The quantities g and v may be the 
initial data, v being a known function of m. Then (62), (68) 
show the division into the instantaneous positive and negative 
waves. Now g= u- v makes the negative wave disappear ; and 
then (62) shows that both g and v travel at speed u. This ig 

Rankine’s wave again. 


Modification of the Rankinian to make a Compressed 
Maxwellian Wave. 


§ 509. Having got back to the solitary wave, we can now 
introduce the electromagnetic part. We must first abolish 
p- po and substitute the Maxwellian pressure of radiation, 
say p, Or else, suppose that p- po isp, Or equivalently, 
put p, = O, and then let p itself stand for the Maxwellian pres- 


sure. Say 
p=pH? =2T, (64) 
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where H is magnetic force transverse to the direction of motion 
of the wave. Let there be also E likewise transverse, and 
perpendicular to H. If the intensities are connected by 
E = pvH, we have a plane electromagnetic wave. It is the 
same as B= wD, if B=4H, D=cE. We also have U=T. 
Considering the state of things in a thin plane slab, the con- 
nections between the electric and magnetic quantities and the 
quantities g, m, v, u in the Rankinian wave are definite. But 
in order that the electromagnetic wave should keep up with 
the wave of compression, not only must v be the same in both, 


that is, dp 
pevt?=1, as well as C= am (65) 


but we require uV and cv to be constant, as well as mv. That 
is, A, c and m all vary together, or the compression of the 
“ matter of the ether (its inertia of the usual kind) involves 
simultaneous equal compression of the two properties asso- 
ciated with the magnetic induction and the electric displace- 
ment. The electromagnetic wave now travels with the Ran- 
kinian, at the constant speed u, without change of type. 
Remembering that p = »H?, we can derive 
pH? E? «uB? _ uD? (66) 
m mv B u] PD ＋ — 
showing that D and B may go from 0 to + œ, but ꝙ can only 
go from O to u. In the limit, v =0, or there is no propagation 
through the medium. The pressure is then the greatest 
possible, for 
i- Pm makes pi =m,u?=mvu. (67) 
This pi shows also the limiting value of the sum of the equal 
electric and magnetic energies. But the limiting values of E 
and H are zero. For 
po op’ e e’ 
and the ratios m/p and m/c are constant, whilst g =u makes 
v=0. 
An important relation is 
Tov = Tg. (69) 
The complete flux of energy is 


W=2(T+T,)u= 20% . (70) 
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This tends to œ as q tends to u, making v tend to 0. It is 
the energy of motion that causes this (as in the Rankinian 
wave), because m hag no limiting value. Considering this, it 
is striking that the electric and magnetic energies should have 
no similar tendency, but tend to a finite limit. 

The above union of the compressed electromagnetic wave 
and the compressed etherial wave might be suspected to be 
merely formal, due to superposition or coincidence. But it is 
more than that. The dynamics of the electromagnetic wave 
necessitate the mechanical force — (2T)', and this is precisely 
what is required in the etherial wave of compression. 

The electromagnetic equation of activity has also to be 
harmonised with the above. It is (El. Pa., v. 2., p. 546, 
equation (121)), 


2. 2 ô 
oon VEH +(U+T+p)q}=U+T+Fq+ U. T.), (71) 


where p is the preæure operator, and F the corresponding 
force. The last terms are required because 6/5¢ and ôpjôt do 
not vanish here. In a plane wave this becomes 


-{EH (UT T +p) =U+T-p'g + K 7. 0 (72) 
and now p is a pure pressure, and F = —p'. 

Putting in the values EH = pv; U+T =p; q+v=4, con- 
stant; hu - constant, there is a perfect satisfaction But for 
the full interpretation of the equation, especially as regards 
the terms depending upon the variation of c and u, I must say 
a few words about the stress or pressure operator, and its sig- 
nificance in electromagnetics. I have already written much 
about it. What is now wanted concerns the concrete applica- 
tion at present in question. 

Concerning Riemann’s solutions (57), (58) above, it may be 
shown that if the operands q+ /vdX are replaced by the electro- 
magnetic E + »vH, the solutions thus obtained are the ocorre- 
sponding ones in electromagnetics, but only when u and c vary 
as the density of the ether, not in general. 


The Waste of Energy from a Moving Electron. 
(Nature, Oot. 80, 1902, p.6; Nov. 6, 1902, p. 82.) 


§ 510. The subject of the dynamics of a moving charge being 
of considerable interest now, I have thought the following may 
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be useful. I have shown [§193, 497, &c.], that a charge Q on 
a sphere of radius a, when suddenly jerked into motion at 
speed u, generates a spherical electromagnetic shell of depth 
2a, in which the magnetic force H tends to the value given by 


Q using 
v 


when R, the distance from the initial centre of Q, is great. 
Along with this H, we have perpendicular electric force in the 
shell, according to E DH, or vectorially, -E = VVB, if v is 
the vector velocity of the shell. The angle ô is that between 
u and R. 

The energy wasted by this shell equals the energy left 
behind, that is, U — U, + T, if U, is the initial, U the final 
electric energy in the field, and T the final magnetic field 
energy. On its first formation H and E in the shell are 
different ; they then include in accumulated form all the H 
and E which are left behind by the shell as it expands, 

The applied force impulse follows from my formula for the 


force on the ether, viz., 


d 
F= JV DB 


per unit volume. Denoting the time-space integral by M, then 


M= M,+ M,, 
where M, belongs to the shell ultimately, and is lost, whilst 
M, is left behind in the field. We have 
T= 3M, and U Uo Mau; 


so that altogether, Mu- U- UT (2) 
MA = U- Oo: 


Both M, and M, are parallel to u. 
If, now, a second impulse acts, changing the velocity from 
u, to u, say, another spherical shell is generated. Disregard- 
ing the part left behind, (1) above shows that the magnetic 
force in it is given by 
20H - 405 mene . mane l 
| 1 cos 9 1 ~~ cos 6 


(3) 


when the direction does not change. More generally, sub- 
stitute the vector change in the quantity on the right side 
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of (1) properly vectorised. Then the change in 0 will be 
allowed for as well. 

The energy lost in this second shell may be calculated by 
(8). It amounts to 


uP, - uP, u, rta) - , \ 
mantai- .) (4) 
where P is the potential function 
Q ut 
P2017 Eyi Z+. sei (5) 


investigated by Searle and Morton. Take u=0, u, and u, to 
obtain P,, P,, Ps. 

It may be shown that the substitution of two impulsive 
changes in the same direction for a single one reduces the 
waste; that is, the one impulse u, wastes more energy than 
the two successive impulses ù and u, - ui. In fact, the 
saving is great, and ten equal partial impulses in succession 
waste not much more than one-tenth part of that wasted by a 
single impulse of size equal to theirsum. There is a residuum, 
however, and that is what appears as continuous waste when 
u varies continuously. 

When Au is small, by (3), 


Q sin 9 Au 
24H = IR 


(1 = 5 cos o) (6) 
and now the waste of energy in the shell wave corresponding 
to Au is, by (4), pQ (Au) 

12ra (1 u\3 (7) 


77 


The magnetic force in the above shells is uniform in the 
depth of the shell, when the impulse acts strictly at the front 
of a shell. But if Au be distributed uniformly over the 
time 2a /, the shell will be doubled in depth, and H will rise 
at uniform rate from 0 to the same full value in the middle 
of the shell, and then fall similarly to zero in the second half 
Now if a second Au acts in the same way, beginning as soon 
as the first Au has made H reach full strength, H will 
continue of that full strength. And so on with a third Au. 
Finally, if 2a =vA#,, and Au/Af, is steady, and allowing for the 
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variable depth of the shell according to (11) below, we come to 
pales 5 
Ai; Gre 300 (1 p 120 (8) 
0, 


to represent the waste in time Aż. Or, if W is the rate of 
waste, 


PQ2du\? 1 
l (rh 2 
227 

This holds when the acceleration and the velocity are parallel. 
By the manner of construction, it is necessary that du/dé, 
should not vary sensibly in the time taken by light to traverse 
the diameter 2a. 

By a fuller analysis, allowing for change of direction of 
motion, I find that the waste of energy per second from a 
charge Q with velocity u and acceleration A is 


(10) 


where 0, is the angle between the velocity and the acceleration 
(absolute). The dimension a does not appear. W is the same 
for any size, subject to the restriction mentioned. The smaller 
a the better, of course. It is exactly true with a=0, only 
then the motion would be impossible. 

This calculation of the waste may be confirmed by following 
up my investigation of the electric and magnetic field by the 
method I gave in 1889 (“ Electrical Papers,” vol. 2, p. 504). 

The waste is greatest when the velocity and acceleration are 
parallel, and least when perpendicular. There is another 
reservation, viz., u must be less than v. If not, special treat- 
ment is required, after the manner I have already published. 

The meaning of waste is this. When moves through the 
distance udt, it casts off a spherical shell of depth 


anà — Z cos 6), (11) 


and the energy of this shell when it has gone out to an infinite 
distance is Wdf,. 
VOL. Ir. M 
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When at a finite distance, E and H in this elementary shell 
are given by 


te ig m,- Ved, (12) 
R—=R)(1-5 
BI mats mG (- 658 cos) (13) 
uQ A A(R — 59) cos ¢, 


E. = (14) 


AR W N of, W N 

(1 -* cos 6) R(1-* cos 0) 
Here the part Es Hi bolongs to the steady travelling state of 
steady u, whilst the other part B, H, is electromagnetic, and 
represents the waste. The angle between the acceleration A 
and R is i: The waste part has E,, H, tangential, that is, 
perpendicular to R. H, is also tangential to the sphere, but 
E, is radially directed from the point which Q would reach at 
the moment in question (belonging to the sphere R) if it were 
not accelerated at all. This means the steady travelling state 
(see Electrical Papers, vol. 2, p. 511, equation (29) ). 

There is another way of treating the question, viz., by the 
vector and scalar potentials. The vector potential of the 
impressed current Qu is not Qu/47R, but (loc. cit.) 

Qu 

R — = cos 6) 
This is referred to origin at the virtual position of the charge, 
not the actual. The actual is best for the steady state, the 
virtual to show the waves emitted. The factor 
{1 —(u/v)cos 0} 
expresses the Doppler effect. Divide by uc to obtain the 
scalar potential P. Then 
H = curl A, E= — pÅ - VË, 

in Maxwell’s manner. The trouble here is the differentiations, 
which require great care, since u, R and 6 all vary in a rather 


complicated way as Q moves. The relations (12) exhibit the 
field clearly. 


(15) 
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For an infinitely small sphere of Q, the energies in the shell 
at distance R corresponding to the displacement udt, of Q are 
T=T,+T,+2T,, U=U,+0U,+20,., 


where relates to the Er, H, part, and , to the other part, 
whilst ,, refers to the mutual energy. They are connected 
thus: 


di 
U- Ie Ui TI U,=T,+ Su Rae (16) 
n  QPedt, utj A udt, cos 6 
i 127125 x2? 12 127K i K$ I (17) 
u? l 
„Qrara IRn A (18) 


27 Iz. 7 
where r? = 1 — / v5. 

The corresponding “ momenta,” or force-impulses, say | 
M, = 2VD,B,, M,-ZVD,B,, Mi, VDB, M, ZV D, B, 
are given by 

| M 271 

17 q? 
These are all parallel to u. But Mi, is not, though it is in the 
plane of u and A Its components parallel to u and to A are 


M. Mu-. (00) 


1 — ins 

— — sin 

Un, and ote A O (20) 
u u cos 0, 


With the previous restriction, these are independent of the 
size of the sphere of Q. But to obtain exact formulæ without 
this restriction, either a very difficult integration must be 
effected over the surface of the sphere of Q, every element of 
which will usually have (effectively) a different velocity and 
acceleration, on account of the Doppler effect, or we may 
derive the resulting formulæ by a differentiating operator. 
Thus, for example, exhibiting it for only, let $, be the 
formula when a=0, then the real $ is, by a previous 
investigation, 


5 (21) 
qu 
outside the sphere, and 8 
shin 
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inside the sphere, where 9 is the differentiator d/d(vt), and 
$a is the common value of both s at R=a. But this ¢ is 
not the same as the previous 11; it is the corresponding value; 
the place where the differentiations are performed is at the 
end of R. The differentiations are troublesome. Thirdly, we 
may calculate the time-integral of ,, and then apply Taylor’s 
theorem. Nearly all the trouble in the electronic theory is 
connected with the necessity of making a finite to have finite 
energy (though this does not apply to the waste) and finite 
moving forces, with the consequent resulting two superposed 
waves, one outward from the surface of Q, the other inward, 
and then outward again. The results for impulses work out 
easily enough, but not for continuous accelerations. 

Details of the above will be published in vol. 3 of “ Electro- 
magnetic Theory ” (and perhaps elsewhere), which is, as the 
advertisement says, in preparation.” 

Returning to the waste formula, an electron revolving in a 
circular orbit of radius r has 0, = 47, and u?/r=A. So we want 
an applied force along u varying as u' to maintain the motion, 
since the waste varies as u‘. This revolving electron has 
sometimes been supposed to be a circular current. But it is 
really a vibrator. The free path followed under decay of 
energy without fresh supply would perhaps be difficult to 
follow completely. It is rather hard for the “explanation” of 
magnetism. 

The kinetic energy of molecules is the natural source of the 
radiation, but the connection between them and the electrifica- 
tion is very obscure, and how the electrons get. knocked off is 
harder still, and what they are is hardest of all. Larmor 
thinks they run through the ether like knots on a string. If 
they do, as they may, how do they do it? Connections are 
wanted. 


Sound Waves and Electromagnetics. The Pan-potential. 
(Nature, Jan. 1, 1908, p. 202.) 


§ 511. The photographs taken some years ago by Prof. Boys 
of flying bullets showed the existence of a mass of air pushed 
along in front of the bullet. Is there anything analogous to 
this in the electromagnetics of an electron? Suppose, for 
example, that an electron is jerked away from an atom so 
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strongly that its speed exceeds that of light. Then it will 
slow down by reason of the resisting force to which I have 
shown it is subjected. So long as its speed is greater than 
that of light, it is accompanied in its motion by a conical wave. 
The question is whether there is any disturbance ahead of the 
electron, close to it, as in the case of a bullet moving through 
the air. It is a question of fact, not of theory. When 
Maxwell’s theory shows that there is no disturbance in front 
of the electron, that is only because it is virtually assumed to 
be so at the beginning, by the assumption that the ether con- 
tinues fixed when the electron traverses it. 

Apart from this detail, the analogy between the conical 
sound wave and the conical electromagnetic wave is interest- 
ing in connection with C. A. Bjerknes’s theory of pulsations in 
a liquid, as developed by V. Bjerknes's in his“ Vorlesungen 
über hydrodynamische Fernkräfte nach C. A. Bjerknes’ 
Theorie.“ The liquid is incompressible, and is set into a 
pulsating state by pulsating sources, and the result shows 
remarkable analogies with electric and magnetic phenomena 
when they are static. 

Now, if the liquid is compressible, the results must be 
approximately the same provided the pulsations are not too 
quick. But if very rapid, and the compressibility be sufficient 
to lower the speed of propagation sufficiently, new phenomena 
will become visible with pulsating sources, like sound waves, 
and the question is how far they are analogous to electro- 
magnetic phenomena? 

Here, for example, is an interesting case. Let f be the 
density of the source, such that (if g =d/d(vt) ) 


(V-)V=—f (1) 
is the characteristic of the velocity potential V, so defined that 
—VV is the velocity. Then f signifies the amount of fluid 
(unit density) generated per unit volume per second and 


diverging outward. Then, for a point source of strength Q, 
the V it produces is 


6e * Qur 
Vm Gar Gar? (3) 


at distance r. This is equivalent to Rayleigh’s account of 
Helmholtz’s spherical waves from a centre ( Theory of Sound,” 
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vol. 2), except in the interpretation of f or Q, which I do not 
altogether understand in that work. 

Q is a fluctuating function of the time in the above in the 
acoustic application, though, of course, fluctuation is not 
necessary in the ideal theory. Now if the source Q moves 
through the air with velocity u, the potential becomes 

Q 


v= 4nr{] —(u/v) cos 6 (3) 
if 0 is the angle at Q between r and u at the proper moment. 

This equation therefore expresses the theory of a very small 
pulsating source moved through the air, and is so far very like 
that of an electric charge Q (which does not pulsate) moved 
through the ether. The analogy does not continue in details, 
when, for example, we compare velocity with electric displace- 
ment. The electromagnetic theory is more involved. 

When u exceeds v, equation (3) is no longer the complete 

solution. If u is less than v, there is just one and only one 
position of Q at a given moment where it is, so to speak, in 
communication with P, the point where V is reckoned. But 
when u v, there may be just one point, or two, or there may 
be any number. Thus, if the source Q starts at moment t=0 
from a certain point, and then moves steadily in a straight 
line, the wave front is conical, with a spherical cap, or 
spherical, with a conical spike, Q being at the apex. If P is 
inside the sphere, there is only one position for Q. But if P 
is inside the cone, there are two. The value of V at P is the 
same for both, given by (3), reckoned positive always. So 
the real V at P is double as much. 
If the speed varies, the values of u will usually be not the 
same in the two positions, so the two partial V’s must be 
separately reckoned. But the speed and path may vary in 
such a way that there are more than two positions of Q which 
are the centres of waves which all arrive at P at the same 
moment. 

When there are any number of electrons moving sioti in 
givėn paths, the following will give a broad idea of the nature 
of the problem. To find V at a fixed point P at the moment t. 
Let at that moment a spherical surface expand from P at 
speed v, not forward in time, but backward. In expanding 
from radius 0 to o, it will cross the electrons one after 
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another. Take note of the times of passage, i, t &c. (less 
than 9), of the charges, and their velocities. Then 


Q | 
Vaz 4x R{1 — (ujv) cos 0} (4) 
where R. = v(t — t,), and , is the angle at Q, between R, and u, 
Similarly as regards the vector- potential. 

When u is allowed to exceed v, the effect is to increase the 
number of crossings of electrons. An * crossed twice 
counts as two electrons. 

The value of f. is given by 

. 1 
1. = 5 
1 —— cos 6, 

v 
The vector u, is the real velocity of Q, at the moment 1, 
Its apparent velocity, as viewed from P at the moment t, 
is u, or- R.. It has no necessary resemblance to the real 
velocity, and may be positive or negative. The dot here 

signifies differentiation to f at P. 

Talking of potentials, I am tempted to add a few words 
about their King, the Pan-potential. In equation (1) above, 
let g be not d/d(vt), but any sort of complex time-differentiator, ` 
for example, if p= d / dt, 

g= (k+ep\(g+ ep), 
which is tho special form for electromagnetic waves in a 
conductor. Then (2) is still tho solution for a point source, 
and in general, 


ver pan f | (5) 


is the pan-potential due to the distributed source 7. It is not 
the complete solution, because e™ has not been counted, but 
that is not wanted when there is no barrier to reflect. 

For instance, if C is impressed electric current, in a conductor, 
the characteristic of H, magnetic force, is 


(Vv? -q@*)H = -curl C. , (6) 
It follows by the above that 
H = pan curl C; (7) 


that is, the magnetic force is the pan-potential of tho curl of 
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the impressed current. The operations pan and curl are 
interchangeable, so 
H- curl pan C, (8) 
that is, 

H- curl A, if A- pan C. (9) 


(Similarly, V pan = pan V, and div pan = pan div.) 

I worked out this problem for a fixed point source of im- 
pressed current some time ago (“ Electrical Papers, vol. 2, 
p. 432) without reference to the pan- potential. The opera- 
tional solution there given, equation (258), represents either 
(7) or (8). The algebrisation was also done. There is no 
advantage in using the A function in this particular case; it 
is, in fact, more difficult to find A first and then derive H than 
to obtain H without A. Similarly, as regards E, the electric 
force. The second circuital law derives it from the H equa- 
tion, so that it is not required to introduce ꝙ to supplement A. 

If the point-source is in motion, the pan- potential requires 
dopplerisation as well as the ordinary potential. But this 
does not require explicit representation for continuously dis- 
tributed sources. For example, the electromagnetic circuital 
equations 

curl (H- h) = u div cE + (k + cp)E, (9) 


curl (e E) = w div uH + (g + up) H, (10) 


where u, W, e, h, are functions of position and time, have the 
solutions 
E- e- pan X, H -h= pan T. (11) 


To prove this, and determine the nature of X and T, it suffices 
to put the characteristics of B- e and H- h in the form (1), 
g* having the more general later meaning. Now (9) and (10) 


-W- e) - vo- curl d- , (12) 
(H- h) = -Vo curl C- (K ＋ c)d; (13) 


where 
padiv(E-e), o- div(H -h), (14) 
C =u div cE + (k + cp)e, (15) 
G =w div AH (g + pp)h. (16) 


So K and T are the right members of (12) and (13) as defined. 
C is the impressed electric current, d the impressed magnetic 
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current. It will be seen that no separate determination of 
scalar potentials is required, because they are already included 
in X and Y. 


The Radiation from an Electron describing a Circular Orbit. 
(Nature, Jan, 28, 1904, p. 293.) 


§ 512. The complete formula for the radiation may be useful 
to some of those who are now indulging in atomic speculations. 
It is derived from the general formula I gave a year ago in 
Nature (Oct. 30, Nov. 6, 1902, pp. 6, 32), expressing the electro- 
magnetic field everywhere due to an electron moving anyhow. 
Put in the special value of R required, which is a matter of 
elementary geometry, and the result is the complete finite 
formula. But only the part depending on R is required for 
the radiation; and, in fact, we only want the 7 term (if r= 
distance from the centre of the orbit), if the ratio of the radius 
of the orbit to the distance is insensible ; and that, of course, 
is quite easy, on account of the extreme smallness of electronic 

orbits. The magnetic force is given by 


Hg = = a® cos Ô cos y (1) 
Un „. 
Ho = = a*(sin G1 — 8), (2) 
subject to 
1 u. 
=I- sin g B = y n 0, (3) 
Go = >, + B cos $= nr / v. (4) 


There is no limitation upon the size of u/v, save that it 
must be less than 1. But there is a limitation regarding the 
acceleration. If the change in the acceleration is sensible in 
the time taken by light to traverse the diameter of the electron, 
it will sensibly alter the results. The size of the electron 
itself will then have to. be considered. But this is very 
extreme. 

To explain the symbols: The (surface) charge is Q moving 
at speed u and angular speed n in a circle in the plane per- 
pendicular to the axis from which 0 is measured. It revolves 
positively round this axis, and its position when ¢=0 is 520. 
Also, r, 0, & are the usual spherical coordinates of the point of 
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observation, and Hg, Ho are the ¢ and @ components of the 
magnetic force at that point at the moment ¢. The coefficient 
a’ shows the Doppler effect on H. The difference between G., 
and ¢, must be noted. 

It will be readily seon what an important part the Doppler 
effect plays if, as has been sometimes assumed, subatomic 
motions of electrons involve values of u which are not insensible 
fractions of v. For instance, in the plane of the orbit, Hy =0, 


ang _Qun sin g,—u/v 

Hoa II (ße ain f (5) 
Tho effect is to compress H in one half and expand it in the 
other half of a period, with corresponding strengthening and 
weakening of intensity, and also with a shifting of the nodes 
towards the compressed part. When w/v is made large, there 
is a great concentration at ¢,.=¢,=4$2, 24r, 44r, &c., with 
only a weak disturbance of opposite sign between them. That 
is, there is a tendency to turn the original simply periodic 
vibration into periodic pulses, which become very marked as u. 
increases towards v. Tho radiation of energy is very rapid. 
It involves (I. c.) the factor (1 - /n). This becomes so great 
as seemingly to shut out the possibility of more than momentary 
persistence of revolution. But there might be a solitary partial 
revolution, or nearly complete, in cometary fashion, which 
would generate a single pulse, if there cannot be a sequence of 
several at speeds nearly equal to that of light. 

Three suggestions have been made about the X-rays. Réntgen 
suggested a longitudinal ether disturbance. This has not 
found favour, because it requires a new theory of electricity, 
Schuster suggested very rapid vibrations. This is tenable, 
because in the inside of an atom rudimentary calculations 
show that vibrations much more frequent. than light are easily 
possible with revolving electrons. Stokes suggested collisional 
pulses. This is tenable, too, for the collisions must produce 
electromagnetic pulses. I think X-rays are mixed Stokes 
pulses and Schuster vibrations, the latter arising from the 
atoms of the body struck. Now, a pulse is not the same as a 
continued vibration, though it may be analysed into the sum 
of various sorts of continued vibrations, just as the distorted 
simply periodic vibration in (5) above may be. There ought, 
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then, to be a physical difference between the effects of 
collisional pulses and continued very rapid vibrations. 

Apart from the emission of electrons and matter, there 
might be six sorts of radiation at least; say, light vibration, 
below light, above light, collisional pulses, cometary pulses, and 
possibly periodic pulses. The last may have to be excluded for 
the reason mentioned. The cometary pulses would resemble 
the collisional pulses, though less dense. The above-light 
vibrations need not require u/v to be more than a small fraction, 
though even then their maintenance is a difficulty. They require 
renewal again and again, perhaps in a collisional manner. 

There is a good deal to be found out yet in the relations of 
electricity to matter. There is also sometimes à good deal of 
misconception as to the relations of theory to fact. A purely 
dynamical theory of electricity, like Maxwell’s, can give no 
information about the connection between electricity and 
matter. Forexample, Zeeman’s experiment, as interpreted by 
Lorentz, brought out the striking fact that it was the negative 
electricity that revolved, not seemingly the positive, and the 
fact harmonises with J. J. Thomson’s negative corpuscles. 
Theory could never predict such a fact, because it is not in the 
theory. It could not be there, because it has no dependence 
upon the dynamics of electricity in the theory. The same may 
be said of various other new facts much discussed of late. 
Now, though the theory cannot predict such facts, it is useful, 
of course, as a guide in framing hypotheses to account for the 
new facta, for it is no use flying in the face of solid theory. 
Whether the solid theory itself (not meaning that the ether is 
solid) will need to be altered remains to be seen. There is no 
sign of it yet, though I cannot believe the etherial theory is 
complete. i 

To analyse the dopplerised vibrations expressed by (1), (2) 
into simply periodic vibrations seemed to involve very com- 
plicated work at first, save just for two or three terms. But 
there is a trick in it, which, when found, allows the complete 
expansions to be developed in a few lines. First show that 
(this is the trick) g 
a cos G d cos dy, 

0 


a (sin Gf) Jet iin 6. 


(6) 
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Next, by the theorem known as Lagrange’s, sin ¢, can be 
at once put in the form of a series involving the derivatives 
of various powers of cos . Do not find the derivatives from 
them, but put cos“ $, in terms of the sum of first powers of 
cosines by the well-known circular formula. The full differen- 
tiations, not forgetting those in (6), may then be done at sight 
in one operation. The result is 


as(sin Gi - B) = sin Go -B. 2 cos 2550 — $82(9 sin 34) + sin G0) 


E ; 
+ $6°(4 sin 44, + cos 20) + ry 27055 sin 50 ＋ 5. 34 sin 30 
5 1 + 10 sin ¢,) 
“5 ga (6° cos 64) +6. 4* cos 400 +15. 24 cos 2% - , (7) 


and so on to any extent. Then, to find the other one, 
differentiate the series in (7) with respect to % and divide 
the nth term by n. Thus, 


2 
a3 cos $, = cos GO + 28 sin 20-48 (27 cos 300 + cos dy) . . „ (8) 


and so on. This analysis of the vibrations is useful in some 
special developments, but, of course, the original distorted 
simple vibration is the most significant. In fact, the result of 
the analysis exhibits the common failing of most series 
developments that the resultant meaning is not evident. 
Another way. Use Bessel's series for the sine and cosine 
of $, and then carry out (6). It is remarkable that the rela- 
tion between the eccentrie and mean anomaly in a planetary 
orbit should be imitated, for the dynamics is quite different. 
When I was a young child I conceived the idea of infinite 
series of universes, the solar system being an atom in a larger 
universe on the one hand, and the mundane atom a universe 
to a smaller atom, and so on. I do not go so far as that now, 
but only observe that there is a tendency to make the elec- 
trons indivisible, and all exactly alike. But they must have 
size and shape, and be therefore divisible; unless, indeed, 
they are infinitely rigid. Or they may vary in shape without 
dividing. There are infinite possibilities in the unknown. 
Kaufmann’s measurements go to show that the mass of an 
electron, if there is any, is only a small fraction of its effective 
electromagnetic mass, although that is not a definite quantity 
subject to the Newtonian second law. But it is too soon to 
say that the electron has no mass at all, that is, to be quite 
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sure that negative electricity is absolutely separable from 
matter, though it seems likely. It would be well to have, if 
possible, similar measurements made on positive electricity. 
If permanently attached to matter, it should not exhibit the 
increased inertia with increased speed in a sensible manner. 


The Radiation from an Electron moving in an Elliptic, or 
any other Orbit. 
(Nature, Feb. 11, 1904, p. 342.) 


§ 513. I have been looking for a tolerably simple way of 
expressing the radiation at a distance from an electron, to 
avoid the work involved in reducing the general formule 
(Nature, Oct. 30, Nov. 6, 1902) in special cases. The result is 


|B [= £2 an, (1) 
subject to R=o(t-4). 00 
Here understand that Q is the charge moving in the path 
defined by the vector s from the origin at the moment 11; and 
E the electric force at the corresponding moment ¢ at the 
point P at the end of the vector r from the origin, at distance 
R from Q; and y is the angle between r ands. That is, the 
electric force is the tangential part of the vector — ½ / Ar, 
or tho part perpendicular to r. The magnetic force is perpen- 
dicular to E, given by E=pvH. It is assumed that s/R is 
very small, but no assumption has been made about 2%, so 
the waves are fully dopplerised. The dot indicates time- 
differentiation at P. 

Example. Elliptic orbit. Let 


ie ae 
8 =~ (it, cos nt, + ju, sin nå). (3) 


Then Q describes an ellipse in the plane 2, y, axes u/n and 
u,/n, where n/2m is the frequency. It is the spring or pen- 
dulum kind of elliptic motion. Describe a spherical surface 
with centre at the centre of the ellipse, and project s upon the 
surface, and insert . ov in (1). Then we get 


Eo = Q cos 925 47 36 cos ꝙ cos ni, ＋ u sin ꝙ sin nh), (4) 


. 
= Arrn n 


= A gp (ts sin ꝙ cos ni - u cos > sin ni), (5) 
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expressing the 6 and ¢ components of E at the point r, 0, $, 
if 6 is measured from the z axis, and ¢ from the plano 2, æ. 
Yet one thing more. The connection between “ and 2, is 


nt=n(t—5)+ sin © (1.008 ¢ coe nf, N u sin g sin nh), (6) 
which gives * 
i= {1 -m7 (ur sin > cos nå - t cos & sin nt,)) (7) 


which is required when (4), (5) are differentiated. This 
process introduces the factor 7,5, and so, at high speeds, con- 
verts the radiation into periodic pulses, as in the case of a 
circular orbit (Nature, Jan. 28, 1904, p. 293). Put ui - tu, - u 
in the present formuls to reduce to the circular. The analysis 
to simply periodic vibrations may be done in a similar way. 
If the motion in the elliptic orbit is of the planetary kind, the 
equation (3) is replaced by a much less manageable one. 
Electrons can conceivably vibrate in beth these ways, accord- 
ing as the centre of force is condensed positive electricity, or 
is the centre of diffused positive electricity. 

This is not the place for detailed proofs, but I can indicate 
one way of representing the matter which has some interest 
apart from the speciality of orbital motion. Given that Q ia 
moving anyhow, it may be shown that my general formula for 
E may be converted to 

= HO, - 3ÉR, Ri). (8) 

This gives E at P, at distance R from Q, and R, is the unit 
vector R/R. The centre varies as we shift P, because Q is 
moving. It is always to be understood that Q and P are at 
every moment of time uniquely connected when u cv. Any 
value given to “ fixes a corresponding value ti for Q, and its 
position as well. This formula (8) is a very curious way of 
representing E, and physically very unnatural. But the form 
of the first part is such that it leads easily to the radiational 
formula above given. Reject the second part of E in (8), 
because it varies as R. Then carry out d /d, and reject the 
R- part again. There is left 


n= Rlü - R). (9) 
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Lastly, put R=r—s; then R=—s; and if s/r is very small, 
Ë= —ar, So we come to formula (1) above, as required. I 
hope this will be satisfactory. If not, there are lots of other 
much more complicated ways of doing the work. 


The Principle of Least Action. Lagrange's Equations. 
(Nature, Jan. 29, 1908, p. 207.) 


§ 514. Whether good mathematicians, when they die, go to 
Cambridgo, I do not know. But it is well known that a large 
number of mon go there when they are young for the purpose 
of being converted into senior wranglers and Smith’s prizemen. 
Now at Cambridge, or somewhere else, there is a golden or 
brazen idol called the Principle of Least Action. Its exact 
locality is kept secret, but numerous copies have been made 
and distributed amongst the mathematical tutors and lecturers 
at Cambridge, who make the young men fall down and worship 
the idol. 

I have nothing to say against the Principle. But I think a 
good deal may be said against the practice of the Principle. 
Truly, I have never practised it myself (except with pots and 
pans), but I have had many opportunities of seeing how the 
practice is done. It is usually employed by dynamicians to 
investigate the properties of mediums transmitting waves, the 
elastic solid for example, or generalisations or modifications 
of the same. It is used to find oquations of motion from 
energetic data. I observe that this is done, not by investi- 
gating the actual motion, but by investigating departures from 
it. Now it is very unnatural to vary the time-integral of the 
excess of the total kinetic over the total potential energy to 
obtain the equations of the real motion. Then, again, it 
requires an integration over all space, and a transformation of 
the integral before what is wanted is reached. This, too, is 
very unnatural (though defensible if it were labour saving), 
for the equation of motion at a given place in an elastic medium 
depends only upon its structure there, 4nd is quite independent 
of tho rest of the medium, which may be varied anyhow. 
Lastly, I observe that the process is complicated and obscure, 
so much so as to easily lead to error. 

Why, then, is the P. of L. A. employed? Is not Newton's 
dynamics good enough? Or do not the Least Actionists know 
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that Newton’s dynamics, viz., his admirable Force = Counter- 
force and the connected Activity Principle, can be directly 
applied to construct the equations of motion in such cases as 
above referred to, without any of the hocus-pocus of departing 
from the real motion, or the time integration, or integration 
over all space, and with avoidance of much of the complicated 
work? It would seem not, for the claim is made for the P. of 
L. A. that it is a commanding general process, whereas the 
principle of energy is insufficient to determine the motion, 
This is wrong. But the P. of L. A. may perhaps be particularly 
suitable in special cases. It is against its misuse that I write. 

Practical ways of working will naturally depend upon the 
data given. We may, for example, build up an equation of 
motion by hard thinking about the structure. This way is 
followed by Kelvin, and is good, if the data are sufficient and 
not too complicated. Or we may, in an elastic medium, assume 
a general form for the stress and investigate its special proper- 
ties. Of course, the force is derivable from the stress. But 
the data of the Least Actionists are expressions for the kinetic 
and potential energy, and the P. of L. A. is applied to them. 

But the Principle of Activity, as understood by Newton, 
furnishes the answer on the spot. To illustrate this simply, 
let it be only small motions of a medium like Green’s or the 
same generalised that are in question. Then the equation of 
activity is aos 

divgP=U+T; (1) 

that is, the rate of increase of the stored energy is the con- 
vergence of the flux of energy, which is — qP, if q is the velocity 
and P the stress operator, such that 


Pi = Pi- iPn +jP + KP, (2) 


is the stress on the i plane. Here qP is the conjugate of Pq. 
By carrying out the divergence operation, (1) splits into 
two, thus, ; 
Fa =I, Gq=U. (3) 


Here F is a real vector, being the force, whilst G is a vector 
force operator. Both have the same structure, viz., PV; but 
in F the differentiators in V act on P, whereas in G they are 
free, and act on q, if they act at all. 
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Now when U is given, U becomes known. It contains q as 
anoperand. Knock it out ; then G is known ; and therefore F ; 
and therefore the equation of motion is known, viz., 


where m is the density, or the same generalised eolotropically, 
or in various other ways which will be readily understood by 
electricians who are acquainted with resistance operators. 

Of course, P becomes known also. So the form of U 
specifies the stress, the translational force and the force 
operator of the potential energy. To turn G to F is the same 
as turning A(d/d v) to dA/dz. 

If, for example, the displacement is D, the potential energy 
is a quadratic function of the nine differentiants, dDiſdæ, &c. 5 
of the components. Calling these Tiy Tia &c., : 


dU dU 3 
U= odr, * rug T ey (4) 


by the homogeneous property. Therefore, since f̃u-dgi/dy 
= idq/dy, 


dU.d dUd 
Ù= e dz T dre wally + Ja=cq; (5) 
therefore, writing Pa for dU /dry, oe 
d Pi dP, dP 
dP, dP, dP , 
"det ay ta (7) 


It is clear that the differentiants in (4) (which involve the 
large number 45 of coefficients of elasticity in the general 
case of eolotropy) are the nine components of the conjugate of 
the stress operator. Of course, vector analysis, dealing with 
the natural vectors concerned, is the most suitable working 
agent, but the same work may be done without it by taking 
the terms involving 2 J Ys separately. 

Another expression for U is 30D, which shows how to find 
F from U directly. 

Another claim made for the P. of L.A. is that it leads to 
Lagrange's equations of motion. That is not remarkable, 
seeing that both are founded upon Newtonian ideas. I sup- 
pose Lagrange's equations can be made to lead to the P. of 
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L.A. But the practical way of proving Lagrange’s form is to 
derive it immediately from Newton’s Principle of Activity. 
Thus, when there are u independent coordinates z, with 
velocities v, the kinetic energy T is a homogeneous quadratic 
function of the v’s, with coefficients which are functions of the 
zs. This makes 


dT AN 
Len Cg TAS (8) 
d av, ,a; 
9 
therefore oT = J qe Lr Fi i (9) 
But also, by the structure of T, 
t-E a4 0 N q (10) 
So by subtraction of (10) from (9), 
d dT aT 
dt dvi -at e (11) 


and therefore, by Newton, the force on z, is the coefficient of 
vn and similarly for the rest. 

Some people who had worshipped the idol did not alto- 
gether see that the above contained the really essential part of 
the establishment of Lagrange’s form, and that the use of the 
activity principle is proper, instead of vice versd. To all such, 
the advice can be given, Go back to Newton. There is nothing 
in the P. of L.A., or the P. of L. Curvature either, to compare 
with Newton for comprehensive intelligibility and straight 
correspondence with facts as seen in Nature. It must, how- 
ever be said that Newton’s Third Law is sometimes astonish- 
ingly misconceived and misapplied, perhaps because it is badly 
taught. 


The Principle of Activity and Lagrange’s Equations. Rotation 
of a Rigid Body. 
(Nature, Feb. 19, 1903, p. 868.) 

§ 515. Prof. Orr's opening remarks* perhaps indicate that 
the want of appreciation of Newton’s dynamics is even greater 
than I supposed. My authority for Newton is that stiff but 
thorough going work, Thomson and Tait. On comparison, I 


[See a letter by Prof. Orr in Nature, Feb., 1908. Also another a 
little later.] 


WAVES IN THE ETHER. 179 


find that Prof. Orr’s some people” seem to overlook the 
vitally important Third Law, without which there could be no 
dynamics resembling the reality, and also the remarkable 
associated scholium “Si æstimetur . ., which is of such 
universal and convenient application, both by practicians and 
by some theorists. In my short outline of the beginning of 
the theory of Lagrange’s equations, my argument “by 
Newton,” referred to the activity principle. 

The example of failure given by Prof. Orr is remarkable in 
more than one way. If the three coordinates specified the 
configuration, then the equations of motion would come out in 
the way indicated. It is clear, therefore, from the failure, 
that in the concrete example of a rotating rigid body, the 
coordinates employed, which are the time-integrals of the 
angular velocities about three moving axes, are not proper 
Lagrangian coordinates within the meaning of the Act. If 
we use coordinates which do fix the configuration (Thomson 
and Tait, §319), there is no failure. 

But it is quite easy to avoid the usual complicated trigono- 
metrical work, and obtain the proper equation of motion by 
allowing for the motion of the axes. Thus, if a is the angular 
velocity, the angular momentum is 


int. . Adil + Baj + Cask, 
1 


and the torque is its time-differentiant; that is 
F=Aai+Ba,j + CA, + Ba, + Car. 


Here i, j, k are unit vectors specifying the directions of the 
principal axes. They only vary by the rotation, so di/dt = 
Vai, &c., and this makes 

F = Aa,(ja, — ka,) + Ba,(ka, — * jn) + All. oe 

= i{Aa, —a,a,(B-C)}+i{...}+k{...}. 

This exhibits Euler’s three h equations of motion 
round the three principal moving axes. 

In general, T- laMa, when M is a vectorial matrix (or 
linear vector operator) fixed in the body. Then the momen- 

tum is Ma, and the torque is 

F = Må + Ma =Ma + (VaM)a. 
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This allows M to be specified with respect to any axes fixed 
in the rotating body. Of course, the principal axes ure the 
best. I may refer to my “Electrical Papers,” vol. 2, p. 647, 
footnote, for details of a similar calculation relating to the 
torque (and activity thereof) produced in an eolotropic 
dielectric under electric stress. 

The following concisely exhibits the necessity of allowing 
for variation of M, and how it is done in the case of n inde- 
pendent variables :—Let 

T = }vMv=jpv. 
Then v is a vector,” or complex of n velocities, and p= Mv 
is the corresponding momentum, whilst M is a symmetrical 
matrix. By differentiation to t, 


T=v(Mv + AMV) = Fy, (Hamilton) 

or T =v(p — Mv) =Fv, (Lagrange) 
Here F is the force on the system, in the same sense as V is 
the velocity of the system. For M substitute »(dM/dz), ta 
come to the usual forms by breaking up into n components. 


But the above are more general, because M may vary 
independently of z. Activity should be the leading idea. 


The Undistorted Cylindrical Wave. 
(Nature, May 21, 1903, p. 54.) 


§ 516. The receipt of a paper by Prof. H. Lamb, “On 
Wave Propagation in Two Dimensions” (Proc. London Math. 
Soc., vol. 35., p. 141), stimulates me to publish now a 
condensation of a portion of a work which will not be further 
alluded to. I once believed that there could not be an 
undistorted cylindrical wave from a straight axis as source. 
But some years ago the late Prof. FitzGerald and I were dis- 
cussing in what way a plane electromagnetic wave running 
along the upper side of a plane conducting plate and coming 
to a straight edge, managed to turn round to the other side. 
Taking the wave as a very thin plane slab, one part of the 
theory is elementary. The slab wave itself goes right on 
unchanged. Now Prof. FitzGerald speculatively joined it on 
to the lower side of the plate by means of a semi-cylindrical 
slab wave. I maintained that this could not possibly work, 


WAVES IN THE ETHER. 181 


because the cylindrical wave generated at the edge was a com- 
plete one, causing backward waves on both sides of the plate. 
Moreover, it was not a simple wave, for the disturbance filled 
the whole cylindrical space, instead of being condensed in a 
slab. It was in the course of examining this question that I 
arrived at something else, which I thought was quite a 
curiosity, namely, the undistorted cylindrical wave. 

Maxwell’s plane electromagnetic wave consists of perpen- 
dicularly crossed straight electric and magnetic forces, in the 
ratio given by E=ypeH. Thinking of a thin slab only, it 
travels through the ether perpendicularly to itself at speed v, 
without any change in transit. I have shown that this may 
be generalised thus. Put any distribution of electrification in 
the slab, and arrange the displacement D in the proper two- 
dimensional way, as if the medium were non-permittive outside 
the slab. Then put in H orthogonally according to the 
above-mentioned rule, and the result is the generalised plane 
wave, provided the electrification moves with the wave. 
Otherwise, it will break up. Another way is to have the elec- 
trification upon fixed perfectly conducting cylinders arranged 
with their axes parallel to the direction of propagation. 

Now the first kind of plane wave has no spherical analogue, 
obviously. But I have shown that the other kinds may be 
generalised spherically. Put equal amounts of positive and 
negative electrifications on a spherical surface, arranged any- 
how. Distribute the displacement in the proper way for a 
spherical sheet, as if constrained not to leave it. Then put in 
H orthogonally, asabove. The result constitutes an undistorted 
spherical electromagnetic wave, provided the electrification 
moves radially with the wave, and attenuates in density as its 
distance from the centre increases, in the proper way to suit 
E and H. This attenuation does not count as distortion. 
Similarly, the other sort of generalised plane wave may be 
imitated spherically by having conical boundaries. 

But when we examine the cylinder, there is apparently no 
possibility of having undistorted waves. For with a simple 
axial source it is known that if it be impulsive, the result is 
not a cylindrical impulse, but that the whole space up to the 
wave front is filled with the disturbance. It is easy to see the 
reason, for any point within the wave front is receiving at any 
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moment disturbances from two points of the source on the 
axis, and there is no cancellation. And if the source be on a 
cylindrical surface itself, producing an inward and an outward 
wave, the whole space between the two wave fronts is filled 
with the disturbance. 

How, then, is it possible to have an undistorted wave from 
a straight line source? By not arguing about it, but by 
showing that it can be done. The reason will then come out 
by itself. As the solution can be easily tested, it is only 
necessary to give the results here. Take plane coordinates r 
and . Let the magnetic force be perpendicular to the plane, 
of intensity H. Let Z be its time-integral, then 

o8 16 cos 40 
2 et-), H= let 7), (1) 
expresses the magnetic field, f being an arbitrary function. 
Now the displacement D is the curl of Z. So if Ei is the 
radial component of E, and E, the tangential component, in 
the direction of increasing 9, we have the electric field given by 
— pu sin 36 vcos 40., pcos 36 

E= TAN ; E. -E ee 2) 

The attenuation factor r-? in (1) does not count as distortion. 

The wave may go either way, and various cases can be 
elaborated. If the wave is outward, the axis r=0 is the source. 
The plane 6=0 is a perfect electric conductor. The electrifi- 
cation is of the same sign on its two sides. Other details 
may be got from the formule. 

I give an example to show the not very obvious electrical 
meaning. Let the infinite plane conductor with the straight edge 
be one pole of a condenser, and a straight wire placed parallel 
to the edge, and close to it, be the other pole. Join them by a 
battery, charging the plate and the wire. Bring the wire right 
up to the edge, and reduce its magnitude toa mere line. (This 
is done in order to attain the ideal simplicity of the formulz.) 
Take away the battery. Then the electric field is given by 


sin 46 cos 40 
aE — 2,1 o ek. — rf 0 (3) 


where fs is a constant, and c is the permittivity. 
Finally, discharge the condenser by contact between edge 
and wire. Then the result at time f later is that outside the 
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cylinder of radius r ut the above field (3) persists, whilst 
inside the cylinder there is no Bor H. An electromagnetic 
wave separates these regions. It started from the axis at the 
moment of contact, and as it expands it swallows up the whole 
energy of the field, and carries it to infinity. Similarly as 
regards the charging of the plate, only the battery should, 
to have the same formule, be an impressed force acting at the 
axis, between the edge and the wire. At time f after contact, 
the electric field is established fully within the cylinder r=vt. 
On its boundary is the impulsive wave which is laying down 
the remainder. It also, if the contact be instantaneous, wastes 
an equal amount of energy at infinity. 

Similarly, by varying the impressed voltage anyhow with the 
time, the emission of an arbitrary wave of H results. With a 
real plate and real wire, the main features would no doubt be 
the same. The use of the line wire introduces infinite voltage. 

What somewhat disguises the clectromagnetics is the 
existence of the steady electric force, or parts thereof, along 
with the electromagnetic E and H, particularly when F is 
arbitrary. There is a similar complication in the spherical 
wave when the total electrification in any thin shell is not zero. 
There is then an auxiliary internal or external electric force to 
make contiruity. 

We cannot have an undistorted wave from a simple line 
source. But in the example the apparent line source will be 
found to be adoublet. For the curl of e (impressed force) is 
the source of the wave. It is double, positive on one side, 
negative on the other. 


Solutions of the type 
Ar” cos (nô + a) 


H=2-Gig ayer” (4) 
or the same with rand rtt interchanged in the denominator, are 
not distortionless, save for the solitary term in which n= —4. 


The above distortionless cylindrical wave (1) is unique. 
Prove by the characteristic. 


Extension of Kelvin’s Thermoelectric Theory. 
(Nature, May 28, 1903, p. 78.) 


§ 517. Lord Kelvin’s thermoelectric theory has always seemed 
to me to be one of his best works. Since its enunciation the 
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scope of the electric current has been extended, as in Maxwell’s 
theory. It is now the curl of the magnetic force of the field 
always and everywhere. A corresponding extension of the 
thermoelectric theory is needed. I do not know whether it 
has been done, but it may be shortly stated, and contains 
some striking results. As regards the necessity, the following 
case will show it plainly. Make up a circuit of two parallel 
wires of different materials, both thermoeiectrically neutral, 
say one of lead, the other of one of Tait’s alloys. The places of 
thermoelectric force in the circuit are then the terminals, 
Now send short waves slong the circuit, in the way so often 
done of late years. There need be no current at all in the 
circuit at one end to pair with that at the other. So there is 
complete failure of the theory of metallic circuits. 

But the needed extension is easily made by following Lord 
Kelvin’s method, and using the enlarged meaning of electric 
current. Let e be the intrinsic voltage per unit length due to 
reversible thermal action, and let C be the current density. 
Then eC is the heat per unit volume absorbed per second, and 
the second thermodynamic law requires that 2 eC/9—0, if 0 is 
temperature, the summation to be complete as regards e 
Here C may be any circuital current, so 6/0 is polar; that is, 
e= - p, where p is a scalar, the thermoelectric power. In 
a homogeneous conductor, p is a function of the temperature 
only, to suit Magnus’s results. But it is also a function of the 
material, In what way is not known, but it shows itself at 
the junction of different metals. Then p changes, say from 
pi to Pa 80 the intrinsic voltage at the junction is P,, = 6(p, — ps). 
This is the Peltier force from the first to the second metal. 
So far is all that is necessary for steady currents. But when the 
current varies, part of it leaves the metals. Now at a metal-air 
junction, the thermoelectric power falls from p to O, so there is 
an additional thermoelectric force PN or pON acting outwards, 
N being the unit normal. It is here assumed that the thermo- 
electric power of air is zero. It does not seem likely that its 
value is important compared with p in a metal. This PN 
multiplied by the current leaving the conductor measures the 
reversible thermal effect of the boundary. The system is now 
complete, provided there is no external e. But should there 
be, then it must be counted too, if, for instance, a current is 
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induced in an external conductor. In any, case e= — 0y will 
be valid, with the usual proper interpretation of discontinuities, 
and the Maxwellian meaning of the current. 

It will be sufficient to suppose that p=0 outside a circuit of 
two metals. Then there is the Thomson force in the metals, 
the Peltier force at the metal junctions, and the metal-air 
force PN of variable intensity all over the circuit. In the 
extreme case with which I commenced, there may be only one 
Peltier force in operation, or even none at all, but just the 
metal-air force alone. If so, there is reversible evolution of 
heat at some parts, and absorption at other parts of the 
boundary. 

As regards the application of the second thermodynamic law, 
it seems to be justified by experimental results with steady 
currents, I see no reason why it should not be applied to 
variable currents, even when varying very rapidly. For p is 
a property of the material and its temperature at any place, 
and has nothing to do at the moment with what is going on at 
other places. Vet a reservation is necessary. For the second 
law results from averages. So there must be some limit to 
the rapidity with which the current at any spot may vary, if 
the second law is to be fully valid there. 

The Volta contact-force must not be forgotten in connection 
with the metal-air thermoelectric force. Mr. J. Brown has 
lately made the Volta force disappear by heating it away in 
oil. If this is fully confirmed, it perhaps proves that chemical 
action between the metal and an electrolytic film of moisture 
is the real source of the energy of the transient Volta current, 
as Mr. Brown maintains. How will this affect the thermal 
force? If we allow properly for the change in p in passing 
through the film from the metal to the air, it seems likely that 
the thermoelectric effects will be simply superposed upon the 
Volta effects, because the sources of energy are different. Yet 
they might have to be combined in some unknown way. 

Returning to the steady current in a circuit of two metals, 
Lord Kelvin showed that the complete intrinsic voltage 
amounted to & d. This does not express the real distribu- 
tion of intrinsic force in the circuit, and seems to have no 
meaning. But it has a curious interpretation which is of 
importance in the extended theory. The necessity of the 


186 ELECTROMAGNETIO THEORY. CH. X. 


metal-air force is shown in another way. I have shown that 
the source of H in varying states is the curl of e everywhere. 
Here this is f=VVpvV9. It is zero in a homogeneous con- 
ductor, and also at the metal junctions, but has the boundary 
value VNV p, which would represent the source of H if there 
were no metal-air force. But add on the curl of the metal-air 
force PN or pON. It is —VNvVp; and the sum of the two is 
-~VNpvé. Now this is also the curl of the fictitious intrinsic 
force referred to, that is, po in the metals only. So we come 
to this striking result, that Lord Kelvin’s E pd0 in the metal 
circuit alone is a fictitious distribution which not only gives 
the same steady current as the real distribution of intrinsic 
force, but also gives the true E and H everywhere in variable 
states as well, provided the real intrinsic forces include the 
metal-air forces along with the Peltier and Thomson forces. 


The Pressure of Radiation. 
(Nature, March 9, 1905, p. 439.) 


§ 518. The success of Lebedeff and Nichols and Hull in 
recognising and measuring the pressure of radiation has 
aroused much interest in radiation pressure generally, real or 
apparent. It has some interesting and sometimes somewhat 
difficult theoretical aspects. In the first place, if the ether is 
really absolutely at rest (this rigidity is an exceedingly diffi- 
cult idea), the moving force on it has no activity, and its time- 
integral VDB can only be called momentum out of compliment. 
The force becomes active in a moving ether, with interesting 
consequences not now under examination. The present ques- 
tion is rather how to interpret the pressure of radiation on the 
assumption of a fixed ether, in the measure of its effects on 
matter which is either fixed or moving through the ether. 

The following is striking in what it proves. Let plane 
radiation fall flush upon a perfect reflector moving in the same 
direction at speed u, a case considered by Larmor. Let the 
energy density be p = pi + b the incident being p,, the reflected 
pr Assume, which seems reasonable at first, that ps, the pres- 
sure in the reflector, is zero; then the moving force p, + p- Ps 
reduces to p,+9, Therefore 


Pilv - u) - p,(v + u) = (p, + Piu, (1) 


- reflector. So 
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because the left side is the rate of loss of energy from the 
waves, and the right side the activity of the force on the 
Pa 1-2u/v 


— =a 


pi I+ 2/5» say; (2) 


and s=H,/H, is the ratio of magnetic forces in the electro- 
magnetic case. Now (2) asserts that the reflected wave gets 
smallor as the mirror goes faster, and vanishes when u= 4v. 
Or if the mirror be pushed against the radiation, the reflected 
wave gets stronger, and the resisting force stronger until 
u= Av, when it is infinite. The mirror could not be pushed 
against the radiation faster than ir. 

An immediate objection is that when u has risen to 2, if 
the mirror be maintained at that speed it acts like a perfect 
absorber to the incident energy. Moreover, since there is the 
pressure pi left, why should it not accelerate the mirror! But 
if it does, p, becomes negative, and s becomes imaginary. 
Considered mechanically only, say by F=mu, the motion of 
m is quite determinate when u zv, up to v, in fact. But 
electromagnetically it means that the energy in the reflected 
wave is negative. Now although there is nothing to object to 
quantitatively in a continuous transition from a Maxwellian 
stress consisting of a tension along an axis combined with an 
equal lateral pressure, to its negative, a pressure along the 
axis with equal lateral tension, still the negativity of the 
reflected energy causes difficulty. The stress for both the 
electric and magnetic energy becomes of the gravitational 
type. That is, like electrifications attract, and unlike repel, 
or matter is imaginary electrification in this comparison. The 
moving forces and energies are real. But let a real charge 
and an unreal one coexist, the energy density becomes 
imaginary. That is out of all reason in a real universe. 

We should, I think, regard (2) as a demonstration that (1) 
is untrue, in that (p, + p,)u is not the activity of the force on 
the mirror, although p, + p, may be actually the pressure of the 
radiation. In fact, in the electromagnetic case, the variation 
of p constitutes a force on the ether itself. We must find the 
force on the mirror in another way. 

Let radiation fall flush upon the plane surface of a dielectric, 
which call glass, moving the same way at constant speed u, 
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and let the circuital equations in the glass be 
dH ôI dE B y 
-E dr BH; (3) 

that is, the same as for the ether, with the addition of the 
electric current of polarisation ôI/ôt. The reference space is 
the fixed ether, and 8% t is the moving time-differentiator. 
Now if the relation between I and E is such as to permit of an 
undistorted plane wave, we shall have 

Ei = mH, Ez = - wH, K,=»wH,, (4) 

(incident.) (reflected.) (transmitted,) 

if v is tho speed in the ether, and w the wave speed, referred 
to the ether, in the glass. This w is a function of u. Also, 
the boundary conditions 


E + E, E,, H, + H. - H, (5) 

combined with (4), give 
H, v 10 H, 20 ; 
H. — re H, aren (6) 


An incident pulse of unit depth is stretched to depth 
(1—1/v)-! in the act of reflection; the reflected pulse is of 
depth (v u) v - u, and the transmitted pulse of depth 
(0 - u)v- 1) 1. 

The rate of loss of energy from the waves in the process of 
reflection is 


pid - u) - p,(v + 4) - p(w - u), (7) 
where the ps are the energy densities. But, by the above, 
Pid = PW + p; (8) 
therefore the rate of loss of energy is 
(Pa — Pı — Pa) u, (9) 
and the moving force on the mirror is 
F =p, i- Py (10) 


This is, in its expression, exactly the negative of the previous 
pressure difference. It is in the direction of the rise of energy 
density. Its amount is 

v- WU 
F 2H iH. 2 wgw” ae: - JE U (11) 

The first form in terms of H,, H, is useful. The second is in 
terms of the wave speeds. The third is in terms of the etherial 
energy inside the glass. 
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All these come out of the ratios H,/H,, etc. Now the 
electric energy equals the magnetic energy in the transmitted 
wave. Consequently U, means the energy of the polarisation 
I. And tho activity is Uou, the convective flux of energy. 

These properties are true for various relations between I 
and E. The first approximation is I=c,E. The eecond, intro- 
duced by Lorentz, is I =c, (E- uB), that is, the polarisation is 
proportional to the moving force on a moving ion. Other 
forms allowing of undistorted wave propagation may be pro- 
posed. In Lorentz’s case 

U, = $c, E3(1 — b):. (12) 

To pass to perfect reflection, reduce w to u, its least value. 
U, does not vanish, but has the value given by (10), (11) still, 
with w=u. The moving force on the glass is now 
| v-u 
v 


and finally, if «=0, F=2p,. 

Here we come right back to the pressure of radiation. It 
does measure the force on the glass when at rest, when it 
reflects perfectly, and it looks as if (13) were merely the form 
pi +p; a little modified by the motion. But appearances are 
very deceitful here, for (10) above is the proper formula. 

[But observe that in (8) above it is assumed that the electric 
and magnetic energy densities in the transmitted wave are 
equal. So the further results are limited in application by 
this condition. It is obeyed in the case to which (12) refers. 
For further results see the next §.] 

As regards the distribution of F. With an actual trans- 
mitted wave consisting of a pulse of uniform intensity all 
through, F is entirely at the wave front. So, with total reflec- 
tion, it is just under the surface of the glass. Again, if E, 
varies continuously in the transmitted wave, F is distributed 
continuously, to the amount B(éI/é¢) per unit volume. What 
F means in (11) now is the total of this volume force, i. e., the 
integral from the surface up to the wave front, expressed in 
terms of the momentary surface state. 

After a pulse has left the surface there is an equal opposite 
force at its back, so there is no further loss of energy or 
moving force on the glass. The obscurities and apparent con- 
tradictions arise from the assumption that the ether is quite 
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motionless. If we treat the matter more comprehensively, and 
seek the forces in a moving ether, with moving polarisable 
matter in it as well, if this is a complication one way, it is a 
simplification in another, viz., in the ideas concerned. There 
is harmony produced with the stress theory. To illustrate, 
(5/8) VDB is the moving force per unit volume when the ether 
and polarisable matter have a common motion, D and B being 
the complete displacement and induction. (The variation of 
u is ignored here). But if we stop the ether, a part of this 
force becomes inactive. If the matter is unmagnetisable, the 
only active part is that containing the polarisation current, for 
that is carried along. 

Besides this electromagnetic force, there is a force due to a 
pressure of amount U, But it does not alter the reckoning of 
the moving force on the glass, because the pressure acts equally 
and oppositely at the front and back of a pulse. 

Some other illustrations of the curious action between 
electromagnetic radiation and matter can be given. [The 
polarisation energy is calculated by (12) above.] For example, 
two oppositely moving plane pulses inside moving glass. Say 
E,=w,H, one way with the glass, and E, - — h., against 
the glass. If Hi - H work is done upon the glass when 
they cross, ceasing the moment they coincide, so that the 
energy of the momentary electric field is less than the wave- 
energy. On separating, the loss is restored. If, on the other 
hand, E, = — E,, work is done by the glass on the waves when 
uniting, so that the momentary magnetic energy, together with 
the polarisation energy, is greater than the wave energy. In 
this second case, too, it is noteworthy that the solitary waves 
are of unequal energy, whereas they are equal in the first case. 
But details must be omitted, as this communication is perhaps 
already too long. 


Electromagnetics in a Moving Dielectric. 
(Nature, April 27, 1905, p. 605.) 


§ 519. Some time ago, when considering the assumption that 
the ether inside a body is quite stationary when a body is 
moved, and that in the application to Maxwell’s etherial 
equation this involves the use of a fixed time differentiation 
for the ether, and a moving one for the matter, I argued that 
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the same applied not only to the electric polarisation, as done 
by Lorentz and by Larmor, but also to the magnetic polarisa- 
tion. I told the late Prof. FitzGerald that to make the exten- 
sion seemed to be a sort of categorical imperative. For it 
involves no assumption as to how the magnetic polarisation is 
produced. At the time I made the application to plane waves 
only. Since then I have extended it to the general case. The 
principal interest at present lies in the mechanical activity, 
fundamentally involved in the question of the pressure of 
radiation, and electromagnetic moving forces in general. The 
results confirm the desirability of applying similar reasoning to 
the magnetic and to the electric polarisation, in so far as they 
are relatively simple, and cast light upon the subject. 

Thus, let M= VDB be the complete quasi-momentum per 
unit volume, and M,=VD,B, the etherial part. Then if the 
velocity of the matter is u, and of the ether q, the motional 
activity (in the absence of free electrification, or variation of 
the electrical constants in space) comes to 


{u(d/dt) + vln. c)) M- Mo) + {a(4/at) +V(a.9)}M; (i) 
or, in a more developed form, 
u{d/di+uV + Vu + V,,.u}(M - Mo) 
＋aſdſdt + 4V + Va .. M. (2) 
Here the factor of u is the moving force on the matter, and 
that of q the force on the ether. It will be seen that in the 
material part we simply deduct that part of the complete M 
that does not move with the matter. This makes a great 
simplification of ideas. To avoid misconception, the V in (1) 
acts on all that follows, whereas in (2) the first V acts on the 
M's, but the second and third on the velocities only, as may 
be seen on comparison with (1). 
Tt is necessary, however, to point out distinctly the data 
involved in the above, as the simplification comes about in a 
special way. Divide the displacement D into 


Do- coE in the ether, and D. = ciE, in the matter, 


where EI - ET e, and e = V(u—q)B,. 
Similarly, divide the induction B into 
Bo = oll, and Bil, 


where H, = H +h, and h = VD,(u - q). 
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The electric energy is 
U=U,+U,—4ED,+4E,D,, 
and the magnetic energy is 
T = T,+T,=4HB,+34H,B,. 


Also, let there be four eolotropic pressures, of Maxwellian 
type, say P,, Pi electric, and Q, Qı magnetic. For example, 


P, = U, — Ei. D. 3 


meaning a tension Ui parallel to E, combined with equal 
lateral pressure. The rest are similar. Finally, the two 
eireuital equations are 


Vo H -h. h.) -B -V -e, - e- B, (3). 
where the motional electric and magnetic forces are defined by 
h,= VD,q, h, = V D,u, e= VqB,, ei = VuB,. 


This completes the data, and from them may be derived the | 
equation of activity 


-V {VEH + q(U,+T, +Po+Q)+0(U, +T, PI O 
=U+T+ (Uolco)to + (U. /ei)ẽr + (To Ho) Ho + (T. / ha) + Fq Fiu, 


where Fo and Fi are the forces displayed in (2). (4) 

The meaning is that the left. side of (4) is the convergence 
of the flux of energy made up of the Poynting flux, the con- 
vective flux, and the activity of the pressures, whilst the right 
side shows the result in increasing the stored energy, and in 
work done upon the ether and matter, either, both, or nee, 
according to the size of the two velocities. 

The terms involving é, etc., in (4) represent residual activity 
which may be of different sorts. The commonest is when the 
constants vary in space, especially at a boundary. For ex- 
ample, ¢,= — uY. ci, if ei does not vary in the moving matter. 
This means a moving force —(U,/c,)Ve,. But if there is com- 
pression, ci probably always varies intrinsically as well. 

It will be found that the omission of the auxiliary h has the 
result of complicating instead of simplifying the force formule. 
Similarly the omission of e complicates them. Now the use 
of e is founded upon the idea that the electric polarisation is 
produced by a separation of ions under the action of. B, for 
E, is the moving force on a moving unit electric charge 
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Analogously, H, is the moving force on a moving unit magnetic 
charge or magneton. If there are really no such things, the 
interpretation must be made equivalent in other terms. But 
the categorical imperative is not easily to be overcome. 

The application to plane waves I described in a recent letter 
(Nature, March 9, 1905) will be found to harmonise with the 
above in the special case. But a correction is needed. In the 
estimation of the moving force on ylass receiving radiation, the 
assumption was made that the electric and magnetic energies 
in the transmitted wave were equal. So the result is strictly 
limited by that condition. But the conditions E=wB and 
U =T are not coextensive in general, though satisfied together 
in Lorentz’s case. When U not =T, we have, instead of (8), 
[§518, above], | 

viv — pw —p:w=uw(T;- Us), 
and the rate of loss of electromagnetic energy is 

24HiHau + (20 (Ta- U3). 
Now this is zero when e- O, or the polarisation is proportional 
to the electric force. The question is raised how to discrimi- 
nate, according to the data stated above, between cases of loss 
of energy and no loss. To answer this question, let e and h in 


the above be unstated in form ; else the same. Then, instead 
of (4), the activity equation will be 


-VW =Ù +T + {4E*(5cy/5t) + ...} + (fa + fia) - (edi T hdi), (5) 
where W is as in (4), whilst fo, fi are the forces derived from 


the stresses specified (not the same as Fo and Fi), and Jj, Gi 
are the electric and magnetic polarisation currents, thus, 


Ji=D,+VVh,, ete. (6) 


It follows that it is upon e and h that the loss of energy 
depends in plane waves, when u and d are constant. For the 
stresses reduce to longitudinal pressures, so that by line inte- 
gration along a tube of energy flux we get 


E(eJ, +hG,) = 2(U +7). (7) 

Thus, when a pulse enters moving glass from stationary 

ether, the rate of loss of energy is 2 — ei). If e is zero, so is 

the loss, as in the special case above. There is also a 
with the calculated loss in the other case. 
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That the moving force on the glass should be controlled by 
e is remarkable, for it is merely the small difference between 
the electric force on a fixed and a moving unit charge. The 
theory is not final, of course. If the electromagnetics of the 
ether and matter could be made very simple, it would be a fine 
thing ; but it does not seem probable. 


The Charging of a Cable through a Condenser and Resistance. 
(The Electrician, Dec. 28, 1904, p. 894.) 


§ 520. In vol. 2 of Electromagnetic Theory I have described 
in considerable detail how waves are sent along a cable, and how to 
calculate them. Also how to find the voltage and current impressed 
upon a cable by an impressed voltage in the terminal apparatus at 
its beginning, from which the waves mentioned are derived. There 
is a good deal of numerical work to be done to determine the curves 
of voltage and current in specified cases. It is not difficult, though 
sometimes laborious. In a recent article (The Electrician, vol. 58, 
pp. 905, 954, 994 and 1,019), Mr. W. Gaye has done some of this 
work in a way that ought to be interesting to some of the many men 
all over the world who ought to be interested in this subject. The 
object of the present article is to promote the study of special cases 
numerically and graphically, especially as regards the inclusion of 
the self-induction of the cable, which is by no means a negligible 
quantity even now, whilst it ought to be a paramount agent. If it 
is love that makes the world go round, it is self-induction that 
makes electromagnetic waves go round the world. 

But it is well to begin with simple cases, and then go on to the more 
difficult. So, first, considering no self-induction, the current sent 
into a cable at its beginning through a resistance r and condenser 8 
by the impressed force e is 


e RN 

( . 0 

sp \Sp 

where the denominator under e is the sum of the resistance operators 
of the terminal resistance, condenser, and cable, the last being 
necessarily very long, since no allowance is made for the effect of 
terminal reflection at the far end upon the state of things at the 
beginning. R and S are the resistance and condensance of the 
cable per unit length, and p is the time-differentiator d/dt. I am 
here using condensance on trial for the electrostatic capacity of a 
condenser, because people do not seem to care much about per- 
mittance, which I think a good name. Along with condensance goes 
condensivity, of course. It is by trial and error that terminology 
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becomes established. International Conventions and Committees 
are not much good. 

If s=% , the condenser is equivalently short-circuited, and if r=0 
the resistance is similarly cut out. In either case only one curve 
requires to be calculated, as exhibited in a table by Mr. Gaye, 
because by altering the time-scale all other cases of a resistance 
alone or a condenser alone may be included. But it is different 
when the resistance and condenser are both on at once. Thus, put 

Ra 2 NI. 

278 j q= 55 : (2) 
rC 1 

ETETE 6 
We see that by varying the constant z we change the type of the 
curve. Mr. Gaye has drawn the curves for several values of z; if 
he had given the sets of numbers as well, it would have been better 
still. Not to repeat too much methods described in Electromag 
netic Theory,“ vol. 2, it may be said that in these cases of simply 
formed operators, the way of algebrisation is merely to divide the 
numerator by the denominator, and so obtain a powcr series in 
terms of p, and then turn p~” to /n. 

Now there is a certain range for z in which we may make use of 
the table referred to to calculate C in the present more advanced 
case. This can be shown very simply. 


then 


ls) NM. SSS 
Xs 
: 6—— 
(3) | 
r 
8 
In (1) we have resistance zx, no condenser, and impressed force 
F. In (2) the resistance is changed to x, else the same. In (8) the 


impressed force is e, the resistance r, and the condenser s is put in. 
Let C,» Ce, and C be the currents in the three cases. Then 


C1 C R RN 
N (sp) É (570 
... -K S 
© Ly + (55 (æ1 + z3) tap 
and in the third 8 5 0 
“— I, R\F 
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By inspection it can be seen that the constants can be adjusted 
so as to make C=C,-C,. We require 


„ Ter-, EL; 
T Ci pe Ro i T ©) 
or 
afe ot aad Le 8 
ý 25 ror ° 1 TA j R T9. (7) 


Any two values of x being given, the corresponding r and s become 
known. So the required curve of current through the condenser is 
the difference of the curves of current in two cases of terminal 
resistance only. We also have 
(g) 
12 i 


2 


(8) 


It follows that the least value of z is 4, or this reduction to simplicity 
ranges from 32 = 4 toz=0. Or thus, 


e 1 4% s? ( _4\t 

OD a 2701 (1-4) ). (9) 
The range from z=: 0 to 4 requires imaginary æ's and f. 
Example, 


2 200% „ 66, 3453. 
Since z means RS/rS or (R/ S) / (r /s), the ratio r /s must be less than one- 
fourth of the cable ratio. So, with a fixed s, we may range r from 
o up to a limiting value; or, with a fixed r, we may range s from o 
down to a limiting value. 

The principal utility of the condenser is to curb the signals. The 
curbing is increased by reducing the condensance. But as this also 
reduces the charge and the strength of the signal, compensation by 
increased battery is needed. So a practical compromise has to be 
made. 

The above being a practical simplification, what follows next 
relates to the general theory to exhibit the effect of z above and 
below the critical value and connect with other matters. Go back 
to equation (8). The roots of the denominator equated to zero are 


4K at Ne 42), 
„. 21d, 41-22 -A, 21.2 2— =). (10) 
We may therefore write 
rC 2 1 1 
6 5 a) 


z (1 94.2. 1 q 25 
5 42 72 ) 21 41 gy a 
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The result is algebrisable at sight, as the difference of two conver- 
gent series. Now, when z is greater than 4, it represents the already 
described differential problem. Or, which is the same, 


rC_ 2 ai „5 
22 dè 42 gf 


zt 2 
8 n ; (12) 
71 — 221 Jı 21 21 hh 


By pairing terms, and using the values of q,?” — 922, this form may 
be converted to the convergent series used by Mr. Gaye, obtained by 
division. But as the table has been calculated to suit this case, with 
any two positive values of x, and x, which mean real negative 
values of q, and g, it is not necessary to transform further. If, 
however, z< 4, it is possible that this form may also be useful, noting 
that it is only the real parts of the two series that are effective. The 


value of g” is 
(2) 


qh = (=); “i (18) 


When we transform (12) to divergent form, it makes 


„ [G —.Z ( +2. +) | (14) 
e URL 2 r 
This is done by using the generalised A formula, remem- 
bering that q, and q,, when real, are negative. It goes equally well 
when they are imaginary, with real parts negative. 

It is remarkable that the series in (12) involving the odd powers 
of q, contain an oscillating part when z<4, For we may write 
(12) thus :— 


— = — — — 4 
"ie 2re [ + Zaj in yt 2g?) 


ar a oaa J. (9 


But since there is no self-induction, there can be no oscillations in 
C. So the second line really involves an oscillating part which is 
the negative of the first line, the remainder being non-oscillatory. 
It is by conversion to the divergent form (14) that we get rid of the 
redundant mutually cancelling oscillations. Furthermore, by pair- 
ing terms to get rid of the powers of q, and q, (14) may be converted 
to the divergent series used by Mr. Gaye. 

The singular case 2 = 4 makes 91 42, and g =. There is 
another case of simplification, viz. 22. Then 922 147; 415 
2 2; 44 4; 4181 — 25; 4 2 16; 4 
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—82im — q, and so on. Also g,—q,=2t. These reduce (15) to 


77 VZeos( -) - V3 oo ar ia . = 


miere ar 


ae 
Now this special formula is an interesting example of the generalised 
cosine series, namely 


nr n 2 om 4282 
cos (7) — 2—2 Ba Zusa (17) 
the series to be made complete both ways, z being real positive and 
n any number from — œ to +œ, We are concerned at present 
with the valuen=%. It makes 


* xd gt rà 
nd ( 18 
oos ( A Sur at (18) 


Give to x the value t/rs, then 


cos (= — 7)" od 6 7) ~(za3) te (19) 


This transforms (16) to 
= — Vf (rep) (rep + (rep)... 


-ga {1-85 2) (1-79 2 ( 29. (20) 


Finally, this is what (14) reduces to when 222. Half the terms 
cancel out. 

The cosine transformation occurs in a variety or physical pro- 
blems. It is not fancy work, as some ignorant people have 
supposed, to use divergent series, but is highly practical in general, 
and is sometimes the only way to work. Here is an example— 
deep water plane waves. Given the initial state of vertical dis- 
placement at the surface to be D, condensed at the origin, and every- 
where at rest, what is the vertical displacement D at time ¢ on the 
surface at distance & from the origin? The usual theory when 
worked out gives 


= D, Y 2 y? 5 ys u | 

l- 6 + oY -v (21) 
where y=a‘t#/x?, The constant a means /g. Although mathe- 
matically perfect, the result is only directly calculable within a 
small range. Proceeding from z= towards the origin, D rises 
from zero up to a hump at a certain distance, depending upon the 
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value of y. Going nearer, the hump becomes a hollow. After that, 
the labour of calculation is too great. But by the look of the 
formula there is an infinite series of alternate humps and hollows 
between the outermost hump and the origin, Now the above 
generalised cosine formula (which may be obtained from 


era > as (22) 


by æ di, where a is real positive), when applied to (21) above, 
turns it to 5 Š 
. Do. at oog [LP N. 2Do 119.1 
Dez i 5000 (. 7) (u- 5 ap 0 (28) 
The second part is divergent, so the formula is only elosely cal- 
culable when y is large enough to make the second term in the 
divergent series small compared with the first. Now this is just 
when the previous formula is unusable. So the changed form allows 
us to calculate the oscillatory region. ö N 
Although this is the fundamental solution in the usual incompres- 
sible theory of deep water surface waves, it must be taken with 
much salt, being physically absurd. Nor do we arrive at intelligi- 
bility by allowing for the compressibility of the water. In the 
incompressible case the wave speed varies as the square root of the 
wave length. It is infinity for infinitely long waves. This is why 
the initial disturbance is immediately communicated to any dis- 
tance. It is also zero for infinitely short waves. This is why there 
is such a packing of infinitely rapid vibrations closé to the origin, 
where there was initially a discontinuity in the vertical displace- 
ment. Now, allowing for compressibility, the relation between 
wave speed and vibration frequency is exhibited in the periodic 


solution $ 252 
D=<A sin . 5 To ) | (24) 
where v is the speed of sound in water. So the wave speed w is 


vY 
„ 25) 
0 N 


As n goes from 0 to œ , w goes from v to 0. There is a remarkable 
improvement in so far as the long waves are concerned. The 
greatest wave speed is v, so there is a real proper wave front 
at distance vt, at time ¢ after a disturbance begins at the origin. But 
still the shortest waves have speed 0, so we do not get rid of the 
infinitely closely packed vibrations by the improvement. We must 
go deeper, and see what happens underneath the surface. Define a 
point by the coordinates r, Ø, where r= Vir is its distance 
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from the origin, and & the angle between r and the vertical down- 
ward, Then if D, is the vertical displacement 
: cos 2h att cos e 177 cos - À 
v= cosp_a g ve 26 
— 5 55 +... \ (26) 
is the convergent solution corresponding to 5 eo isa ae 
formula for D, the horizontal displacement. Both are contained in 
1 att? 2 att 6 at’ 
b. „11 27 
pars En 4 N 6 R. .]. (27) 
where Roi. This shows the helical nature of motion. There 
is nothing unintelligible about it, except at the surface, where z=0, 
or H= Ar. It is u limiting surface of absurdity. It is therefore the 
boundary condition assumed in this theory that is imperfect. The 


condition , 
D, -gP (28) 


is indeed approximately true at the plane z=0, when this is under- 
neath the surface, but is not true at the surface itself. But if we 
give z a small finite value the initial state of vertical displacement 
will be the hump represented by 
2D. 
"re (27 ＋T 4) 
and now the initiation, growth, and decay of the wave trains to 
right and left can be followed. 
It is also interesting to see that in the vertical plane x- O the 
generalised e~* formula turns up. That is 


(29) 


e"7 cosrrm > Z (80) 


when s is positive. For put @=0 in (26). Then 
272 [2 % IB 36 
5.—5 f1- oe eat 6 t} 
Wz 22 [4 2? 6 g3 
This is the convergent a As f increases from 0 upward, D 
falls to zero, reverses itself, and then rises again. Is there any 
oscillation? It appears not, but calculation becomes difficult. 
Now, the generalised e formula turns (81) to 


8 . 
. 2505 d a. 2 ant 0 82) 


and this shows the subsidence to equilibrium from the negative 
maximum without oscillation. The vertical plane z=0 must be 
uniquely non-oscillatory. By actual numerical calculation it may 
be shown that the convergent and divergent formule join properly 
in the middle region where both are calculable. The effect of surface 
tension does not appear in the deep water wave theory; only gravity. 


(81) 
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Returning to the submarine cable, I have, in Electromagnetic 
Theory,” vol. 2, pp. 346, 348, &c., given a general method of ex- 
panding the required formule when the self-induction is taken into 
account (and also leakage if desired), which saves a great deal of 
experimental work, and puts the results in the form suitable for 
showing the progress of the waves along the cable. Thus, with a 
condenser and resistance at the beginning, to illustrate, if there is 
no leakage the current entering the cable is given by 


C 1 
z 1 /R Eie) 1 (38) 
r+—+ 
8p Sp 
Let R/2L=0, LSv?=1, then 
C 1 
v= : (34) 
Ogee rez ( +20\' 
sp po 


Introduce the prefactor e- t. To do this, change p to p-s, and 
put on the postfactor ect or p/(p—a). So we get 


p 
C p—s 
—= g7 t — — š (85) 
: r+ = 2 ) 
505 o) o) p-o 
Expand this in I, (ct) functions. To do this, put 
p= 200 +a-}), (36) 


and introduce the postfactor (1—a?)/(1+a?). See “ Electromagnetic 
Theory,” vol. 2, p. 348. We come to 


Oe oe es (87) 
e „LV 1— 24.1 LV -r 2 
* ＋ L Lor 
or ) 888) 


e t Le I- ma- na 
This is, in a condensed form, the algebraical solution of the problem. 
To exhibit fully, expand in powers of a, and then turn a“ to In (ot). 
The expansion is easily done. Thus, 
L; =F ame zl- a?) [1 +a(m-+na) +a?(m?--2mna + n?a?) 
E 
+ a3(m3 + 3mẽna 4-8mn*a?-+-a5) a Amma , min 
+ An + n'at) +...] 
raft + Bee n) +03(m?+4+2mn) + a'(m + 8m2n-n*) +... 

—a? —aim —a'(m?+-n) —...} 
Or, tal (89) 
3 15 0 1am ram fn I) Tam ＋ 2mn m) 
e Ta (mA men A n- n- n) .. (40) 
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To carry this on to the extent desired for calculation, all that 
is wanted is the law of the coeflicients. It is easiest to do it arith- 
metically thus, 


1 

1 

1 1 

1 2 

1 8 1 

1 4 8 

1 6 6 1 
1 6 10 4 
1 7 16 10 1 
1 8 21 20 5 
1 9 2 8 15 1 
1 


10 86 66 85 6 1 

The first two columns explain themselves. All the rest follow this 
rule: — The sum of the first n terms in any column n term in the 
next column. Taking the figures in the rows, they are the 
coefficients, as in the first line of (89) above. 

Another way of expanding (88) is similar to (11) above, in terms 
of a, and ag, the roots of eee a 
thus making a difference problem, meaning the same as (40). 

For small values of ot the convergent formula is 


Ge Ge Ge. 
a" m I (ot) LT 4. (41) 
On (611 (2672 
But for larger values, e 


1 13 - 4n? 8? - dn? 5? — 4n? l 
et ea — — ee — — eee 
(00 (27rat)4 (1+ 1.8ot 0 £ 2.806 (1+ B.80¢ ( J 


So the problem is brought to complete numerical realisation. 
There are tables of I, (c in Gray and Mathew up to ct=6 or 80. 
But the divergent formula may be used for much smaller values in 
some cases. 

To find V, the potential, go thus :— 


. R+Lp i ‘= -¢ 142 e 
V (“3”) CL: ea t (48) 
= ee (ta) (44) 


T“r+Lv I- ma- Ma 
The net result is that the multiplier 1— a“ in the C expansion 
becomes (1--a)?. See how equation (89) is constructed from the 
preceding one. Do similarly with the changed multiplier to find V. 
Details of these processes will be found in the work referred to. 
Also how to include the influence of leakage by having e~” instead 
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of et as factor. Also more primitive methods, obtaining power 
series directly. But the systematic development is best in advanced 
work. How to turn the terminal solutions into progressive waves 
need not be considered here. 

The values of m and n are 
r — 1/80 „e-r 
rF’ Tor ” 
They may be positive or negative. One or other of them may be 
zero. When both are zero we have a remarkable reduction to 
simplicity. We require 


r= Lu- (60) 1. 


These give the values of r and s in terms of the cable constants. 
The terminal resistance r equals the initial impedance of the cable, 
and the terminal condensance 3 is 2L/ RT. That is, the time 
constant of the condenser and resistance on short-circuit equals 
twice the time constant of the cable itself on short-circuit when 
supporting a current of uniform strength, meaning C uniform all 
along the cable, varying with the time as e t/t, 

The terminal potential and current are 

Vile. -( 721. -＋Iz) (at), (46) 


Cm sl e- Toe = Lert an (47) 


Now, if the cable were direct to earth, r=0, =œ , we should have 


C =. etl (at); (48) 
and if, farther, L=0, this reduces to 
_,f 8 N 
C=e R R) 49) 


Now these formulæ are all very easily calculated and graphed. 
So the influence of the L of the cable, and also the influence of the 
terminal resistance and condensance in a special case are easily 
obtainable. For example, comparing (48) with (47), the effect of 7 
and a is to turn I. (ot) to Ii (ot) / ot, or 


der ($at)® (bet)? ($at)’ 
1 ot)? + +2. oes t 1 „ . (50 
+ (ot)? + pt o (1$ Ee ) 


The factor comes in because r=Lv. The current is halved at the 
first moment. But of course the curves are not otherwise similar. 
Introducing the factor -t, we may write 


C= 71 ot (1- got (1-35 (445 (13576 (1). (51) 


Or 
e 8 1 5 1 21 1 45 1 
EN, i E 11 „ E Spheres 1+...$.(52 
os man]! 221 t3 zai 1+ 6 zalt 8 oA T 765 ) 
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Use the first when ot is small and the second when work by the first 
becomes too long. Or, the tables may be used in the first case. 
E.g., ot 5 makes the first sum very long; so use the second, and 
a short sum makes rC/e='082. The value f= 2 seems about the 
neutral place; by both formule, rC/e=°108. My general practice 
is to count half the smallest term in the divergent series. 

But let us see if the critical values of r and s are practical. Say 
R=2 x 104, or 2 ohms per kilom., and S=2x10-*!, or 4 microfarad 
per kilom. Then 


2H. * 101 = 1004/ © ohms. 


Giving L values from 2 to 100 for example, it is seen that the 
values are practical. Also 


oa 2 2.0L 20 L miorofarads. 


This again gives practical values. It is certainly striking that the 
values of r and s should be just in the proper region. There is a 
Providence in these things. 

It would be possibly of interest to cable electricians if someone 
would work out the curves for various values of L; say, 0, 2}, 5, 
10, 20, etc., to show the effect of L on the sent currents, not 
merely with the.critical values of r and s, but with various values. 
The general effect is not difficult to see. 

If leakage is allowed for, Sp becomes K+Sp in (88). Then let 


p= B/2L+ K/28, ø = R/2L - K / 28. (58) 
This makes p 
i a P-P ou (54) 
: T — 1 Lo (277 
5 -p) 2-0 
which by the a transformation leads to 
C 15001 — 4 (1 — a’) 
Z a A 2" 
© A, Ala ＋ Aat Aa? (55) 


where | 
Ay=gso(r+Lv), Ai = 1 -s ＋ Ly) Lu-), 
A,=$80(r+ Lv) - 1 (Lu- r), A; s Lu- r). 

Here (55) is the complete solution, on expansion in rising powers 
of a. But it is very complicated in general. An exception, of 
course, is the distortionless case, which should not be done through 
a at all; but direct from the primitive operational solution, making 


8 
C riv sirt Ly) (57) 


(56) 


Nevertheless a great simplification sf (55) occurs in the critical 
case, For A=0 when reLv; and then A,=0 if 180 1 as well 
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But we cannot make A, =0 with possible values of cable constants. 
In this critical case, 


C pt 1 an? l-a e 20 
=i 70 a enor, if c= 5 1. (58) 
= {1+ (e- „a (-o J)ar ..). (59) 


Although making an infinite series of I, (ot) functions, the coeffi- 
cients are very simply formed. 


Other Critical Cases. Mathematical Excursion. 


§ 521. There is a second critical case in which, without leakage, 
the formule for the potential and current reduce to simple form 
when a condenser and resistance are put in terminally. Say 


r Lu, 1=2rse; then m=-—l, n=. 
Equations (38) and (44) reduce to 
C tt e—ot 
z= J (l-a) =- (L -1)(et), (60) 
v 
„ -d.) = (Io Ti) (ot). (61) 


The value of the terminal condensance is one half the value in the 
first critical case. Being in the practical region, the present case 
makes a substantial addition to the simply calculable cases possible 
without employing an infinite series of I, functions. 

If the resistance r is next the cable, and e is on the other side of the 
condenser, without extra resistance, the potential V, at the junction 
of the resistance and condenser is 

V,=V+7C =e e—*tI (ot), (62) 
by the above. Compare with (48). The curve of V, in this second 
critical case is the same as the curve of C in the standard case ot 
terminal short-circuit. If, however, e is directly associated with r, 
there is the usual modification of potential distribution, whereas C 
is the same through the resistance and condenser whichever way 
they are put, and wherever e is put. 

If r=Lv, and s=o, we have a third critical case, 


5 = 27 05 ＋ Ii). (88) 


As the condenser is cut out, this curve is of a quite different nature. 
In fact the curve of C is the same as that of V in the second critical 
case. The curve of V, however, requires an infinite series. 

A fourth critical case is worth noticing, though it does not reduce 
to finite terms. It is that of equal roots of the a equation. Let 


m*-+-4n=0, then @,=a,=2m-!, 
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We may eliminate n, and reduce (88) to 

9— i ae (I- a7) TAAMa) +8(pma)?+...} (64) 
There do not seem to be any more finite reduetions than those 
described. 

Although the method of treating the a fraction similar to (11) 
ultimately only leads to the result (40), there are some views by 
the way worth E at. We have 


Be 3 (65) 


l-ma- 5 a1 


where ai or q=- 4 4 (66) 
and the question is what electrical problems the two simpler ones 
represent. We have to find the meaning of 
— =Iy+cl, tcl, +e%ly+..., (67) 
where c is a constant, and of the same multiplied by 1-a*, Take 
(67) first. 
Let 2 (A2) then 2215). (68) 


That is, the square of the resistance operator of the cable is the 
product of the resistance Lv, and of r+(sp)-!, where r and s have 
the special values Lv and (2 LVO) 1. This is what takes place in the 
second critical case above described. But in the more general case, 
we can put a in terms of p by means of 


pte ) —1 
p=to(ata"), or a= A (69) 
Gey 
p-o 
It follows that Lv+Z 
ot 1 l+c (70) 


lta 21 1— C 
Z 
tiolp l+c 


To verify this, it may be done the other way, Given the right side, 
solve it in terms of I, functions with the exponential factor in the 
way (88) was obtained. The result is the left side. As regards the 
meaning, the denominator signifies a cable, resistance and conden- 
sance in sequence, with special values of r and s, which are positive 
when c<1. The numerator is a constant x the sum of the resis- 
tance operator of the cable and of a resistance Lv. So the left side 
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of (70) is the sum of two solutions, viz., the potential at the cable 
terminal due to a steady e of a certain value, and of the current into 
the cable multiplied by a certain resistance, not the same as r. If 
1, this problem is electrically impossible, owing to the negativity 
of r and 8. . 

If we turn c to its reciprocal, we obtain 


Lv+Z 
ae TF 
& 1 P 5 27 1D (71) 
Lu IIe 


which is electrically possible when c 1. 
By uniting (70) and (71) we get 


-otf 1 1 -ot _ z 
: (Le Le-) me (nt (+ 0- 1, ). .. ), 


(72) 
on the left side; and 
Lv+Z Lv+Z 
CS ea 
l+c I Luv 
Lv l+c Lv l+c 


on the right side. Here note that the 1 in the a function always 
means a’; so that t= Ly / Z. This expression (78) reduces to 


zgi 1— : = 
T 5 g? zv it s= 175 (74) 
112055 — (1+=) 
This can be algebrised at sight, and makes 
ot({1 - c)? as ot +1 
e 2 = bat z), (75) 


Comparing with (72), we corroborate a well-known besselian 
formula. 

We can also exhibit it as the difference of two cable problems 
without condensers, but with resistances only. For the left side of 
(74) is the same as 


Ly, 1 1 
25 0 TLZ ete} (78) 


which expresses the differences of the current from a special e into 
a cable chrough the resistances L/ and —Lv/z; one of which, 
unfortunately, is negative. But that is of no consequence in the 
momentary application, which is to elucidate the treatment of 
operators in the solution of differential equations, rational or 
fractional. This matter has a great future, not merely in electro- 
magnetics, but in all mechanical applications, as academical mathe- 
maticians will find out in time, if they live long enough. 
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In a similar way, it may be shown that 
.—11 = a 2Lv 


19 
1 -ca 2 ＋ Lo- I- UR ( ) 
2p 


so the problem represented is that of a cable with terminal resist- 
ance and condensance, the first of which has the critical value, but 
the second neither of the critical values, and moreover c<1 for 
electrical reality. Applying this to (65) above, we get 


QLv ag 2Lv a1 
Cc. r+Lv 22— a1 1 ＋ L a= (80) 
0 Io Z T 1-1 Rv Rv Lo- Z 471 Re ‘Rv 
2a, p 2a, P 


This exhibits C in the case of any values of r and s in terms of 
two C's, both with the critical T= Lu, but with different s’s, which 
need not be real, however. The impressed forces are also different. 
I hoped this method might be as illuminating as in the correspond- 
Ing case when LO, but it is not. 

As another example, examine the meaning of 

C_ R+L 
-= = oar ZTe Where Z= K 85). (81) 

Here clearly c is a conductance. Put in terms of p and o, equa. 

tion (58). ae i 


ptp—o p+p—< 7 
We therefore have | 
æ cL? — . 
rwe, k- 2 Pr (88) 
These show the value of the terminal resistance 7, and also that the 
condenser is shunted, or has the conductance k; and shows the 
values of k and s. 

To develop in terms of a, change p to p-p, at the same time 
putting on the prefactor ot and the postfactor et or p/(p—p); 
then finally put $7(a+a—') for p, and put on the postfactor 
(1 —a*)/(1-+-a"), which is the besselian development of unity. The 

t is 
= (1— a) (1 — a} 
— ET PI —— — 1 G 
e (1-+-a?—2fe—1a) Lv {(1—a?)-++-cLo(1+a)*} (84) 
Finally, this may be expanded by division. If cI.v=1, it simplifies, 
viz. :— 9 (1 -a) 
ooo TLV(I +a? —2ape-!) (85) 


To destroy the leakage pmo. We then reduce to tne case of equa- 
tion (61) above 
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The Curbing Effect of an Inductance Shunt. 


§ 522. That an inductance will curb signals when used as a 
shunt to the receiving instrument, instead of a condenser in series, 
is obvious enough. But the inductance and the condenser curves 
of current in the receiver cannot be quite similar; and it is not 
easy to say, given an unlimited power of varying the size of the 
condenser and of the induction coil, which method would be 
preferable on the whole. I have been informed by Mr. W. Gaye, 
that in certain cases the inductance shunt has been found to be 12 
to 14 per cent. better than the condenser, owing to the better 
definition of successive dots on the same side. But the working 
speed is the resultant of so many factors that this estimate should 
not be extended too far beyond present experience. 

We may get some theoretical guidance by comparing the curves of 
current in the two cases of condenser and inductance under the 
same circumstances as regards impressed voltage. The condenser 
with resistance in series has been done. Now do the coil theory. 


Let the impressed force e act in the resistance r, joined to the 
beginning of an infinitely long cable, with an inductance coil as 
shunt. The inductance should be very large, and the resistance of 
the coil small. The initial current is e/r, just as when a condenser 
is used in series with r, instead of the shunt coil. The final 
current is e/(r+R,) in the battery and the coil, but zero in the 
cable. This is again like the.action of a condenser, as regards the 
cable current, though not otherwise. But the course of the current 
in the cable is not the same in the two cases. 

The current in r at any moment is 


— e Z= (R/Sp}, 
C=- ZZ 2, -R. +o; (1) 

and the current entering the cable is 
: Zo P= 2 
GTE. š 


by the usual formule for conductors, but using the resistance 
operators instead of the resistances. 
VOL. II. P 
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We must now algebrize this formula. Take Z, L. p. The 
resistance R, is not material. Then 


C=—— 5i 27 (5) bua (8) 
harp) 
pi 7 
It can be seen at sight that long division will give a convergent 


solution, which is therefore the solution, and two others of mixed 
character. Thus, the convergent solution is 


Om {1-2 (142) +2 (142) - (a+ 3) teed, (4) 


which is to be algebrized by turning p~” to ¢*/|n. Since this solu- 
tion is in sets of terms alternately + and , this may be the best 
arrangement for calculation, as it stands. The range of utility 
with moderate work must be found out. Since 5 r / Lo, the larger 
L, is the easier the work. 

The solution may also be regarded as the difference of two power 
series, one in integral powers only, the other fractional only. Thus, 


One i142 (142) +5 (142) + vee 


HAG) , 


and it is easy, in (4) and5), to collect the coefficients so as to have 
any power of ¢ isolated. 
The corresponding condenser formula is 


e e 

r+}+Z „114 %)] (6) 
Sp P\ pe 

where a is as before, whilst o is a fresh constant. That is, c/p in the 

condenser case becomes 5/ in the coil case. This suggests more 

effective curbing, but regular calculation is required to show it. 

Since the denominator in (8) is a subic in pt, the divergent solu- 
tion requires special treatment to harmonize with the convergent. 
This is reserved. 

If we shift e to the other side of the junction, so as to be in the 
cable itself, C then represents the current in r. That is to say, C is 
eurrent in the receiver at the end of a very long cable due to a 
quite special sort of signal, and curbed by the inductance shunt. 
This may be compared with the corresponding received current 
with a condenser inserted instead. So that the difference in the 
curbing action as calculated at the sending end serves to illustrate 
the same at the receiving end. The actual formula for a practical 
received signal which has traversed the cable is of course very 
complicated. 
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If the inductance shunt is better than the condenser in receiving, 
it may be expected to be better for sending as well. The proper 
way is to try it thoroughly. Perhaps earth currents may be detri- 


mental. 
The Transverse Momentum of an Electron. 


(Nature, Aug. 81, 1905, p. 429.] 
§ 523. When Newton’s Third Law is applied to an electron 


it makes F M + N, (1) 


where M is the “momentum ” in the field, or that part of the 
time integral of the force on the ether which is in the field, or 
£ VDB, and N is the momentum already wasted, whilst F is 
the applied force on the electron. 

Similarly, Newton’s Fourth Law (or the Scholium to the 
Third) makes e 
Fu=U+T+W, (2) 


if u is the velocity of the electron, U the electric and T the 
magnetic field energy, and W the rate of waste of energy. 
Now, both W and N are known in terms of the velocity and 
acceleration of the charge at any moment by formule I 
gave in Nature, Nov. 6, 13, 1902. But when applied to (I), 
(2), these equations do not let us determine M generally in 
terms of the velocity and acceleration, on account of the 
variability of the state of the field, and of the waste of energy 
and momentum. M is indefinite. But in long-continued forced 
circular motion of a charge, U+T'=0. So [p. 163, eq. (18)] 
2 A 
ru- w=", (3) 
(loc. cit.), where Q is the charge, and A the acceleration (or 
/R, if R is the radius of the orbit). Also, = I- /.. The 
direct or u component of F is therefore known. We also have 
(loc. cit.) Ip. 163, eq. (19),] 


- U 
Ñ =W. () 

Using these in (1), along with (3), we come to 
Fi- H, F. - M., (5) 


where Fi is the u component, and F, the transverse component, 
towards the centre. 
vol. IIL PB 
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Thus only the part F. of the direct force is associated with 
the transverse or centripetal force F, in keeping up the revolving 
state; the rest of F, that is, (u?/v’)F,, being the wasted part as 
regards momentum, although the whole of F, is concerned in 
the waste of energy. 

Now, M = VnM, if n is the angular velocity. That is, 


M = Mu, + Miu + MAI + M.A, (6) 
if u, and A, are unit vectors, making 
u, = (u/R)A,, A= -(u/R)u,. (7) 


Also, M. = O, M. - O, because the motion is steady. So we 
convert (5) to 


KF, = M. = M,(u/K)a,, F, = M, = M,(u/R)A,. (8) 


Finally, although we get no formula for M,, we do obtain a 
complete formula for M,, viz., 


M. LNA. (9) 


This is the transverse momentum of Q in steady circular 
motion, without any limitations upon the size of the velocity 
and acceleration, save the usual ones, u<v, and A not exces- 
sively great in regard to the diameter of the electron. 

It would seem that an integration over the whole field, in 
which E and H are known (loc. cit.) [p. 162], is required to find 
M,, the direct momentum. If, however, the acceleration is 
infinitesimal, the known formula for M, in steady rectilinear 
motion may be employed, viz., }Miu=T. 

Finally, I have pleasure in saying that Mr. G. F. C. Searle, 
F.R.S., led me to see that my waste formule led to the 
formula (9) for the transverse momentum, by submitting to 
me a calculation of M, in the special case of infinitesimal 
acceleration and velocity. He made no use of the waste 
formula, not being aware of it, but since in the circumstances 
the waste is infinitesimal, it did not matter. In fact, }Mwe=T 
leads to the reduced special value of the transverse momentum 
when u and A are infinitesimal. The argument, was somewhat 
obscure by the want of comprehensiveness, but the result 
agrees with (9). 
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Extension to Helixal Motion. 


§ 524. To pass from a circular to a right helixal path, we 
have merely to add to the circular velocity u a constant recti- 
linear velocity w perpendicular to the circle. Since the 
acceleration is unaltered and the waste of energy goes on 
uniformly, it may be inferred that the formula for the trans- 
verse momentum is the same, with allowance made for the 
changed velocity. But there are some changes otherwise. 
Thus, let q=u+w be the actual velocity, then = 1 — gji 
now, and yy Ha A2 

6 u 
represent the rate of waste of energy and momentum. Here 
A= /R, as before, but now N has an axial component. 

Let M=M, + M, + Ms, where M, is the circular component, 
M, the radial component inward, and M, the axial component. 
We have M. constant, because its direction is constant, and 
the symmetry makes its size constant. So the equation 


7.4 
N-, (10) 


splits up into e 
F. M. + (%) W = — M,u/R)a, + (/ W, (11) 
Fa = Mi- Mi(⁰U /R) Al, Fa (W ½ “) W. (12) 
Also, the activity equation becomes, by (11) and (12), 

hi oe — M.A + (G W, (13) 
from whic LW =- M.A, (14) 

so that M, F, and Fs are all known in terms of W; thus, 

w W 6² 

M. AW. Few, 11 55 (15) 


where W is given in (10). But Fa, Mi, and Ms require further 
work. 

The transverse momentum is increased by the axial motion 
added to the circular (supposed unchanged) by reason of the 
changed value of the velocity and therefore of . It may be 
largely multiplied in this way. Fi is also increased. The new 
force F; also mounts up with w. It would be zero, if the 
motion were strictly rectilinear at constant speed. 

But if it is the actual speed q in the helixal path that is kept 
constant, then M, and Fi fall off as w increases, whilst F, first 
increases and then falls off. 


214 ELECTROMAGNETIC THEORY. OH. x. 


Deep Water Waves. 


§ 525. This subject turned up in § 520 very strangely in the 
theory of a condenser and resistance placed in series with a cable. 
But some time before that, in Lord Kelvin’s “ Baltimore Lectures,” 
my attention was directed to the water waves by the remark that a 
certain definite integral was “ irreducible.” This meant, I supposed, 
that it had not been algebrised. Whether so or not, I found that it 
was readily algebrisable operationally to a convergent series, which 
also showed the necessity of a second form, divergent, for purposes 
of calculation. I make no pretence of writing about deep water 
waves of various types from the practical point of view. What 
follows is to illustrate operational methods. 


Let p=P_ T cos gz cos qot dq, (1) 
RT 


What does D mean? Put ¢=0. Then D=0 everywhere save at 
@=0, where fDdz=D,. That is, D at time t results from the 
amount of D represented by Do condensed at the origin initially, 
and made to spread right and left in a manner controlled by the 
partial characteristic of D, modified also by the similar spreading of 
the initial states of D, P, &c., so far as they are concerned. 

Say v=ag*, or vu, if à is the wave length in a train. Then 
D is equivalently expressed by 


o IFA 1 J. ITS 
where p=d/dt and A=d/dz. Or by 


b. cos gz dg _Dy ” cos at dq (2) 


=Po f dq (8) 
1 o (1-+g?/4*) (Ta- 

If any of these forms be integrated, the result is to express D in 
terms of D, operationally, with one differentiator concerned in the 
case of either of (2) and with two differentiators in the case of (8). 
This may perhaps be done for any value of n, though certainly it. 
will be complicated. For special values of n, it can easily be done. 
If n=0, v is constant. This is an easy case. Ifn=1,v=aq. This 
occurs in the theory of lateral vibrations of an elastic rod. If 
n= 1, vod, so it is a singular case of stationary vibrations. 

If n= —}, we come to the deep water surface wave theory. Then, 
selecting the form (8), we have 

@ 


D- J O. (4) 
1% (1+9?/4?) (IT 
The indefinite integral is known, thus 
D 1 Ail [iog Steet e n- 7. 6) 


D, r Bt + pat NJ pat a1 A 
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So, finally, 
-l A (2 2850. (6) 
5. r AT aA a 8 474 
This being an operational solution, can be algebrised in the usual 
way. 
The rational part of (6) makes 
2. pe 
y ein r, by A first, (7) 
AË . abate... 
or, 121 e E ). by p first. (8) 
Next do the logarithmic part of (6). With A first we get 
—1 d () (p?/a?A)* (9) 


7 x dn, dn, Fp jaAa —’ 
where n, means that we put u- 0 after differentiation tom. Or, 
1 d ſæ (a). 4 cpt} 
x dn \\n[— (2n+2) 2 n+ \—(In+6) 
=2[ G- - 2) - © (at)-*g'(-8)+ e 


asl. “pant G (au) - . (10) 


But if we do p first in the logarithmic part of (6), we get 
1d (v2) A- - 
xdm ITA an 
1d 4{2" a-2 (al) - F., (at) 20 — 


r dm e — 6) 
-M- 
/ al 4 K [5 ef a 
r(s) (ae ) i 


The sum of (12) and (8) is one form of solution, the sum of (10) 
and (7) is another. But (12) is convergent and (10) divergent. Now 
it is a result of experience that when an algebrisation comes out in 
the form of a convergent series like (12) coupled with an operational 
series in integral positive powers of the differentiator, like (8), 
then the latter part means zero, just as any one would suppose, in 
fact. R 


2 =1(#)' 5-8 B att! 22 705 a — (18) 


is the convergent solution of our problem. But it is equally a 
result of experience that when we come to a divergent series like 
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(10) coupled with an operational series like (7), which would seem 
to mean zero, then it may do so, or it may not. That is, the 


divergent equivalent of (13) is / 
CCC . (14) 
D, Dy ræt patt [4 ast 


where D, is an auxiliary function to be found from (7), or by other 
means. 

Deferring this work, numerieal examination of (18) shows it to be 
oscillatory, but only the extreme outer part, as said before, can be 
conveniently calculated. Give a constant value to ¢, and then vary 
& from o downwards. D mounts up from zero at œ to the top of 
a hump at a finite distance and then falls to zero. Going nearer 
the origin, there is a negative hump, or a hollow, now of finite 
length, of course, and, moreover, its maximum is greater than that 
of the dutermost hump. This is quite sufficient, along with experi- 
ence of this kind of formula, to let one see that between the outermost ° 
hump and the origin ia an infinite series of humps and hollows with 
amplitudes increasing and lengths decreasing towards the origin. 
But we also see the necessity of finding D, in (14), to enable the 
waves to be numerically estimated. Without that, (18) shows that 
if ya‘t*/z*, for any constant value of y, x varies as f and D varies 
as t-?, Also œ varies as f, so the velocity of a particular phase, as 
a node, varies as t. The distance between two nodes varies as ¢?. 

The following is one way of finding Di. Put g= at / 41 in (18), 
and A=d/dq; then 

D 4 (C. 4. gh 


D. sare a tg sa 
i 
-a*a COB g.. (16) 


In this form we see that the transformation from (18) to (14) depends 
upon the generalised cosine alee Thus, let 


Cos 4 · + Z- 894 — ones (17) 


then Cos g is numerically the same as cos g. But it does not behave 
the same when differentiated, for 
+8 


2 g 
A Cos = 1 — = 40.7 4 1 - (89) 
„„ te rea" (aul 
— — ris to add Irr to the 
argument. This makes 


oer G- b n EG k a a9 


ey ee qr} ge gts 
Ar Sin g tin (2 rr) = fra TAH (20) 
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The above is something like the way of constructing an integral 
for x"/[n, in vol. 2, p. 485. Or thus (if A= d/dx), by the above, 


A-7” cos mæ m cos (mæ— Inx); 


80 af cos madmax f" $08 (mez nn) me — ane) am, 
1.) o Tjo m 
This is A-”A1, so 
an 1 (“sin (ma - ner) 
— — == os 


Finally, we should show the connection with the generalised 
exponential function. Say 
—1 r +1 
Er 5 vee ` (22) 


Put =. Then we get 
+2 
osy+isiny=| (F- +=) 


E yt as ir 
( U- ) J. = 


Next, use i” = (Cos + d sin) hre, and assume that y is real positive. 
Then we may separate the real and imaginary parts of (28), and 
pepan 2 1 +1 . 
r+ r- 

cos y = 8 . „ oog gr (= + Yi- y+ — 
sin Arr., (24) 
and a similar equation. Both these results involve (19) and (20). 

It is to be noted that (22) is numerically true when v is real 
positive, and that (19), (20) are numerically true when g is real 
positive. As a test, consider the case r= $, making 


cos (g- be) + - at ‘ (25) 


I have worked out the long sum for the value (22) 100, and 
obtain the value — 478, whilst the tables make the left side come to 
477. Also for the value (2q)?=60. The series makes — 917, 
whilst the tables make — 92. These tests are good, and the errors 
are well within the admissible errors conditioned by the finite size 
of the last convergent term in the divergent series. 

Now use (25) in (15). We see that | 

D 4941 g» g“ ; 
5. naa les Le) + E A-; 
or in terms of x and t, 


D aF att? r 2 6 * = 
Darien (i-i) -aal gmat) en 


(26) 
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This is the complete divergent form of solution. The auxiliary 
function D, is found to be 


8 (2 i) 28 

Dy 2 Jan N 4) e 

Here is another way of finding the auxiliary function. Go back 
EA“ cos q= IIA (29) 


If we algebrise this in a oonvergent series, we obtain (15), of 
course. But do it the other way. Thus, say E, now, 


. A e 
Ein An- Atty Ses ae eT š (80) 

Comparing with (26), we see that the result is only the divergent 
part. The other part, say E,=cos(q—}), does not come. Now 
E- EITE, if E is the convergent series, E, the divergent, and 
E - E, represents the complete generalised series. A practical way 
is wanted of easily determining its value, in a great variety of 
problems, the present being only a special case. I do not know of 
a general method, but find the Expansion Theorem (vol. 2, p. 127) 
is often useful, either to give the true result, or else a result which 
is suggestive. Thus, to give examples, say 

Ar 

When n and r are integers, the Expansion Theorem may be 
used, with caution or some modification, however, whenr>n. It 
gives the value in a series of functions of æ, of the power series 
which is obtainable at sight by division. This is the proper use of 
the Expansion Theorem. But when r is not integral, it gives the 
value of the generalised series sometimes. Let {...} indicate the 
use of the theorem. Then, n=1, and let r be fractional, and less 


than n. A-r Al-r)  1l-r;7 
(I-51 Swit, (82) 
This is the value of the complete series zxr. Again 
A Al-r 8 82 
{rea} {sea} == e~*(cos rx i sin re), (88) 


of which the real part is the value of the complete series L t arr. 
Passing to.n=2, we have 


rie-. 00 


Here again the result is the value of the generalised series, as above 
determined. So far is very encouraging. But, passing to n- 8, 


a1 ETO V- A/ g) + cos (2 F+ A /g) 
tee fisin( . O -i sing. ) 65) 
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Now the real part of the right side, in the special case 1 =, does 
not seem to represent the proper value of the generalised series, and 
so the suggested extension of the Expansion Theorem to fractional 
differentiations requires to be hedged round with restrictions. 
Leaving this matter, therefore, as being in an experimental stage, 
return to the main question. 

Observe how the algebrisation of the log part of (6) was done, 
through (9) to (10), and then again through (11) to (12). This is 
the reason. Not knowing in advance exactly what the log of a 
differentiator means, we have to find out. Things of this sort are 
not considered in any respectable mathematical work, either 
because they are beneath notice, or for other reasons. But all 
mathematics, in the exploring stage, is observational and experi- 
mental, as I took pains to insist upon at the beginning of volume 2. 
Now here we have to find the meaning of log (/A), with unit 
operand, and of functions of the same. If æ is a quantity, we know 
that log x=(d/dn,)x". The same is true formally for log (p*/a?A) ; 
so we turn it to (d/dn,)(p?/a?A)™. Here (p?|a?A)” can be algebrised 
in the usual way, so we algebrise first, and then proceed to the 
logarithm by differentiation. And the justification of faith is by 
work, for the process works. If it failed, then we should have to 
find some other way. 

I have already given an example of this process in the present 
volume, p. 37, where it was applied to work out the new result 
due to a straight line source of magnetic force in an electrical con- 
ductor. The theory is the same as that of the diffusion of heat 
from a straight line source in a heat conductor. 

Here is another way, essentially the same, but a little simpler. 


pt d PN” d nf e 
log 24 72 A . —— =log 17-27, (86) 


a*A "dng ann at? 
where y=g'(0). So, by (6), 
D1 pia K a ) 
D T Lp * 8 4265 n 7 


There are two ways of developing this, first with p as a differen- 
tiator, and A-! as integrator, giving 
— l ( TRS 
D, ITV watt? 
and then by multiplying the numerator and denominator in (37) 
by at4?/p*, so that A becomes a differentiator and p-' an integrator. 
This makes 
J 
D, IT dA 2ra 


(Io) above, divergent, (88) 


=(18) above, convergent. (89) 
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In connection with the treatment of the logarithm of a differen- 
tiator is the treatment of A” log æ, where r is any real number. It 
is rather similar. Put (d/dn,)x* for log x Then 


Ar log 2 =r q’ m — — n 


-Eog 29 KO) +z-"g'(—r). (40) 


When r is a positive integer, the result is 279 (-r). When a nega- 
tive integer, the result is that of —r complete integrations. The 
function g(m) is the reciprocal of |m, and g'(m) is its derivative. 
See vol. 2, p. 860, 438. 

So much for logarithms. Now go back to the original definite 
integral. I selected the form (8) at first rather than the simpler 
ones in (2), because I happened to recognise the indefinite integral. 
Owing to two differentiators being concerned, as well as the log, it 
turned out to be instructive, various points of interest being present. 
But now examine (2), say the first form, with n= —4, and see how 


it goes. 
5 1 cos qz dg 
—1 1＋ 7/5. N 
Not seeing the rn integral, convert it to operational form 
thus 
D 1° (1—a?q/p*) cos qx d 1/® cos qr -α p sin qz 


T Jo 


D m 1— a*q?]p 


dq. (42) 


The changes made are obvious, and enable us to transform to 

D 1 1 aꝰa/v 8 

P. r Trab cos g dg -> eal singzdq. (48) 
Here / cos gx dq = al, and / sin gz dq = x7}, so 


5 A a?/'p* 1 
(1 ＋ (ITA T 1+ atA2/p* wa? 


(44) 


Comparing with em we can see that this gives the convergent 
result (18). 
As regards the use 1 4 1 sin qz dq, or 1 ſæ sin gz dq, or 


l= f- 400 cos qx) . dq = [ - cos JE (45) 


it would be strictly true if cos gr - O, when gæ =. Really it ig 
indefinite, with mean value zero. I think, therefore, that the truth 
of & =f sin gx dq requires reservations and caution in general appli- 
cation. Nevertheless, it is a very useful working formula in physical 
applications, like Al=/ cos gx dq. 
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Now there is the second form of (2) to be done. Similarly treated, 
it makes 

cos atq? 1/” cosatg! 1 ro . 

I 1742 2 J) 1 LTH LTH i J, cos atq;dꝗ, (40) 


because p?= aeg on the circular function. Here let q=Q?’, then 
dg = 20d, and we come : 


25 _ pja 2 
m(l+pt/atA?) jo ein at dQ= (LT at (47) 


Comparing with (38), we see that this way produces the divergent 
series D,/D, first got in (10). There is an evident imperfection in 
the use of / sin at dQ =(at)— here. Perhaps the reservation to be 
made is that it can be used safely when the result is convergent, as 
in (44). 
Next consider the meanings of the initial states of D, Di and Di. 
They all represent solutions of the same characteristic, viz. :— 
(A?+ p4/a*)D O, (48) 
but arise from different initial states. These may be obtained from 
the formule for D and Di, and the results are that when ¢=(, 


° aD, 8 Sr 3a2D 
p,=9, DI 2 r) sai” DI SO, D, = Zr) l (49) 
—aDy -- aD, 84D 
J 2 95 DA 2021). aT D,= 772 D, SAn pra (50) 
: .. 22D 0 
Ddz=D,, D =0, D =—> D=0. 51 
f (at a0) | oe oe 


Thus Di arises from distributions of Di and Pi, but not of Di or 
D,, whilst the actual D arises from the condensed Do and a distribu- 
tion of D. The other one, D, being D- Di, arises from condensed 
D, and distributions of the three derivatives. 

Now the characteristic (48) has four independent initial states; for 
its general solution, got by the four roots of pt= = — d, is 


DOD. (p0) Da (P20 Dy + (Y 00 Dy, (52) 
where Do, Do, etc., are the functions of & representing the initial 
states of D and its first three derivatives, and 0 is the operator 

454-1 165865 


S cos bt cosh bt = e — (53) 
= atta? aSt8at 
= — . SS eeg (54) 


where ö = VIA. In (52), 9 means the time integral of 0, and 
soon. So in full, (52) is 


D =cos bt cosh bt D. + (cos bt shin bt + sin bt cosh bt) D,/2b 
+ sin bt shin bt D,/2b? + (sin bt cosh bt - cos be shin bt) D /4b3. (55) 
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This equation expresses D due to any given D,, etc., given as 
functions of x. But if we try a condensed source by itself, say 
D=0Al, we find that 6A is an operator which, when expanded in 
powers of the differentiators, is like the rational part of (6), so that 
D is either zero, or is indeterminate this way. The same applies 
to (y 14, (p-20)A, and (p-°0)A4. That is, we determine nothing in 
this way from a condensed source of any one of D, or D, D, D, 
taken by iteelf. 

But work out «*sin bt Al, which involves more than one initial 
state. In the usual way, it makes 

2 (aꝛtꝛ/ Av) 
ebe gin bt Al 47 — 11 
at? (at 4x)? (a4) 
1-2 2 tag Ta ~ tof, (56) 
and the same result comes from : be sin bt Al. So, by combination, 
sin bt shin bt Al=0 iin bt cosh bt Al- result in (56). (57) 
If we change sin bt to cos bt, we get 


en cos bt Al= +- ( chae 


— 
att? (42 ͤ 4: (a?t?/4x)8 o 
U n a a l, (68) 


and the negative of the same comes from : * cos bt Al. So, by com- 
bination, 
cos bt cosh bt A1=0, cos bt shin bt 41 = result in (58). (59) 
It also follows that 4 ( py i 
a*t - att 
(eos bt shin bt + sin b¢.cosh bf)41 = aa -ig it in 4 (60) 
(cos bt shin bt - sin bt coshbHAL= —......... cos... (61) 
Here (60) is due to an initial distribution 55 varying as bal or A't 
or 2 n, and (61) is due to a distribution of Do. But in both cases 
there is an auxiliary initial distribution. 
To illustrate, examine what u= cos alq? cos gx means operation- 
ally. It is the same as 
ss a5 at aste : 
a= (147 + ST. )- 108 2 7.46 6 2 2. F. ) in g; (62) 
or, by putting — 4“ for *, 
«= cos bt cosh bt cos qa - sin bt shin bt sin qx ; (68) 
and comparing this with (51), (52), it will be seen that the initial 


states of u and u are correctly given. As for u. and w they are 
anitially zero. 
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We are led to ask what the solution u =0 cos qx means? It is 


u= (7257 492 +g.. ) e g= cos qx cos atg? 
8 +4 cos gx cosh at. (64) 
The first part is a standing oscillation. The second part increases with 
the time. Now, initially u is finite, whilst ú, ù and ù are all zero. 
That is, a given single initial state out of the possible four produces a 
solution, a part of which increases with the time without limit. This 
shows the utility of the paired initial states. They produce solutions 
which remain finite. The partial characteristic is too large for the 
physical circumstances of waves in water limited by a free surface, 
flat when undisturbed. Lord Kelvin said that the existence of 
initial Po along with D., when D,=0 was required on account of 
the applied forcive all over the surface which is ‘statically needed 
to balance DD. We may say, in other words, that the water being 
assumed to be incompressible, there is an instantaneous trans- 
mission of pressure to the surface at any distance due to a surface 
displacement. When the surface is free, motion begins to be in- 
stantly produced everywhere, and therefore D, is finite at the first 
moment, and behaves like an initial state. I think it may be 
concluded that if Do, D, D, and D, are all given arbitrarily, then 
D, and D, will immediately adjust themselves to suit D, and Dos 
whenever we take care to exclude the solutions which increase with 
the time. But the need of paired solutions is not fully explained by 
the incompressibility, as will be seen later. 

The other way of solving the characteristic, in terms of two time 
functions, gives i ; i 

D= eos (=) Ee Ei, (65) 

where Eo and Ei are two time functions expressing the values of D 
and d D / dæ at the origin. This gives a very easy way of construc- 
ting solutions, though they may not be practical, being more 
curious than useful if they indicate that D increases towards 
+œ or — O or both. But they are not all like that. For instance, 
if Ei O, and E,=¢,/7a*t?, we get 


— _% 5 a2 9 . 
b att f 4 asts /. (66) 
Comparing with (10), it is the same, if e= —D, and it may be 
turned to a convergent form. 
In two dimensions the characteristic corresponding to A? = — p*/a‘ is 
1d 4D p i 
7 dr dr , 670 
where 72= ..,; and the solution corresponding to (65) is 
DJ Fo GNF. (68) 
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where Jo and G, are the oscillating zeroth Besselian functions, and 
Fo, Fi are two time functions, Fo being the value of D at the origin, 
and Fi proportional to r(dD / dr) at that place. For example, if 
F,=0, and F,=/,/at, then í 

V1. EC. Cat 
ala tga 
and if Fy=/,/a7??, then 


D-Zali-E H 2 LE. 


(69) 


æ 8 = 
a*t? 


w ~ a2 cad i (70) 


Here (69) corresponds to (66) for plane waves, and like it, may be 
turned te a convergent form. 
If Fo- foto / In, the solution is 


D t 200 tn 1 1 fn—8 
E- C d Gh) pae 
and the corresponding plane wave solution is, by (65), 
D @ xt tt K. n? 
eo n a 24 a5 4488 (72) 


In simple waves, either standing vibrations or progressive waves, 
or combinational, the symbol p' in (68) is replaced by a negative 


constant, E.., nêr 
D= 0 sin nt (78) 


a 
° 


ia a case of standing vibrations. 
Returning to the original problem with its condensed oscillations 
proceeding from the origin, arising out of 
D —a’A/p? 1 
D, 1 Ta. pf ow’ 74) 
it asks itself whether the condensed waves will disappear when we 
substitute for the condensed Do a continuous uniform initial D=E,, 
on the left side of the origin, with no D on the right side. By line 
integration, the solution is 
D aß 1 det jst ar (4 at 
Eo I+ ap" or mal (6 a 10 at 9 
This is the D at time ¢ on the originally undisturbed side of the 
origin. Calculation shows that we do not get rid of condensed 
waves: This is due to the initial discontinuity in D at the origin, 
Examination of various cases led me to the conclusion that con- 
densed waves make their appearance, not only when there is a 
discontinuity in the initial D, but also when dD/dz is discontinuous : 


(75) 


WAVES IN THE ETHER. 225 


or, in fact, if any succeeding derivative is discontinuous. So the 
initial D, if condensed waves are to be avoided, should be repre- 
sented by a perfect function continuous in itself and all its derivatives 
from z=—o to +œ. But functions of this sort are not usually 
practical functions for showing how disturbances are propagated» 
particularly when they go into still water from local disturbance. 

I thought of imitating closely the cure .. by means 
of the arrival curve of current C at the end of a long cable. 
It is known, by the diffusion theory, that not only C, but all its time 
derivatives, up to the nd, where n is any finite integer, however 
large, are zero at the first moment (and before), and finite later. 
And we may make the rise of C as steep as we please by reducing the 
time-constant, and so approximate to a sudden jump from OO to 
constancy without any discontinuity in C or its derivatives. But 
this process turned out to be very complicated in the work, and was 


given up. 
Now Lord Kelvin proposed this case ( Baltimore Lectures, p. 580) 
2: 474 sos qx cos atgidg. (76) 
Dy rjo 


First see what the initial state is. Put ¢=0, A for d/dæ, and pi for 
d/dt,, then we may at once transform to 


D1 1 P 49 N 
— am T = cece tan £) 
Do 7 1-4p,/A*/ o 1+49°/4p, 4p,/ J, 
n „ 
Lp -ru (1. * +- )= (u (77 


This makes an interesting example of the solution of definite 
integrals. This function makes 


. Ddæ = Do. (78) 
— 00 


So the initial state is the amount Do distributed continuously and 
symmetrically, with a hump at the origin. If we reduce ¢, to zero, 
it is all condensed there. So if ki is very small, D is practically 
zero save at and close to the origin, but being continuous, we may 
perhaps get rid of the infinitely condensed waves. 

We can now solve (76). First in rising powers of i. Put A? for 
—q? in the exponential function. Then 


D nazil 1 
5.— ir cos qx cos atq*dg 


= Ate att 1 (8 attı 5 asts 
a6 * 10 a 9 
VOL. III. Q 


(78) 
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by (18). The work is obvious. The commencement makes, if 


y=a't!/z3, D 2 e, 7 u 
G- Ur- 14 att) 


4 (8 _ 6 T, 9 
tizi E 6 10” G) 


() (6 a +i? ) 


80) (6-8 Cy ro” H ) .] 80 


This is sufficient to show a the A But the solution is obviously 
unpractical in the above form. For the first line above contains 
the condensed waves, and so presumably do all the su 
lines. Some rearrangement, which is not obvious, is required. 
Next, do it in descending powers of fi. Equation (76) may be 
turned to 
D -i 1 o cea -i N 44/7) T Pt dq 
5,50, OFTA , Treaa gap OD 
and now we may meee —4p, for g? in the denominator, making 
a ee f (- a, 61/1 dg 
D, 711 EN (1+4p,a‘/p‘) p* 
1 a 2 
GAL 5 EA 82 
(C- Ti = 
The auxiliary variable ¢, proves to be analytically useful. The 
operand is the numerator, a function of f and 1. The denominator 
contains three differentiators, A, p, and pi. Yet the algebrisation 
goes easily enough. 
First of all, examine the state of things at the origin itself, where 
z=0. Put A o, then 


e mt 
paT 1 (0 —— 
-E. e- o 


This is the difference of two convergent series. Taking ti 4, and 
at? =1, 2, 5, 10, 20, D is positive at first and falls towards zero. 
It may reverse itself, but there is no sign of rapid oscillations; that 
is, ut the origin. 


=] 
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To find D at any distance æ, (82) makes 


Dz ＋ 1 (4P: Dz=0 ang ZP? Dz=0 

D- {i+ 2 04 Di i 58 cos ~F Do (84) 
The equivalence of the two forms shown arises from the equivalence 
of 4p, to —ptjat when operating upon (88). That is, one differen- 
tiation to the auxiliary variable ¢, takes the place of four to t. 
Carrying out (84), let 1 be denoted by A, and a⁹ by P-*, 
then the result is 


D 1 = = „„ 
55 “Gayl +e -D . () -- 


h Jm — P-8A-24-P-4A-4 — A- ＋.. e] 
-2 p-245 a e E) P-0- — P-6A-2-4- P-2A-*) 


wt, 


+e; ‘Vou r-. (85) 


Here we have a formula suitable for calculation, with all signs of 
condensed oscillations removed. Give to 4/1 a convenient value 
for calculation, not too large, then this formula worked out at and 
near the origin, will show the transformation of the solitary hump 
into two wave trains, one to the right, the other to the left, and 
their transference outward. 

But there is another sort of hump, of simpler nature, which will 
serve this pape by less work. Instead of (76) above, let 


D T -g 


1 
2 „` ti cos ꝙ cos atgt „ 86 
D. 2. 4 00 4 4 / CUT O 
Here pi is equivalent to — , so we transform to 
175% 9. 
D_ =f Nd (rt) (87) 


Do (IT PA- pep) UF 
Comparison with (82) shows a notable simplification. At the 


Dz=0_ (rt)? 1 1A 1 attt 2 aste 8 
Do 1 - piip? wt ( 


E ew gt) 60 
and initially, anywhere, 
De- (rt) = 1 /1 2: ep. 
D, “Ipp 7A T t-a ki * 11101 h 
This shows a nice practical hump for initial state. Like the 
other, it is symmetrical, and the total D comes to Dy. 
VOL. III. 22 


(89) 
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Examine (88), to show the behaviour at the origin. By prelimi- 
nary rough work, it is to be seen that D falls to zero, and becomes 
negative; then rises again towards zero. The work soon becomes 
too long; so turn (88) to a divergent series. Thus, put s==a*??/4¢,, 
then (88) is the same as 


= z 1 21 gl 
== — + 90 
5. Er i 
This series belongs to the oe of the generalised “ series, with s 
positive, so (90) is N to 


r) 21 2-— e 27% 
me . 
— 333 
(an“ 2 vata (3 ant .). (91) 
This shows return towards ie a without oscillation, Asa 
specimen of values, let fi 1 and D,/7=1; then, by (88), the initial 
value of D is 1, which falls to 4 in a little over at=1, passes 0 a 
little before at=2, and reaches —°41 at a?##=10. Calculation by 
this convergent series now begins to be lengthy, but Providence 
comes to assist in the shape of the divergent series (91). It is just 
beginning to be useful, for a?t?=10 makes — 88. But when att? = 20, 
a very long sum of 21 terms of the convergent series makes — 1678, 
whilst a short sum of five terms (counting half the last convergent 
term) makes — 1602. The difference, 0029, is only a small fraction 
of the l.c.t. This is an excellent test. After that, D rises to zero 
asymptotically. The beginning of the wave trains to right and left 
is shown during the first fall of the hump in its middle part. This 
creates two smaller humps, outward moving. 
Now derive the value of D at x. By (87), (89), 
D 1 1 4 
D. r I-II UT 
1f h % w- | gat t3—Bxtt, | gat Gtit xt 
“rete Cp tee oe tee N 
asts È+ Seit. —10x%t,8 „ 41010 
‘re — cer e 


If we put 11-0, this reduces to the old familiar first solution (18) 
in which the waves are infinitely condensed, whereas (92) calculated 
for small values of x and é will show them finitely spread. (.) 
means (¢,2+2%), for brevity. 

Now if we use the divergent series (91) to obtain D at æ by the 
same process, it is clear that the solution arising cannot be complete, 


( —t c+ 1511 
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because the auxiliary function previously called D,, equation (28), 
makes no appearance. What we get is, calling this partial solution 


Dy 
D 2 (5 x2 [9 * t, H z 
D. ral B antaas nE 
1 at t? 2 22 [18 xt 3 . 


Returning to (92). Let 1 (æ2-· ti), and t/r = cos G, x/r = sin G. 
Then by reference to a trigonometrical work for the expansion of 
cos ub, it will be seen that (92) may be expressed as 
2 1 _ @£ oos 20 , patt co 8 q at cos 40 

Now for any given values of fi and v, the cosine tables may be 
used to ease the full calculations. The explanation of this form is 
as follows: In the diagram let the straight line AA represent the uu- 
disturbed surface of the water, and the lines BB and CC represent 


O 


undisturbed lower levels. Then let the water everywhere be dis- 
placed along the radial lines (representing planes) leading to the 
origin O, the amount of this displacement at any point P being 
Derr, at distance r from O. The total displacement through the 
semi-circle through P will be Do. This is true at any distance. 
Moreover, the upward displacement at P is (D,/xr)cos@ or 
D,s/(s*-+-2"), and by integration along the level through P, it will 
be seen that the total upward displacement through that level (and 
all other levels) is Do. | 

The shape of the hump representing the upward displacement at 
any level is exactly the one last considered, when ti represents s, 
the depth of the undisturbed level in question below the top level 
One of them is roughly shown for the level CO, but exaggerated 
of course. Going to higher levels the hump condenses, and at the 
top level becomes infinitely condensed at the point O. We then 
have the original hump with which we started. 

If, then, we take the level CC to be the undisturbed surface of the 
water, and its upward displacement to be the hump corresponding 
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to the distance below AA, then we have not only solved the problem 
of the subsequent history of the hump upon the CO level, but by 
increasing the value of 8 (the former ti) for all other levels beneath 
it; če., for the whole body of the water. The process may be con. 
tinued upward, by having water above CC, and only when we reach 
the level AA, from which æ is measured, do we come to condensed 
waves. It is to be carefully noted that when the hump is not con- 
densed, and yet belongs to the level of the water surface, then s 
is not the distance below the level, but below an ideal level surfaca 
above the real one. 
Knowing the vertical displacement upward, say D,, or 


v. (oss 6 —42 my tee Ss cos 8% — (95) 


throughout the water, it is a to ace the horizontal displace- 
ment from the condition of incompressibility, dD,/dz+dD,/ds=0. 


z a „Dof in -- ein 20 , gattt sins _ 
j = F — (96) 


This is D, towards the origin, that is, to the left on the right side. 
Both may be included in one formula. Let R reis. Then 
D, 1 4 2 attt 3 ates 

D. D. RI UH R I K je Be }. 0 

From D, and D, the displacement potential may be worried out. 

But perhaps better more directly thus. Go back to (87). We have 

D;={1—p,a?/p*\-" x initial value of Dz. (98) 

This must apply equally to the potential of which D, is the deriva- 

tive. Let the potential be $. Its initial value is (D,/x) log r, as it 

is obvious on differentiation that it produces the assumed initial 
state of radial displacement. Therefore 


o= 1% p+ tpi Jh r, 99 
{ 2 E g (99) 
where p,=d/dz. Carry this out. The result is, by the immediate 
use of (- pi)“ log r 1 cos no, 
D ast cosh alt cos a Cos 530 — ) 
@=—9! log r+ = pot * 
cr r- e P eja 
and from this the above D, and 9 may be derived. Also the 
radial and tangential components Dr and Dg. Thus, 


att? cosh , 2 446. (8 aces 
-a-p 5 r G 25 — 6 <x 08 80 f.. ], (101) 


D. oie $end fe Ge nb. ). (102) 
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where D, and D; are reckoned in the directions of decrease of 7 
and of G. On this 5 
2 attt [8 ae 
D. D. -o 1 (2 N ss 1 
D 218 R . R Ri E R ). ( 08) 
which only differs from Ri in the outer factor. Here, if we put 
owa'?/4R, the last equation jpa 


D. iD is a +p at *. (104) 


This o is in general complex. The series is a part of the generalised 
¿`° series. If o is real, that is, in the vertical plane ø =0 through 
the origin, we may convert to divergent form for numerical calcu- 
lation of D. in that plane, as done above. Also, in the horizontal 
plane, G- Ar, we have converted D, to divergent form by the 
generalised cosine series. The same may be done for the horizontal 
displacement. Put =I in (96). Then 
: . — Dy >f1 E (2 att [parts . (105) 
[4 a x? tē EJ 
which is convergent, with the same defect practically as the similar 
D, formula. Next, put a/ =, then 


Ne. G u ya ya (ymt 
5 = -U at 87. —— -HTL e omy 
= 2h Sales oe m Egt} (106) 
2 
This is done ~ using (20). Or, in terms of a and t, 
Dz _at 2 5 
Da ean l= l A A . (100) 
which is the companion to (27). 


Now, although the calculation difficulties of the convergent 
formuls (95), (96) for any point not too near the limiting level 
through the origin are not comparable with those connected with 
the limiting level itself, it would be desirable to convert (95), (96) 
to divergent form as well. But it is not so easy to do it as at the 
limiting level, on account of difficulties in the numerical interpreta- 
tion of complex divergent formule. As a preliminary, we may 
transform (104) so as to introduce a time factor of decay. Thus, 


A- (a -i) -A (UI —A-1)" 


i 1.1, „ 1.1.3 
meca (1-44 Pa 046A 


165750 (1-0-5 a (108) 
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Here o is complex, / -, if y is the real a*t?/4r. So, separating 
the two * we convert (104) to 


D.. — “fx cos (/ sin G) - sin (y sin Ø) 
＋ & sin (y sin ꝙ) ＋ iX cos (y sin Ø) . (109) 
where 


X=1—ycos Ø —y?/3|2 cos 2% 7518 cos BH — ++ 
Y = y sin p + y?/8(2 sin 26 + y°/5/8 sin 89 + . (110) 


The factor of decay in (109) is good, by itself, and if X and Y were 
of such a nature as to be readily calculable for large values of y, 
the real meaning would be ascertainable. We should rather have 
X and Y expressed in descending powers of y. That is, the o series 
in (108) should be turned to an equivalent divergent series, numeri- 
cally true for the real and unreal parts separately. 

Try another way. Since the water is assumed to be incompres- 
sible, its state of displacement all through is entirely determined by 
its state at the surface level, and this connection is instantaneous. 
Thus, if d/dæ = a, and d'V /dx? + &V /dz? =0, then 


in zA dV 
V= cos . Vo- K. 4 (111) 


finds V at c, s in terms of the values of V and dV/dz at s=0. But 
the boundary condition in this theory is 


av V 
ds “ai at 220; (112) 
20 V- cos 24. V. + — = Yo = real ¿Ai (1- A5) v. 418) 


If we know V, as a function of z and t, then also Vo- The data 
are complete, for the operator At turns z in Vo to 2 T zi. Calling 
this 8, 
ap? 
V=real( 1A Vo, (114) 


if a: did, and V, contains S instead of z. 

If we apply this process to D, given convergently for the top 
level, (114) will give without difficulty the corresponding D; at any 
depth. That is, (18) will be turned to (95). D. may be similarly 
treated. But now go through the same process with the divergent 
formula for the surface elevation. Use (27) in (114). First find 
p*D,/4a*. We have 

— Aa? 1 „ pD.: —1 1 
D. - TTA 25 ar ee Aa- "1+ Tapi tee — Dz, (115) 
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by inspection of (105), and so now we can use (107) combined with 
(27). The oscillating terms alone make, if y=a*¢?/4z, 


cles (y—}7) +i cos 61100) * cos y + i~? sin y) 


=g. (116) 
Now change æ to x+zi= ri, and we get, with y turned to 454 /‚ ir. 
n leo -n 6) ~ dr 1e, (117) 
of which the real part is | 
mia ev 500 cos (y cos - 4 +140). (118) 


Doing the same for the divergent part of D,, we get 

2 1-6 008 29. |9 f. oog 49. 0 

aa 2 alte [4 aèt? . 

(Grini E sin 86 | 
——1 2 — — — a oe 
N 2 att 4 at 
— 2 l8 reine 6 1 o 20 C ein 86 119 
=- aati „ ee 8 aie -). 019) 
Now add together (118) and (110), and restore the old notation, 
through C= r- G, and we obtain 


D. at - ycos 9 g; in G 
FB. dien sin (y ain G - 1165) 


D, 
2 8 7 co ø , |5 73 cos 20 (T r3 cos 8% ) 
ers 7 1 i ate +i a e 4575 +...}, (120) 
where ) ir. This is to represent the vertical displacement at 
any depth. To test harmony with former results, put @6=0, Then 
we obtain the formula (91) for the displacement in the vertical 
plane through the origin, which is numerically equivalent to (88) 
when z/a*é is sufficiently large. Again, put G zr. Then we 
obtain the formula (27) for the elevation at the limiting plane. So 
far good. But the first line in (120) changes sign with G. That is 
bad, but may be righted by the prefix = instead of —, according 
as G is +. Assuming that this formula (120) is correct from d=0 
to zr, it is eminently suitable for showing the meaning without 
lengthy calculations. The exponential factor is very significant. 
The function te- V eo increases with the time to a maximum and 
then falls to zero, provided @ is less than $7. But when G Ar, 
the function increases for ever without limit. That is to say, at 
any point under the limiting plane, the oscillation set up by the 
initial condensed hump at the origin (or by a diffused hump at 4 
lower level) increases in amplitude up to a certain amount, and 
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then subsides to rest. But at the limiting level, the maximum will 
never be reached, so no subsidence is shown. This behaviour 
agrees with that of the original convergent solution (18). The 
limiting surface is therefore a surface of physical absurdity. We 
must go deeper, and have a diffused hump for physical intelligibility. 

Now, on treating the horizontal displacement in a similar manner, 
we come of course to a formula of the same type as (120), but with 
differences. It has the same value for d=} and - Ir, instead of 
the opposite, like the vertical displacement. Moreover, it has a 
finite value for =, whereas it should be zero, by symmetry. 
Taking D, and D» together, then, the interior state indicated by (120) 
and its companion, taken unchanged on both sides of the origin, 
indicate an initial state not alike on the two sides, but opposite. 
So, if D, is correctly given on the positive side, as seems from ite 
values at =0 and Ir, there is some imperfection in the completer 
treatment to be removed, perhaps later. The trouble is to extend 
safely generalised series from real to complex quantities. 


The Solution of Definite Integrals by Differential 
Transformation. 


§ 526. The last article contains several examples of the use of 
operational methods in the solution of definite integrals. They are, 
however, of a special class, and in the following the consideration is 
more varied. The treatment might be made to cover the greater 
part of the field of real definite integrals. Only a small part of it, 
however, will be gone over, mostly of physical interest. My usual 
practice is to avoid definite integrals and obtain fanctional solutions 
direct from the operational solutions derived from the differential 
equations. Occasionally, however, I have applied the same processes 
to definite integrals. Stated roughly, the general idea in solving 
them is to convert them to differential form, and then apply the 
operational processes. 

There are no particular rules for solving or functionising definite 
integrals, like those for differentiating functions. The work is largely 
experimental, though, of course, rigorous mathematicians conceal 
this as well as they can when they write treatises, and pretend to be 
omniscient by avoiding their failures, and also the many interesting 
things they cannot explain. In the first place, if we know that a 
given function has another function for differentiant, then conversely 
we know the indefinite integral or integrant of the second function. 
Moreover, it is generally possible to put the differentiant in the form 
of a power series, and then the integrant is also obtainable in a power 
series. But this is not always a satisfactory way of solving a definite 
integral, for the integrant may require interpretation at the limits 
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of the integral. This is often practically impossible, for the power 
series expressing the integrant takes the form of a series of infinities 
at one or both limits. There are crowds of definite integrals of 
this sort. Their solutions are usually obtained indirectly, say by 
working out the problem concerned in some other way. Then a 
stock of known definite integrals can be accumulated. After that, 
there are various devices for.deriving the solutions of new integrals 
from old ones. One is by changing the variable of the integration. 
This makes wonderful transformations. Another is the use of 
Fourier’s theorem, whereby we can, given one integral, immediately 
derive another. The corresponding Bessel theorem does the same 
work through a wider range. Amongst minor devices may be 
mentioned the differentiation of an integral with respect to constants 
contained in it. 

Now these processes have a valuable auxiliary in the application 
of structural integration as carried out in vol. 2 of this work and in 
previous work. Roughly stated, it consists in the conversion of 
functions of variables to functions of their differentiators, and also 
conversely, for one aim is to have reversible processes, free from 
indefiniteness, and this is usually secured. For example, if æ, is the 
differentiator of x, x, of xi, and so on, we may transform f(x) to 
Fi( xi), and this again to f-(x,), and so on, or the other way. Some- 
times an infinite series of real and interpretable functions can arise 
this way. Or maybe they become divergent and require special 
interpretation. Usually only one step is required, or perhaps one 
step down and another up. But sometimes two steps in one direction 
are useful in definite integrals. 


In practical work the methods to be employed with advantage 
vary with circumstances, and judicious selection is needed. For one 
method may be lengthy and another method short, in a certain case, 
and exactly the reverse in another case. In the present article, 
naturally, the treatment is almost entirely evolutionany and involu- 
tionary, irrespective of shortness. In one respect it is more comfort- 
able than all the other ways, for it can usually be carried out by 
itself, without that distressing hunting up of known resulta in books. 
It is also good when a definite integral is of a kind that you cannot 
see how to reduce to known results or to develop therefrom. Also 
in getting convergent results out of divergent. Lastly, it gives some 
insight into the differential mechanism of functions. In the following 
is a collection of examples, beginning with easy ones. 


(1). Let æ and t be two real variables, positive, ranging from 0 to 
œ, and let x, and t, be their differentiators, or x, = dſdæ, t, =djdt. 
This notation is, for the present article, convenient in easing the 
memory of alot of work. You see instantly what variable a differen- 


a 
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tiator belongs to. Then, in accordance with the principles explained 
in vol. 2, which must be taken as understood, at least in their ele- 
mentary working, fil means a unit impulse at ¢=0, and %®t, 
means a unit impulse at fr. Similarly 7,1 is a unit impulse at 
4-0, and . l a unit impulse at = t. In the first case it is a 
function of f wholly condensed at -r. In the second case it is a 
function of x wholly condensed at &=. The condensation and 
coincidence makes them quantitatively identical. They ought, 
therefore, to have the same generator. They have, for they are both 
evolved from ¢t,x,/(¢,+2,). Thus, 


n — =æ 71! 
mti 1+2,/t, om a) 
2. m . . (2) 


nth 1+¢,/z, 
The generator is symmetrical with respect to x, and ti. The two 
results are not, but they are equivalent. It will be remembered that 
a unit operand is always understood, meaning the function whose 
value is +1 for + values only of the variable. 
From the above it follows that 


Nit) JA Nr); “ly dx, (8) 
because the function integrated is an impulse of size f(z) at the point 


can t. 
Substituting the other form, we also have 
N) % FA da. (4) 
Now it is this second form thas is useful in definite integrals, 
though not by itself so obvious as the first form. 

If the limits are a and b, the result is f(¢) only if the value ¢ lies 
between a and b. The result is zero otherwise. But f(t) may be 
defined to be existent only between a and b; then the full limits 0 
and œ may be used, and this is often convenient. i 

If we transform f(t) to fi(t,), then (4) becomes 


Tilt, fla)tye de. (5) 

This is a real quantitative definite integral and its solution. That 
is, ti may be a positive variable. 

(2). To show the inner working when the limits are a and b, let 

f(x) =1, then (4) becomes 

7. 77t de= (e -ath _ t bey J, (6) 

by integration in the usual way. It is true when ¢, is a + quantity, 

and also when ¢, is a differentiator. In the latter case the result 

tells us explicitly that the value is 1 when ¢ lies between a and b, 
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and zero else. For «~%11 begins at t a, and then comes «72411, 
later and cuts it off. 


Again, Nr) = . Then 
P 1 J. -æ P - 
Jive *tda=—| ( zs a D- +8. O 


That is, the value of At) is zero from ¢=0 to a, then ¢ from a to b, 
and then zero again. 
Similarly as regards f(~)=2*, &., but there is no need to elabo 
rate these details. 
(3). There is no necessary confinement to single integrals. For 
example, 
f: 1071, Yi 21) =f (x; Y, 2) =f, ff C. m, n)e iT 2121 di dm dn (8) 
is a triple integral on a triply impulsive foundation, which may be 
interpreted functionally when 1, Yı, 21 are quantities. 


(4). If Fe) mn, then 
a — li -N ta 
| 0 he 11 dam t Sn (9) 


When fi is a +constant, this is Euler’s most valuable fundamental 
integral, which is always turning up. We also see its impulsive 
meaning, for the operator fie 1 spots a single value of the fun- 
tion 2*/\n. Of all definite integrals I admire it the most, because 
of its leading to so many others so easily; not only ordinary inte- 
grals, but those of the Fourier and Bessel theorems, and elliptic 
fanctions, and all sorts of things, like generalised differentiation 
and divergent series. But it must usually be interpreted in 
accordance with the impulsive integral (4), or else (5), to show 
its power. 
(6). Another way of exhibiting this integral (4) is to divide by ti. 

Then 

570 = [1-42 falda = ¶fehde 

ti D = {gee (10) 


The interpretation now is that . * is zero before and 1 after f = r. 
That is, it is zero when x>t. So it is the same as making the limits 
be O and f. But in Eulerian applications, the full limits are wanted 
when we consider the function of ti; ¢.9., fix) / n, 


ha Lae I ee dl 
j: a inti inti (11) 


(6). If in the elementary case n==0 of the last, we turn fi to ti 
we get 


Í £ — dim ti, (12) 
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when ti is a + constant. But if it is d/dt, then it means that the 
result is impulsive. In terms of ¢, 


a Getic: a tauala ae 2/xt; (18) 
1 101 : : 
so we obtain 4 N 0 
Í J2 Vat dæ - ti. (14) 


That is, regarded as a function of ¢, the integral is sero save when 
t=0, then its total is 1. Here we have jumped to the zeroth Bessel 
function. 

(7). A farther short step leads to the Bessel double integral. 
For let 


| u= Í Iy JOI 2V de. (15) 
Then, by (18), "TE i 
u= firi Cady E, (16) 


the integration being done by Euler’s integral. Comparing with 
equations (1), (2), we see that u is an impulsive function of ¢ (or of 
z) condensed at z (or at t). So 

AO=fy falda f, J V THA (17) 
which is the Bessel expansion theorem for the zeroth function. It 
comes out in a singularly simple manner. 


(8). The corresponding theorem for J. is much more difficult, 
though essentially similar. Thus, the series definition makes 


+1 m 2 
3.0 vi- Te) 2 à 4s) 
by the usual transformation */in=1/t,". So, 
— =; 1 e zj 14 2) 
pr VIA Hehe (e- E ay. de 
To this apply Euler’s integral, then 


L % 
„ ae Gre (20) 


This looks hard, but is readily simplified by the shift transformation 


F(t) = F(t i m AR — 20 f A, (21) 
11 — 41 ti —1 
a transformation of frequent utility. Applied to (20), it makes 
„ bu ie V 
= Hr gre 6g try; (22) 


or, since & and t may be interchanged throughout, 
N _ 
(Hi (28) 
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One means a unit impulsive function of æ at x=t, the other of t at 
kx, since the factor (z/t) is 1 at æ t. Bo 
fO=f{fa)ude fd 2 VJ. 2 V ytjdy. (0 
In practical use with definite integrals, it is not necessary to use 
the double integral and it saves useless work not to. For if 
Fy) =f f) Vu. (25) 
. Ri -F). V Jhd. (26) 


by using (24). In (26) turn t to y and y tox. It becomes then the 
same as (25) with F and F interchanged. So, given an integral of 
the form (25), we can immediately derive another by interchanging 
F and F. 

If we put = L, =, t= 112, 


then u (NY (YT)Y4Y; | (27) 
and since ſudæ I fuXdX, 28) 
it is now «X that is the impulsive function of X, making 

F(T) =/F (X)XaX/3n(¥X)Jn(YT) YAY, (29) 


which is the usual form, and may be more convenient sometimes, 
though less easily worked operationally. 

(9). Tae reduction of (29) to Fourier’s form is done by m= -$ 
and . 

Thus, with m= —}4, say gauk, then 


v= [x 3 (a cos ( I) es YT. Y4Y 


—2 — cos XY .cos YT dx. (80) 


This is the cosine unit impulse. The sine unit impulse is got by — 
m=% in a similar manner. Compare with vol. 2, p. 99. 


(10). This is a known integral ee of par 
-at 
fe v ce 4-0 ET yr 


The interpretation is double; ¢, as a + constant, or a differentiator. 
The binomial theorem converts the third form to the second. 
If we turn b? to — 5%, then 


as 1 _ 1 
hae = F160 saa 
Here is a commonly ocourring property. In (81), ti may have any 
value from 0 to œ. But in (82) 4 > b. The value becomes œ when 
ti is reduced to b, and remains œ ever after; that is down to 11-0. 
But if ¢, is a differentiator this limitation does not exist. 


(81) 


(82) 
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(11). It is similar in 


fers cos mz dx = cos mt = cme (88) 
-zi = 1 
fos =" cosh mz dx= cosh m= Tee (84) 


In the first ti as a quantity may have any + value, in the second it 
must be >m. 


(12). By using (14), we get 


. J 2 V= J (Jo2 V me) iti. dæ, (86) 


where notice the change in position of fi in the two exponentials. 
(13). In elastic waves, we have this integral. 
22 270 

MN Ray . Er 

We require ¿>r in the middle, and z>r in the integral, making 

the effective limits be r tow. The unreal parts of radicals are 

always omitted in real physical applications. Or, in a better form, 

the function does not exist unless it is real. 


(14). Turn ti to 1/t, in the last. Then 
r\ 2" J 2v xt) 
K 0 —ů. (Ahl . (87) 
by using (13). Now to put the left side in terms of ti, use the 
divergent formula, making 


— /2t, * t 1232515 
€ (=) (1 080 287% ). (88) 
Compare with (18), with m- . — 12, &., we see that (88) it can 


be turned to a function of t, term by term. It is not necessary to 
elaborate this, as there is an easier way, coming later. 


(15). This sae occurs in the telegraph theory. 
apart het) = ſ lee (89) 
1 


It may readily be harmonised with (81) above. 
(16). The solution of Weber's integral 


(86) 


Qm 1m 1) 
[= Jo(cy)da= — y” |— 10 40) 


is immediate. Thus, 
y` 3 


* K* _ -Z 
by Euler’s integral. 
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(17). Amore advanced case is 
j: 4 J a2 jin (ti) “ dæ = ag hee o (42) 


by Euler’s integral. To put in terms of t, put on the prefactor 1. 

by the transformation (21). The result is 
me 1 jm 
Eee ge- di 

agreeing with another of Weber's formula. 


(18). A still more advanced case is 
z Ge +7) = 4171 ati 
15 a v. N de [FE . -( „%) é ae) 
by Euler's integral. Here we have several solutions, viz., in terms 
of ti and 1, or by the binomial theorem, in terms of t and Yy OF Y, 
and t, or finally t and y. The first is as in (44). The second 
comes by expanding in powers of fi-. Thus 


(48) 


H- A L AA A (45) 
So we obtain 
k 
a nJoy dr, tlt nDe N), 


The third form is got by turning ¢ to y and y, to ti on both sides of 
(46). The fourth form is got by evolution, putting both sides of 
(46) in terms of y, making 

1 í pe G h +2) ate. 9). 

yan (Fy GF 

which is a part of the solution of the integral containing the two 
Bessel functions. The other part, on account of the interchange- 
ability of ¢ and y, arises by interchanging ¢ and y in (47). The 
meaning is that the two together make the complete convergent 
solution, because, for any value of y, (47) is convergent when t is 
less than y, and then the other form is convergent when ¢ is greater 
than y. Of course, the value of n need not be so great as to make 
the definite integral be divergent. ‘Inspection of the integral (44) 
shows that n=; is the limiting value. But this matter is not under 
discussion. 

If y,=@ on the left side of (46), it reduces to the form (41). But 
the right side does not, as it assumes the form of a succession of 
infinities. This curious behaviour often occurs. The remedy, if it 
is desired to evaluate (41) in this way, is to interchange ti and y, in 

VOL. IIL. B 


(47) 
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(45); that is, to seek the solution in descending powers of y, ; we then 
have 


115 f-t Tiula {2 e 5 7 +} 48) 
dn  } on-l 171 9102 
and now we see that y, =æ reduces correctly to the proper value. 

We must not conclude that (48) is fully equivalent to (46) for any 
value of n; that requires special examination. They are numeri- 
cally equivalent when n= —+}, as will be noticed later. 

If n= 1, the value shows an impulsive function of x condensed 
at x=0. The original integral (44) also shows this when combined 
with (16) above. When n= - , the two forms of solution taken 
together, (47) and its companion, represent a wave formula ex- 
pressed by a complete first elliptic function, which will turn up in 
another way. 


(19). The integral 
272 nil 2 
[ren va) cos nt dn= |. neizi 4-2 oe + a me Ss (49) 


is solved in a series by Euler’s integral, a as nz, making 


1 1 1.8 4% 1 N. ey 
597 ai 22 taaa” „ > o 
1 1 2 1.8 ü 1 


Here we solve two integrals; viz., in terms of x, and ¢, considered 
as quantities, and æ and t. In the last, 4 12, else the value is zero. 
If we turn 2, to 1/1 in (50), we get 


| TT cos nt dn =" sin nt, (52, 
which is a case of (10) above. 
(20). A very interesting integral is 
v= q VCC zn)dn, (58) 


involving three variables (positive), x, y, z It may be at once 
turned to 


n 111 
— e AJI VIMI (2 Hen) dn - J D Jian 
-f: 1 [0 


l,l, (54) 


the final integration being done by Euler’s integral. According as 
Sı Yı 41 are constants or differentiators, we get several results. 
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First treat x, as a constant, then 
vo ee 8) thy ). (55) 
(Yi T 41) (1 T 41) 41 Yy K 21 — 41 
where the (...) is equivalent to unit operands for y, and ze Then 
shift the exponential to the left, and we get 


= 2 m 2 4 

4 0% 20 _ X =% awto(14 2 + a gte). (56) 
9121 1 Yi Y? 

So, integrating with respect to y and z, we come to 


n ; 
J E 92 yn) I(2Van)dn=me YF 10251 . J), (57) 


which is, x, being a constant, one of Weber's integrals. 
Lastly, to integrate to x, we may use the result (51). Thus, 


y= 10% (21 yz) : | cos n dn (58) 
-e | J(2rl V Y2) cos nx dn 
slav 1 22 1 
x % - miry- (e—r-yFp ii 


This solves the original integral containing æ, y, z. 

But without using (51) we must use the divergent form of I,, which 
is specially adapted for operational work of this kind. Then (57) is 
tho same as 


Iz) enva 1+ P — P? 
PE (402, TAL 16x, Je 20611 V yz)* =) 
-V 2 
N 1+ 16 ) (60) 
(ar yz) 161 V yz ö 


This is functionised to x by the usual way, making 
e Dai 1 x 1.8 
v2 —_—_—_—_- — + == + ——— + eee 
(4r J (xx) ( 8 J |2(8 vyz)? ) 
1 


: 1-75) 
4 %e 
1 1 1 1 
r (FP) S- ft x GN T2 = yi 2 


if D=( Jy — Vz), S=(Vy+ V2)%. The range of a is therefore from 
D to 8. Similarly regarding the range of y in terms of æ and z, and 
of s in terms of x and y. When symmetrically written, these ranges 
do not show themselves so easily. The function v is © on the 
boundary of the region, finite inside and zero outside. 

VOL. Hi. 82 


(61) 
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(2). A little more advanced, though vary similar, is 
ve u- q. )J Iny J. 2 Inz)dn (62) 


POO aaa Oran 
1 1 


i tin 
D ( 7 171 

1 yz 
=EN -nwyn BEHN y, - aHa -artn 
(xyz)i™ (Vi EE ' 


by the shift formula (21). Here we see there is no apparent simpli 
fication, except by giving r the value Im. Then 


T+1+ 4m 


(68) 


E Tı 
P 
(xyz) (1-20 1 
9121 


sa. ~ 21(y+2) (1 14m). lisa 2 10 
ae (1100 ' 7121 A i e -) 


2 710% +2) Viel „ 2/121) B41 
qin,» Im (210 yz). (84) 
This oomes out in the oonvergent form, and solves the integral when 
u is constant. To turn to a function of z, use the divergent form, 
then 


CaN 1 * 1 12 4m? 
—— m 1 (41 J). | + ez, Jate) 
„ 15 l ems pimen 
(4 ) Um- 16 m +] 
2 21D m- (1 v * 
(ar e = AV yz 
1 (8-2)"-*(x—D)=-3 g 
(ie Jr (85) 
where S and D have the same meaning as before. The range of 
4, Y, z is also the same. This agrees with Sonine's integral (Gray 
and Matthew, “ Bessel Functions,” p. 289, Ex. 52). It is very compli. 
cated in the work, though I do not know whether it is any easier by 
rigorous methods. I have only worked it out to confirm Sonine’s 
result. The cases m=}, or — J, &c., can be more simply done sepa- 
rately, since then I, becomes a finite formula with an exponential 
factor. ö | 
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(22). The integral 


oaf J. U,. . Jad (66) 
is comprehensive with five variables r, z, y, m and n, though only 
æ and y will be differentially used. It is the same as 


1 1 -#1 52 
Um n aay |e (751) as, (67) 
where s=r+$m-+}n. Or, by Euler’s integral, 
(8 1 113171 971 
Va > [ U—ünỹu4m 0 
i mmy” 1 T 1 (68) 


Hore we see that the use of the binomial theorem, and then evolu- 
tion, gives two series, one in powers of z/y, the other in powers of 


yjz. They are 


le l yin-l-s s+1 H 57 . 
a 2 ＋. 5 (69) 


Om I=, l m+ moans 
la yi" gim—l—s A1 yint x- -. 6 
“o m1 d I „ (70) 


Only two terms are needed to show the full construction. To turn 
vi to vz interchange z and y, and also m and n. If v, is convergent 
when æ Cy, and vz is convergent when / Cx, then the two series 
together make up the complete convergent solution. 

A complete discussion would be out of place, but there are several 
cases of simplification, If m=0, n=0, r= —}, then 


Vg 


as J 2, 0 70d 2 7%) (71) 
1/, 12 12322 
and v itor: yt oa cyt) (72) 
1/, 12% 1383y? | 
vn (15 2). (78) 


The relation s=n makes vi- O, and s=m makes v,=0. The region 
of the integral (66) is then confined to one or other side of the point 
æ=y. But s=m=n makes both vanish, unless & =, a case of 
condensation. Also »—1—s=negative integer makes vi O, and 
m- 1-2 negative integer makes v,=0. But in general both are 
finite. Sometimes one of the two series becomes a stopping series, 
or even one term only. Thus, n- I, or r=}(n—m)—1, makes 


2 
= an (<y), (74 


whilst the other remains an infinite series, namely, 
l- eee) (78 
m-n (n ntiz Ain + 2) x i ) 
There is continuity at the junction. 


v3 
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Similarly s= m- 1 reduces v, to one term, vi being an infinite series. 
Again, let s=m, or r=4(m-—n), then v,=0, and 
v= 2 — I. (27). (76) 
This confirms Sonine (“ G. and M.,“ p. 239, Ex. 51). 
We may also turn (68) to 
v= |e (11910 Pit Pd Yi (77) 
n x my” a” 
and to another form by interchanging <x, y, and 1, y,, and m, n 
In the special case m=n, of course, there is a further simplifica- 
tion. When r=0, also, we come back to the Bessel impulsive 
function for Jm. 
(23). The next integral is done by Euler’s integral term by term. 


| e-82],(b2)de= f N (do N Jar 


410 ( mer n+2 62 eee — 78) 
a a 2a 1 2a ie 
GO. 
— — — m — 79 
(1 — ban 1 -bja ~ (79) 
Similarly, by alternating signs in the series, we get 
if . 
j b(1 + 5/420 017 ./1 52/2 
In (70), b<a, else the integral is œ. But in (80), bja may have 
any value. It may well be asked here how the transition from 
(78) to (79) is done. No one could be expected to recognise that 
the series was the expansion of the function in (79), it is such a 
complicated function, unless one had a surprising memory, or by 
some accident. I did it in this roundabout way. In (78) we do 
not require any series in powers of a/b. But in (80) we do, or may, 
and can get it thus. Put b?=4t, then 
-a -ay *( *. -Z 
f J. (Od ak (EXE arte a gS 


2 


1 1 I wee =.. ). ~ da; 


nie moe G4 -O 


by Euler’s integral. Or, in terms 0 b, 
2 -= a? , (n? — 12) (n? 32) at 
142 —— lest 
=F {14 7 Eat eat} 
an — a a? (n* —2?)(n? — 42) at a 
“Fie s a p re a 


(80) 


(81) 
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This very curious series seemed familiar, so I hunted it up, and 
found in Todhunter's Diff. Cale. the following, 


a tin 18 atx? (2 ＋ 1) _ a + 22) r. 
i ah cli aa a aaa Sal +... 82) 


Differentiate to x, and divide by a; then put a=nt, and z=4a/b. 
The result is 
e~n hin" (a/b) ; 
(al) == series (81) x b. 
=(1 +b) {a/b4 VTI (88) 
This proves (79) and (80). Using (79), a fresh integral can be derived, 
by differentiating to n. Thus, 


-zif -0% 1 (bx) de= fem K, (bz) dx 


_ 2 log {a/b+ VA 12/2 - 1} 
l Sza (l-b (84) 
This is one of Basset’s integrals. From it, by putting b=ct, and 
supposing c to be real positive, arise two more, 


e Jo(er) dz= (86) 


1 
Jai ꝓ ci 
ae 2 a — 2 
Rd 1 — a 0 

f: Go (er) dx . og (Vi- 2) (86) 

The first of these occurred before. The notation is that of vol. 2; 
namely, Ky (ct) =Go(c) — iJo (o), the proper notation to harmonise with 
tei oos c—i sin c, as may be seen in any simply periodic applica- 


tions of the K, function, especially progressive waves. 
An application of (84) is to find the function of a: which generates 


K,(ab). For, by (4), 
K,(ab) = ip a Kb) d= - 2 HES Aae (ba) de 


log 1a,/6+ v atb? -15 
Tx Ža om 105 ae (87) 
This may be expanded to 


-} 248 Garde (A) 820 5 50550 Date a (88) 


This 3 the convergent formula for ooh The treatment 

of the log term need not be given here, as it will come in a later 
example. The coefficients 1, 7, 74, etc., may be found by doing the 

differentiation to n upon the series (78), instead of upon (79). It 
produces (88), on remembering that the original a is replaced by a,» 
(24). Now some examples of two steps of involution, We have 

-xt fixjdx 1 
[pe Maem [TE SOAD Ad» (9 


if t is d/dt,, and ti is d/dt. Similarly 7,(t,) generates fi(t,). 
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Say Arx) =a" ͤ N. Then 


N c- 77 0 art „ s-h (90) 
When s» goes from - 1 to 0, the function of t, goes from 1, expressing 
the integral of the impulsive function z-!/,—1, orz,1,t0@. Between 
the two it is a continuous finite function. Thus, n= -$ makes 


da ad / 
-H bon 
the last form being a corroboration by an elementary integral, 


using æ 7. 
(25). More advanced and varied is the following, with two 
Variables s and t. 


2 t 8 
*, deml 1 . 1, Aa IV h- 0 J1(2 st) 


1 t 4 
as 
— dem La- 45 J, /c dz. 
IŠ * 172 i ' e 


All * is done at * through the previous relating to the treat- 
ment of * and i. We obtain the solution of a quantitative 
definite integral by pairing together one of the integrals and the 
particular solution that contains the same symbols. But some are 
not done, for we have ei and t, in one integral, ands and t, in another, 
unsolved explicitly. Do these. 
8,22 

rig 10 -at +82 2—. .. 1 ara . .). (98) 
Here we have the ei, tz solution in a divergent form. But it can be 
turned to convergent form by vol. 2, p. 452, eq. (98), which makes 


G - ebe), 9 


where O=0°5772. 
Next, to obtain the s, f; ep note that 
12 6. (2) 4 T 


Applying this to o we got 
oat aa * * 
00 
-ti (a +a 1 +...t, (96) 
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where the third 
4 (16, (st ahaa (st, e — 
eee e anta 
= t, log st, I,(2 V sts) — Ch 1,(2 Vibe. (97) 
Inserting this in (96), the final result is 


tar K (2 J = J v= e ie, (98) 
It means the same as 
| K,(ab) = 7 (ea Solera (99) 


which is (with ö 1), one of Basset’s 3 Observe that a and b 
may be . Also, it follows that 


Lar J Ka / Y 32 za) de, (100) 


by the interchangeability of functions in (98), with the substitutions 
e=a,t,=b. This can also be verified. For the integral in (100) is 


= afr aE V zbjdz= 24 | (05): 51 ˙ ab, de 
1+gn 


dm, 0 , re ae 
2 ᷣ! z -an 


- 95,0 TR K E CRT 13 ton} don 
This looks bad, but note that all terms vanish on account of the 
denominators — -, &q., except the terms containing the deriva- 
tives of these denominators. So we come to 


1.70 -2+ A 4-4 - 944 (102) 
as required. 


After equation (98), up to (102) is a confirmatory interpolation. 
_ Returning to (98), I have also put the integral in terms of f and 33. 

It is done thus. Go back to (98), the middle form, and put in 
terms of Bi f It makes 


40 6 tat 9 (1:3 + 0) ; os) 
by the same transformation as from (98) to (94); 


——(68N ar. tegen (log +e ); (104) 
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where the last part, in terms of ti, becomes 


0.14 Vg z .- 55 te) (105) 


Carrying this out in the same way as before, the final result is 
unt (A- e). (108) 


using the notation of vol. 2, p. 250, eq. (48), for K,. 
Looking through (92), there is no corresponding integral, with r 
as the variable of integration. But we have the form 


t 
t. h „. tus A= tit K 2V30; (07) 


so we come to 7 
sa- ucure RQ i ar, (108) 


which is in terms of s, and t, because . is a known function of t. 
The above is an indirect way of finding what / should mean 
in terms of 8, I have not found a direct way yet. It looks in- 
determinate . For 

2ga 1 

9 21-2 172 ＋ 1 2 

En- ( 42 a 
d ä ; 
(log % 1 (Ser) 1 dn, An (log 1 C), (110) 


and therefore 


(109) 


Now 


(e log 15. (111) 


These results (110), (111) will be found to work quite well in general. 
But if we substitute for 1/s, in (109) the form 2, log 8,-1 of a it 
makes only a part of the required function. We get 


-() * ) 


There are really additional terms in the 3, function, like (As, 
+Bs+...)1, which on conversion to s, form, make zero. It is an 
object in the development of operational mathematics to do away with 
indeterminateness of this sort, for in physical applications there is 
really no indeterminateness. I have been generally successful in 
this respect. But here we have found a function of 8, which generates 
the given function of s, but it is not the proper generator, one to 
harmonise with the other related functions. I think the remedy is 
to be found by regarding «~*/": as the limiting form of a more 
general function. : 
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(26). The Eulerian integral is also useful in a different class of 
integrals, of which the most 5 is 


—5 dæ 112 
( G- (112) 
Tt is usually solved by 8 the indefinite integral to be an 
inverse sine function. But also thus, 
i 118 
u= 3 fe (a) WE 1 (113) 
by Euler’s integral. The limits are here O and œ. So they are in 
(112), considered as a real integral. 
Put ¢ for a in (112), and change z? to r?=2?+y%, Then, by (36), 
we got this integral, 


affen Ef u- 


that is, the value is 1 when k, and zero when f K αν. But if ti is 
a + quantity, then the third form evaluates the first integral. 
A similar one to (112) is 


a dæ è (z b = 
Now take a very complicated one. Say 
nd & Ma 2 MA > da™ 
u= = je a gf) —— (115) 
fece N E 

Here we make x™ the variable of integration, and m is to be posi- 
tive, so that the limits are O to al in the first, and 0 to œ in the 
second integral. Then Euler's JN makes 


— 
2 a” 


ual m — 


(27). Similarly, with two radicals, this is interesting. 
= dz ai 5 ab 
í | ue J i r Vab dome z. (117) 


By symmetry there are two forms of a, b solution, according as 
a d or b> a, it being supposed that the integral is real and com- © 
plete, so that æ goes from 0 to the smaller of a and ö in the first 
integral, and from 0 to œ in the second. Then 


(a) Gan- ..)= — that) (118) 


NV ? log b b ta (119) 


tir 


1; (118) 


Kadi 


(16) 
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when ab. This function can be evolved any number of times 
with convergent results. Thus 


aah ee nae) „ 
=) (2) - 85 ath a > ee) 


2 1 — 1 a. E 
OCG h pete): am 
and so on to any extent. The other way, the way of involution, 
leads to a similar set of divergent series. 


(28). Again with two radicals, 


Jeme" ſ. . nha aT Tahy (122) 


Thisis the first elliptic integral function of a, b, as in (72), (78) above, 
where it is fally expanded. The limits of the first integral are from 
O to the smaller of a? and bè. After that it has no existence. Then, 
when x passes the value of the greater of at and bi it becomes real 
again. This outer integral is entirely excluded from the second 
form of the integral by its manner of construction. It was the same 
in the last example. How shall we modify the construction of the 
second integral above in order to exhibit the outer integral? The 
change of variable & -I will do it. If ö is the greater, then the 
first integral from bè to o becomes 
1 
* ( G),.G),)' 


e a 0 , 


So the new result is got from the old (in terms of a, b) by turning 
a and b to their reciprocals, and dividing by V ab. It will be found 
by inspection of (72) that the new result is the same as the old, or 
the outer integral has the same value as the inner. 
The middle integral, realised by altering the sign of one of the 
quantities under ars sign, and putting , makes 
d-a dz 
aea | mepa 20 
where b—y =s. Ño this integral now comes under the same rule, 
producing eu f bb- a 
Ak a 
ee ee turning a to b—a in the original 
solution of (122). Or, to suit all three integrals, 


a,h 12 a 1°83 a? 
(art) “cy (75 ae Bt male (126) 
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which sults (122), and then with the changes in a and b specified to 
suit (128) and (124). 

(29). Some remarks on the solution in (126) are here inserted, 
If it is given that 
v {a,,/ (a+b) p, (127) 


the complete convergent solution in terms of a and b, both ranging 
from 0 to œ, is contained in 


— 1 13 a r? 
Gata gt} v- cal + 22 (128) 
and they are got by the binomial theorem first, and then 
ai = /⁵sn, 51 22 5/n. First the expansion. 
„. Ù Vee 51. 1.8 5j 
e (a e, 0%) 


41 J. 1.8 4 
a= TEENA =a (1-3 2.124 515 ). 1129) 


Now carry out not both, but only one of the integrations, say to b. 


8 amon tae, beg (181) 
v= Va f1 1714 4 -- . (482) 


These, then, are two forms of te of (127) when a, is a constant. 
They are the same as 


v,=algH,(gba,) 0, -alle (hb) a (188) 


Are they supplementary, like the two in (128)? No, because v, is 
convergent all the way from 6=0 to œ , whilst vi is divergent all the 
way. They do not exist separately, like (128), They are equivalent 
forms of one solution, a numerical equivalence which is only limited 
by the size of the smallest term in the divergent series. This equiva- 
lence occurs in the telegraph theory, considered in vol. 2 (p. 292). 
Then comes the second integration. If the series in (181) is turned 
to a function of a, it makes the a/b series, whilst the series in (182) 
similarly makes the b/a series. If we keep to their convergent 
regions, they supplement one another, and both are required. But 
each of these formule has its divergent region as well. It asks 
itself then, is the divergent part of vi (a >b) equivalent to the con- 
vergent part of v, (a>)? Numerical calculation shows that they 
are not equivalent in the same way as (128) above. Then what do 
the divergent formule mean? What is the relation between vi and 
v, in (128), when ajb is given a series of values a little over unity, 
with distinct initial convergence of v? This question will be con- 
sidered a little later on. 


—{ba; 


254 ELECTROMAGNETIC THEORY. OH. X. 


(30). The v formula becomes preposterously slowly convergent as 
a/b goes from 0'9 up to 1, where the infinite value occurs. It is 
therefore desirable to transform the series to a more rapidly con- 
vergent one. This can be done. Thus, try by introducing the 
factor 1. The shift transformation turns v to 

goat (azh, -abı 51 \t 
ee a aa 
25.2 
ee K ge- 
1 12 4 1232 a2 
-Ich B=. f fp . (185) 
by the binomial theorem in terms of b,/a, first, then conversion to 
a function of a and 51, and finally of a and b. Here a =. Inter- 
change a and bto get the v, form. Now this differs from the standard 
vi in the substitution of b - a for b, and in alternating the signs. The 
result is to produce a series which is convergent up to a= Ab, and is 
then alternatingly divergent up to a=b. Moreover, a/ (0 - a) is greater 
than a/b. So there is no advantage in this variation. 

(31). If, for brevity, we write 

Fea lt peta, 2 . ., 4854) 
the function thus defined can be calculated oonvergently from 
= ＋ to æ = 1. The portion from x=0 to +1 is that concerned in 
the first complete elliptic integral. Below x= — 1 the series becomes 
alternatingly divergent, and can still be calculated for some distance. 
But how shall we find the complete curve downto æ --? Equa- 
tion (185) above supplies the answer. For it proves that 


Vi=z 70 -P( EI) (1858) 


Here let x range from 0 to 1. Then x (x—1)-!=z, say, will range 
from 0 to -. Or, if æ ranges from 0 to — , then z will range 
from O to 1. For example, 


JEFQ)=F(-)), VeFQ)=F(-1), V @=F(-8). 
So the equivalence (1858) allows us to construct the complete curve 
of F(x) from z=1 to — œ in terms of the known portion from z=1 
to 0. This curve rises from O at z= —œ , through 1 at æ O, to 
© at æ =I. 

Now pass to the other side of thea. F(x) becomes directly 
divergent, but possesses initial convergence from æ = 1 up to x=:4. 
The curve is definitely determinable if the value is estimated by 
the initially convergent part in the same way as is true in the 
numerous divergent series that occur in the treatment of practical 
physical problems. At the one end, near z=1, the value can be 
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closely calculated. Also fairly well up toz=2. After that, roughly. 
At the limit z=4, we get F(4)=1+1+..., which is, to a first approxi- 
mation, 1. How near this is will appear later. But equation (135B) 
above, with the radical taken real, making it VI, allows us to 
utilise the good part of the curve, that is from z=1 to x=2, for the 
plotting of all the rest, up to z=o. For example, 2F(5)=F(1}), 
and soon. I have carried out this work, and a nice smooth curve 
results. 

Now what relation does it bear to the curve on the other side? 
To all appearance, it is simply a copy, turned the other way, but 
magnified. The ratio is about 1°31. That is, 


F(1—y) 

This determination is empirical, and it would be better to have an 
analytical investigation. I will not give lengthy details of the calcu- 
lations, but only some remarks thereon. In the initially convergent 
part of the divergent F(z), the ratio of the l. c. t. to the total varies from 
O at =I to 1 at x=4, or the error might vary from 0 to 100 per 
cent. If we took values of x at random between 2=1 and 4, we 
might expect an error of 50 per cent. of the l. et. Even if we keep 
entirely to the good part of the curve, from r=1 to 2, the curve 
will tend to get a little staggery on approaching x= 2. But there is 
a way of largely reducing the size of the error. It is (as in vol. 2, 
p. 484) to select values of æ which produce a pair of equal bottom 
terms. Then stop counting in the middle, that is, count the first 
I. o. t. only. Another way is to choose x so that the term before 
the l. c. t. equals the term after it. Then stop at the middle of the 
I. e. t., of course. The first way is more convenient. By its means 
the error is usually reduced from a large to a small fraction of the 
].c.t. Then a very smooth curve results. (In some series the error 
is made in this way a quite minute fraction of the I. o.t.) In the 
present case the error is not very large even at the extreme limit, 
z=4. The rule makes 1, instead of about.0°9. This 10 per cent. error 
falls rapidly as æ is reduced. 

As we do not eliminate the error by using equal bottom terms, so 
the value of the ratio of F(1+¥y) to F(1—y) would not come out 
quite constant, even if we knew that the true value was really a 
constant. That is, however, just what has to be found. In fact, as 
y goes from 0°7777 down to 0°07015, the ratio falls from 1'858 to 1°316. 
But in the first case the 1.c.t. was large, in the second relatively 
small, about 2} per cent. of the total of the series; so the fall from 
1°35 to 1°81 should rather be attributed to the imperfection of the 
rule of calculation by equal bottom terms than to the ratio being 
really a function of æ, although that may not be impossible. 


P(L+Y) 1-31, when yis +. (1850) 
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($2). Now use the prefactor n in (127). Then 


n ( (a, - 45, 5 abi 
* 41 ＋ 201 ba yp, (a,?- 41.) a86) 


Expand in powers of b,/a,. Then 
-iab b2\3 
aae 51 44 aac j+.. .} 


n (ab (abi)el. 8 
b, {1+ vs pata + 42 44 J- 


a N 1.8 y 1.3.5.7 
reit a+ Ope ) pte} 


Or, more conveniently, let a/4(2b - a) -e, then 
1.8.5.7 1.8. ...9.11 
14.1.8 % LST 44.18. -911 } 1 

„- Cb {14 e ee e 
This is convergent up to a=b, and is a capital improvement. It 
converges doubly as fast as the standard vi because it goes by squares 
instead of first powers, and is additionally convergent by smaller 
terms. In a numerically tested case, where four terms of the new 
series give v, correct to 8 figures, eight terms of the old series only 
make it right to 2 figures, and several more terms are wanted. 

(33). The usual potential of a steady fixed point source g being 
9/4 R at distance R, when g varies in intensity with the time, the 
potential will be the same g/47R only if propagation is instantaneous, 
using the momentary value of g. But if the propagation is done 
isotropically at speed v;i Eai the potəntial is 
45 n. where g- dd vt); (189) 
d.e., the value of g is taken to be the value at the source at the 
moment f- R/ v, in order that V shall be the value of the potential 
at the end of R at the moment f. It is desirable to have a physical 
foundation. The characteristic V?V =q*V, when referred to the 
single space co-ordinate R, where R= + y?+ s3, is 


-R, (140) 


with two obvious solutions. Selecting the one for outward waves 
only, it is the above (189), g meaning any function of f. To find the 
meaning of g more closely, we have 

| 47 R? —dV/dR) = R4(g/R+1/R*)g=(1+ gR)g. (141) 
If R=0, the value is g. That is, the surtace integral of —dV/dR over 
an infinitely small sphere centred at the origin is g. If, then, VV 
is the density of a flux (surface density) of fluid of unit standard 
density, g is the rate of generation of fluid at the origin, or the 
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amount added per second. It remains in the form of fluid conden- 
sation, so that the time integral of g is always equal to the volume 
integral of the condensation. Also, the condensation s itself is given 
by sv?=V; orsv=qgV. The condensation only exists at the end of 
R, at the moment ¢, when V is increasing, and therefore only if g is 
increasing at the previous moment t- R/. This is a very brief 
statement of the acoustic analogy. But in sound waves, according 
to these equations, the quantity s must be very small. In the general 
theory, however, there is no limitation of this kind, and g may be 
any f(t), and s have any value. I find, however, the general ideas 
of the acoustic analogy to be useful even then, and it supplies us 
with a terminology. 

Observe that (apart from the analogy), the above supplies us with 
the simplest proof that all disturbances, subject to v7V=q'V, are 
propagated at speed v through the medium. For what is true for 
one point source is true for another, and so on to any distribution 
of sources. Moreoyer, an initial state without sources is brought 
under the same rule by producing the initial state impulsively. If 
g=vqQ, it means the impulsive introduction of the amount Q of 
condensation at the origin. Therefore 

„y vg 
VS ick (142) 
is the potential at the moment t due to the initial state of conden- 
sation o (vol. density), the summation being a volume integral over 
all space. This is an elementary case of the pan-potential, to be 
considered later in connection with electromagnetics. 
: =O EE 

The solution V Q ick (143) 
is purely impulsive, remembering that g=d/d(vt). It is simply con- 
fined to a spherical shell of no depth, of radius R= vt, with conden- 
sation on its outside, and rarefaction on its inside, both increasing 
in total amount uniformly with the time, the amount of the con- 
densation always exceeding that of the rarefaction by Q. 

But if the source is steady, of intensity 9, beginning ¢=0, then V 
exists from R= O up to R vt, and on the boundary of this region is 
the condensational wave without any rarefaction anywhere, and gt 
is the total condensation. (See vol. 2, p. 500, for illustration.) 

(34). In the case of an impulsive line source, of linear density ø, 


A ſvg tte 
V R ds. (144) 


Supposing o is the same for every element, this is the same as 
| els R Z aR. (1455 


VOL. II. 8 
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In case of a circle, we get a remarkably simple result. Let v, o, 
and s be columnar co-ordinates of the point at end of R where V is 
wanted, so that 

I= ar- ar cos 0+8, (146) 


RdR=arsin 0 do. (147) 


In the figure P is the projection of the B point on the plane of the 
circle. At the moment represented, the elements at M and N are 
those alone concerned, and 


qe- R e 
v2. Pen R Ter sin 0 (148) 


The value of 0 in the Bee * to R vt, found by (146), so that 


in terms of t, r and z. The volume at by V is entirely 
bounded by the reality of the radical. It begins as a circle, which 
expands as a tore, or anchor ring; but as soon as it has swollen so 
much that it crosses O inwardly, the overlapping region is excluded. 
Later on the region becomes a shell of depth varying from 0 on the 
axis (both sides of O) to 2a in the plane of the circle. Outside this 
region V=0. Inside the region it is always finite, but increases to 
œ on the boundary. (Compare with vol. 1, p. 114.) In the middle 
of the shell the value of V is ov/2zr. 

For other shapes of line sources, if R-!1ds/dR is simply expressible, 
useful solutions are also obtainable. 

In case of an e surface source, density o, 


(149) 


-EJE E A R 50) 
where d is element of surface. Ifa il 
qe drr AR. 1 d-. 
va daa R dR R dR - (151) 


dr 
M7 and V=$ov. . (152) 


WAVES IN THE ETHER. 259 


It is the same on the other side of the plane. So the region of 
Vis a slab of depth 2a, within which V is constant. This serves to 
illustrate the artificial nature of V. The consideration of conden- 
sation is more natural. It starts as a plane sheet of density c, which 
splits into two equal ones of half density, which then travel right 
and left at speed v. In practical work there is no recommendation 
in general of this method for constructing the solutions for surface 


sources, because so much work will be required in integration. It 
is generally much simpler to make use of the functions known to 
belong to the surface in question, sphere, &c , which themselves 
express the result of the integration. 

(35). Having got the solution (149) for a ciroular source, we can 
make it the element for a cylindrical source, regarding the cylinder 
as an assemblage of circles. Let p= amount impulsively generated 
per unit length of cylinder of radius a, so that the surface density 
of source is vgp/2wa; then 


= 2p? dz 
X Anar J N O 5 (450) 
2ar 
af a _sa.. 154 
=| Jae Jas! aa 


if A=v*—(e—r)?, B=vt—- (a+r). Or, since zdz=ar sin 6 dd, 
by (146), x 95 
pv fì 

Y= N (155) 
if = 10, C=4ar. In all these formula the function does not exist 
when unreal, but in the form (155), @ must not exceed 47. When 
A <C, the upper limit is that value of ø which reduces the denomi- 
nator to zero. Here we have the first elliptic function again. But 
regarding (154), a note is necessary. A is always +, but B is not. 

One way of solution is 
aP dz e [Ad 

y * faz aig? A Gi 7 Í i AC- A)? 450) 


If s=0, the function of A and O is (to a constant) the value of V 
on the plane of the cirele, due to a circular source. Then C- A is +, 
and we have 


l m l A 1. * \ AON 
mo-a Go T1 ET G aroa O 
VOL, III. 32 
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e -ea de? ACH . pv AC, 
ss y =f . 2/2? (A+ C) (K.) (158) 
by Euler's integral. Or in full, by (128), 
a pv P 4ar 
mfr A a er-). den 
ov 1 13 pe- — r)? 
V. 27 Ta ts <u 9. (160) 


Or, we may use (154) in 5 sense of ai with this difference, that 
the limits are O and v A when B is negative, instead of y Band JA. 
This occurs in the early stage of the phenomenon, before disturb- 
ance from the more distant parts of the cylinder has reached the 
point of observation. 

That this extension of (124) is allowable, the following shows. 
Let b—x=y, we get 


a) a uf D -an! 
cen J. Ab- Min- ay} den 
by Euler's integral, provided b and ö -a are both positive, which 
allows a to be negative. It is the same formula as when a is +, 
only then with a far lower limit. The foliowing diagram will 
explain the practical meaning of yı and V.. 


a 4a 


Along the horizontal axis is measured the distance r from the 
axis, and the vertical ordinate measures V at different times. When 
tO, V is merely the vertical line O at r- a, where the source 
momentarily exists. This spreads out both ways, attenuating out- 


* 
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ward and condensing inwards, due to geometrical expansion and 
contraction. When vt= Ja, the curve $ shows the distribution of V. 
It has increased slightly at the place of the source; at the wave 
front it varies as y I/r both ways. When vt a, the curve 1 shows 
V, with an infinite momentary value. So far we have only one 
curve and it is given by the formula Vi, equation (160). After this, 
the second curve V; (equation (159)) comes into existence and moves 
outward. At the moment vt - 2a, the curve 2 on the left side shows 
Vz, and on the right side VI. A later stage is shown by the curve 8, 
belonging to vt=8a. For very large values of the time, V consists 
of the outer shell of depth 2a, in which V rises from nearly O up to œ, 
followed by a rapid drop to small value behind the shell. (The 
curves are not drawn to scale, except for principal values.) 

The infinite value at the back of the shell can be abolished by 
spreading out the source. Instead of a surface distribution of the 
source, let the same amount be spread throughout the space between 
r=a(l +n) and a(1—7), where n is as small a fraction as you like, 
though not zero. The result will be to round off the sharp infinity, 
making it become a finite maximum. Apparently then, the two 
formuls of the above pointed curve should be capable of representa- 
tion by a single series. Against this, however, it might be objected 
that this curve at the wave front will no longer be vertical but will 
make a rapid continuous rise instead. The single formula will 
turn up shortly ; 

Since the condensation s is given by sv*=V, its most important 
part is at the wave fronts. In the first stage we have two waves of 
condensation, with a weak condensation between them. In the 
second stage at a given point there is first the wave of surface con- 
densation at the wave front, followed by distributed volume con- 
densation in the shell, increasing continuously to œ at the back of 
the shell, then dropping to—o (rarefaction) which goes con- 
tinuously to a small negative value. 

The total condensation (reckoning the later rarefaction negatively) 
is p per unit length of cylinder. And since sv?=V, whilst 
> sv? = pn, it follows that > V =pv%, or 


f: 2rrVdr = put, 
or the area of the curve of rV varies as t. 

At the initial moment, the total condensation in each of the two 
waves is $p. But since V varies at 71 at the wave front, the total 
condensation at the wave fronts varies as 7+. So it increases in- 
definitely, and always as ri, at the outer wave front. But at the 
inner one it falls continuously, and is zero at the moment t=a/v. 
At the same moment the total condensation is p Tat the outer 
wave front. Therefore the volume condensation in the wave 1 
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is (1 J). It is the velocity - di /dr being always outward in 
this stage (in the extended acoustical analogy) combined with the 
cylindrical expansion and contraction, that accounts for the redistri- 
bution of condensation. (In a spherical outward surface wave of 
condensation, the total would increase as 7, the radius.) After this, 
the condensation, surface and volume, in the shell that is formed, 
goes on increasing, but it is followed by the rarefaction, the amount 
of which also increases continuously, so as to keep the total con- 
densation constant. In the surface wave at the outer wave front 
the velocity is outward ; but it is inward in the inner one. In both 
the velocity is proportional to the condensation. So the total flux 
of fluid inward in the inner surface wave varies as rì and vanishes 
the moment it reaches the axis. Also, there is no source of fluid at 
the axis. So the infinite value of V which is propagated outward 
immediately after does not correspond to a surface wave like the 
outward one. The inward one is gone for good, and is replaced by 
a continuous wave of volume rarefaction. 

If the source on the surface of the cylinder is not impulsive, but 
steadily continuous, generating or introducing fluid at a uniform 
rate, commencing to do so when f-, then the V curves in the 
above represent the condensation itself. There are now no surface 
waves of condensation; it is now entirely volume condensation. 
This isa simplification. On the other hand, the velocity is trouble- 
some to obtain, requiring a time integration. 

(36). Electromagnetic solutions represented by the V curves may 
be either in terms of E or of H, by the now well-known method of 
translation of electric and magnetic relations. Oboosing H, the 
lines of magnetic force (and induction) in a uniform isotropic 
dielectric (the ether, most simply) must be parallel to the axis of 
the cylinder. Then, remembering that the volume integral of V 
varies as t, we see that the source at'the surface of the cylinder 
must generate magnetic induction at a uniform rate. The V curves 
then show how the “lines of force ” spread over the field, at first 
both ways, later entirely outward. Here again there are no 
surface waves of condensed H. The wave fronts merely represent 
discontinuities in H. What is infinite there is the electric current, 
but this infiniteness has no energetic significance. Nor is the 
travelling œ of any consequence. There is nothing in it. 

(37). Another solution derivable from the tore solution. Find 
the ultimate steady V due to a steady source on the circle of radius 
a. This involves a time integration of the tore solution. Thus, if 
a total round circle of fluid introduced per second, 


Qu dt 
_ AU vt) 
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where Y and Z define themselves by comparison. Comparison with 
(154) shows the similarity, with a notable difference. Y is always 
+, like Z, and the limits of reality are from vt - Ii to Zi, so the 


result is v Q 140 dar N (164) 
HTN 2 28+ (4 T7. J. 

There is only one form of solution, because 4ar is smaller than the 

denominator. 

But suppose we want to show the way of establishment of V 
beginning ¢=0. Then the limits for vt in the above must be from 
Ii to vé during the passage of the shell past a given point, finishing 
with the full limits Yè and Zè as soon as the shell is clear away. 
This incomplete elliptic function is very disagreeable, and I shall 
give no formuls of development. One way is by 

Q 1 3 1 
VT. Zdar-Zy (165) 
when T=, and others may be found if this is not convenient. 

Equation (164) may be confirmed by the direct way for a steady 
state, or V=2p/4eR. This makes 

Q = 
V=2/* ara Qt dp 

0 Arai TTT Zar cos 9) 274) (Z- Aar sin? ꝙ) 
meaning the same as (164), as can be seen by comparison with (155). 
The formula (164) is also that for the gravitational potential of a 
circular line of mass Q. Moreover, if we draw the equipotential 
lines in a plane through the axis, they will also represent the lines 
of magnetic force of a steady circular electric current. This is true 
even in the variable period provided the shell is fully formed, and 
we keep behind it—that is, nearer the centre of the circle than its 
inner boundary. 

(38). The above cylindrical source may be also regarded as an 
assemblage of straight line sources, parallel to the axis. First, as 


regards V for a single straight line source. This is easy. Let o be 
the linear oo ae Then 


qe 8 ov 
v. ov [i — 2 5 -r (467) 


because g 15 n at Rot. 


» (166) 
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This avoids the K,(gr) function altogether, which, however, is 
necessary in a complete treatment. The point P at moment ¢ is 
gnly receiving V from two elements on the axis, and the slope is 
allowed for. The wave front is at r=vt, a cylinder. But all points 
Inside it have finite V; for although the source is existent only at 
the moment ¢=0, it takes time for disturbance from more distant 
parts of the source to reach P. 

In general, if g is the linear intensity of the line source, a function 


of the time, then . 
| V=}K,(qr)g. (168) 


To prove this, first note that K,’qr) is the proper operator for an 
outward wave (vol. 2, p. 240), and then prove by the formula for 
K, that 

2xr(-dV/dr)=g, when r=0, (169) 


showing that the amount of fluid g is introduced and passed out- 
ward per second from the straight line per unit of its length. 
With an impulsive source, g=vge. Therefore, by (167), 


274 n _2[qe-@dR_ 2 
-/ = Gea eee OT 
These are true whether g is a +-constant, or the differentiator 
did vt). Compare with (167), aud note how even the imperfect 
acoustical analogy assists the understanding of the meaning of the 
definite integrals in one way, whilst the impulsive function ge 
does so in another. . 

(39). Passing now to the cylindrical source of radius a, regarded 
as an assemblage of straight line sources, there is one place where 
the solution can be at once recognised—viz., the axis. For it is 
equidistant from the line sources all round, all of them behaving 
according to (170), with r=a, so 


is the potential on the axis, but only from the moment - a / v. 
Next, if Ra - ar cos 0, 
chen | v= 07. ik 8 
Gri), bn 
(Seo figure, p. 260, and keep in the plane of the diagram.) Or, with 
6220, | 4 


v=% (172) 


do 
o {PP (T -a) Aar sin? gr 
where the limits are ‘hoe of reality, but not exceeding zu at the 
top. This is (155) again, as obtained from the circular source, in- 
tegrated, so needs no further examination. 
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(40). Returning to (171), we can derive at r from a by 
Vir lg) Vor L422 On "(gr 4200 = —, (78) 


and the region of validity is from r=0 up to rut - a, ne is, the 
back of the-shell, because V, only begins the moment the back of 
the shell begins to exist. So the V, solution is expressible in a 
series consisting of the simple solution for a line source, and its 
second, fourth, &c., differentiants. This is obvious work. 

Another way of expansion. Let A =d/d(tr’), A, =d/d(ta?), then, 
by (18), 


V= gee ler 200 


Sa 1 7705 (2 244% Kal ＋. . . $, (174). 


“rot 4 4 [2 44 Than 


which is got by exponential expansion e and then obvious in- 
tegrations through A, and A,. 

(41). Now as regards the Vi formula. Consider the state of 
things before t=a/v. There is an inward wave of the type H,/qr)A, 
and an outward wave of the type K,(gr)B (vol. 2, p. 240). To find A 
and B we have the sole conditions that V is continuous, and that 
—dV |dr is discontinuous by the amount of vg / ra at the surface 
r=a. It is only initially discontinuous, but that is accidental. 
These definitely determine A and B, and make 

Vie Hy(ga)K,(gr)q, (out) (175) 
v1 Ho(gr) Koda). (in) (176) 
These have been got without any troublesome integration. Use 
the divergent expressions for H, and K,. Then 
of -alr-a) 1292 12 123? 
1 eee 1— eee 
10 Tar tagat aant) H- preg} 
d 
G- (SA) 
ar Jar CHE 0850 G ar Er a). 
= W fy Tv 11) 4 (oto)? 585 (fe r8 1 2 . 178 
e 8 oar 797 a (2.8% ([2a* ar arta a 
The other one, vi, is obtained by interchanging a and r, not for- 
getting to do it in ¢. The value of & is given by vip=vt—(r—a). 
They hold good between r=a—vt and a+vt until vi=a; that is, 
for example, for the V curves in the figure on p. 260 which lie 


between the first O curve and the curve 1,1,1. But both the Vi of 
(178) and its companion v, are represented by (160) above. That 
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is, (160) is equivalent to (178) when r >a, and to its companion v, 
when r<a. 

After vt=a, the shell being fully formed and moving outward, 
the range of v, gets smaller, and that of V, larger, these ranges 
together making the complete shell. When vf=2a, the range of 
v, disappears altogether, because the shell is wholly outside r=a. 
From this moment onward the V in the whole shell is represented 
by Vi, either by (178) or by (160). What follows behind it is 
obtainable by a different way of considering ‘the discontinuity at 
the source. In equations (175), (176) the operators are explicitly 
appropriate to inward and outward waves; but should the cylin- 
drical source at r=a be receiving a reflected wave from the axis 
as well as sending a wave in, we should substitute 2I, for H, in 
those formule, making 

Va- TILo( ga) Ko(ãr) a ”ο (out) (r>a) (179) 

vA Io( r) KG), (in) (r<a) (180) 
where vg is the special value of the source 2 rag, per unit length 
of cylinder, regarded as a function of the time. In general this is 
continuous; though, as before said, it is accidentally merely 
impulsive. There is continuity of V, and v, at r=a, and 


(, Ts -FP ) = een (i850 


at r=a, 80 the differential accuracy of (179), (180) is established. 
The distinction is that H, and I, operate during different periods 
of time; H, is only valid for an inward wave, and ceases to be 
valid when the disturbance it sends inward comes back to the 
source from the axis. If we now carry out the operations in (179), 
(180), we come to the same results as before. For we get 


v. -A) ray va . sant ai a (182) 

But these are identical, in the present case of a momentary source, 
because i i 

I(qa)— = TETI ’ (188) 

and similarly with r substituted for a. It follows that both of (182) 

lead to the same formula (178) or (174), which moreover, we found 

to be equivalent to (159). That is, the present V, and v, mean the 

same, and the same as V, of the previous investigation, valid from 

the origin up to the back of the shell. 


(42). Now if we construct the formula for V out of the line source 
formula (168) by a circular integration, it makes 


Y- 2 IRA. asg 
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In this, we have 
R? =r? +a? Aar cos 0, 


a R 2R : (185) 
dR ar sin 9 * (a r)? R y RZ (a- 7) 
50 V= KighiRdR ag -(186) 


where the limits are those of reality. Comparing with (179), (180), 
and noting that Qqv=27ag, the result makes 


Te x 
V (a+r) RVR (a7) =, eK (ga), (r Sa) 


or SI(ga)K,(gr), (r>a). (187) 


Here we have obtained the solution of a rather formidable definite 
integral, when g is a ＋ constant. There are two results, because 
(a—7)? in the integral is essentially positive, whereas a- r may be 
positive or negative. Or, say y?=(a+7)?, = (a -r)?, then 
K,qR)RdR_ 1 2 l 
JG- HK 2 T, 54 % )] Ko % T)], (188) 

provided x is understood to be always positive, whether a> or <r. 
The limits are from æ to y. 

From (188), by g= ui, if this substitution is valid, we obtain two 
other integrals, by using Go(ai) = Ge (a) - (a), and Io(ai) J (a). 
They are 


v G,(sR)RdR 
Vg Riae 2 ~ Jo {daly - t)} Go Wes % T)], (189) 
"Sot RAR J {holy —2)} JT +a}. (00) 


z V(y?—R%)(R?-2%) 2 
The transformation g = i sometimes fails in definite integrals, but 
we can obtain a corroboration of one of these by the property of 
interchangeability of functions mentioned before, F and f in (25). 
Applying this to (190), the result is equivalent to Sonine’s integral 
containing the three Jo functions, (58) and (61) bove. This is 
satisfactory. But the interchange property does not apply to the 
other integral, so it remains without corroboration. 
(43). Now integrate (188) to g, using the result /K,(q¢R)dg=R-', 
to be proved a later. We get 


| vere V RIR K R — 25 =F f1 - Ke H +2)} dg. (191) 


But the integral on the left side is known, as in (122), (124) to 
(126). So we get 


ſ pb -e K, le rj dae (1 43 Ker 
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or, in terms of r and a, 


| MaE de 2 (Ita Ua). (198) 


if r>a, but with r and a interchanged in the integralifr<a. That 
is, the larger of r and a is to go to the Ko function. As for the right 
side, the interchange of r and a makes no difference. It may readily 
be suspected from this property of a change on one side without any 
on the other, that the right member is transformable to two other 
forms, one to suit r>a,the other r Ca. And in fact if we suppose 
r>a, every term in the series on the right may be expanded conver- 
gently in rising powers of ajr. On rearrangement of the whole in 
powers of ajr, the coefficients of all odd powers of a vanish, and the 
even powers make 


J Io ga) Ko Ad 70 +3, at) (194) 


when r>a. We must now interchange r and a on both sides at 
once when a>r. We have here a practical example of the old 
theorem 
F(x)(1+ -A * nit (195) 
(1+ 72)? 
using the notation of (1854) above. The use of this theorem men- 
tioned in books is to allow of the calculation of F(x) for large values 
of x, where the series is very slowly convergent, in terms of the 
values of F(x) for smaller values. For ae ay 
F(0'25) = $F (0'8888), Fos )- 10 (361). 
Of course, the calculation of F(860/861) 5 itself would be very 
lengthy. 

But in the present circumstances there is another use for the 
theorem. It was suggested before (p. 261) that the curve of V on 
p. 260, should be expressible by one formula, in spite of the infinity. 
Now it has turned up 5 We have 


wi =)" ar (a) or Dar ( ) 
ol vn P(e) (196) 


and Vo V, of (159), (160) are both contained in 
ov / 2r F( 4y farv vici (av (197 
Var Vu aor (Aar V- (4-70 O 
for all possible values of t, a and r. That is, v?t?— (a- r)? begins 
with the value 0. But the two separate series are simpler and are 
usually more convenient. 
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(44). If we give negative values to t, and let t increase from a 
large negative value up to zero, we have, provided we reverse the 
velocity everywhere, to contemplate the singular spectacle of the 
march of the function V taking place exactly in the reverse manner. 
The infinity moves in to the axis, and disappears, after which all the 
condensation proceeds towards.and condenses itself at the surface 
of the cylinder r=a, at the moment f= 0. If at this moment we 
introduce a momentary negative source, or sink, of the right amount, 
chere is an end of the automatic dynamics. But if no sink be 
introduced, the arrived condensation will itself act as a positive 
source, and the later march of V will be precisely as before described, 
with ¢ positive. 

(45). If in (194) we change the sign of a?, say = — 5, then we get 

2 p3 
f Fog) Klar ida =F (1-55 .) (198) 


This is not the standard form of series, since the signs alternate. 
Bat see (1858). It converts our result to 


[ Jo(qb)Ko(qr)dq= —— (1 .-). (199) 


1 

V rb? 23 72 ＋ 52 
which is in the standard form. It is one of Basset's integrals. I 
always rejoice in coming to the known for confirmation, even 
though compelled to return to my own ways of work to make 
further progress. . 

(46). Some of the Ko integrals are very interesting, and it is as 
well to construct them systematically. This can be done by first 
finding /z"K,(qz)dz. Thus, if @=T, 


KC dre 2. . . dr = (Tir. 
[ Thh ( sed =| i 173 


1 amt. t Un-. bum = (201) 


ti. Vr 11 A = um ym tt y: rt Vr 


This is true from m- 1 to œ. A more convenient form arises by 


using | 
Jr mim dm T 1 2”, (202) 

which identity is a special case of (188), in vol. 2, p. 472. So we have 
| AE dterde= atm $y (208) 


It is easier to refer to special values, and to even and odd m 
separately. Thus 
mo, 2, 4, 6, 8, 
1 12 1232 128253 128252732 | 
a ü wo Wo ar ON 
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for even values of m, and 


m=1, 8, 5, 7, 
2 2 Dae 2 85 


for odd values. We can now write out the solutions of various integrals 
involving K, by reference to (204), (205). 


(47). Begin with one that is infinite. 
Í Atatett ate...) K (gr)de= (145 + vent), (206) 


The sum of any set of terms on one side is, by the manner of oon- 
struction, equal to the sum of the corresponding set on the other 
side. If, then, the number in the set is infinite, the integral is 
infinite in value, as is easy to see from the form of the series. We 
may, however, even then, derive a finite integral. For, if q=t,, 
we get 


2 fr dx 1. 
rj (Pa aes) LT a (207) 
We require t<a-!. 


(48). Change sign of a*. Put a?= . Then instead of (206) we 
have 


Kg, gd 1 1. 5 1285. 
f 1757 ae ptoz ih (208) 


=F la (1) (1-_ É + E  _ 
3b ! Go( 9 7705 128253 T 12525755 ) . (209) 
The integral is obviously finite. The immediate result is alter- 
natingly divergent. It is converted to a purely convergent form in 
(209) by the formula (115), vol. 2, p. 455. 

In passing, note that the complete series on the right side of (206) 
is also, when calculated numerically by its initial convergence, 
equivalent to a convergent funetian, as in vol. 2, p. 441, eq. (81). 
It may be possible to modify the interpretation or expression of the 
integral to suit this. 

(49). For variety and interesting views, change the order of 
work, Ifa t, then 

J Ca i: | t 78 2 8 15 24 p .- (210) 
This is elementary. Change the upper limit to ¢ without altering 
the value, as in (10) ; 


oft 2 „ 271 12 1232 


2 0 att 
600 atatt): (212) 
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Here the right member of (211) comes from (210) by converting it 
to a function of a. It is divergent, but is converted to the conver- 
gent form (212) by eq. (81), vol. 2, p. 441. At the same time this 
convergent form is obtainable from the integral (211) by direct 
integration. 

Next pass from a to a, and then again from f to ¢,=qg, and 
finally from a, to a. 


= f' dx SERE. KAF +35 at.) 
1 % (itaz/a,)(@-22)' f -an, a 8a? 3.5 415 
(218) 
Ko) de l+ 1 
1+2/a, z. a5 tagt 
( L42 Ee... ). 10 
aq 414 a’ 
2 a 20 2.4 a 
afa e793 K (qx)q dz = (1 F ~ 760 8 45 3.5 at). (215) 
Here (218) comes from (212), (214) a (218), and (215) from (214), 
and all is done at sight, without troublesome references. In the 
end we come to two K, integrals, both of which may be directly 
constructed from (204), (205). The whole process is reversible, so 
that we may work back step by step to the elementary form (210). 
Another form of (215) is (see also p. 247), 
2 q log {a/g + 1 — ¢ 45 
n eee e-) (-) ++} 
(216) 
Observe the series on the right sides of (218), (215). They are 
of the same form and are convertible by changing t to a, and a, to 
ti. Both are the difference of two convergent series. But in (214) 
the result is the difference of two divergent series. One of these, 
the first, is known convergently. See (211), (212) for this equiva- 
lence. The other has not previously turned up. I will give the 
method of convergent evaluation separately later on. 


(50). Another integral coming from (204) directly is 


F PPK A aa 8 rsr at) (217) 
a a K. £ ). (218) 


The immediate result is divergent, but it is a well-known formula, 
of the convergent form (218). Put (P in (218); then we obtain 


.* G,(ex)de= vey . (85) (219) 


22 N (652 ; (220) 
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These are ascribed to Basset in Gray and Matthews Bessel 
Functions,” p. 227, example 8, with a difference, however. In 
that place, the formula corresponding to (219) is discrepant with the 
one corresponding to (218) by the factor 2/7. 

(51). To clear this up, and get new results, let 


ja F * J. (er)dæ- f „% 


in 1 ibn- 2 —4 
6 z) e” ( Grier (221) 


where a=, a?=b, 46-0, and the integration is done as in the 
previous work concerning J, by putting it in exponential form, and 
then using Euler's integral. We have now to turn this result to a 
function of e. There are two ways (by the binomial theorem), in 
rising and in descending powers. The convergent one will be right; 
the other will take its chance. The descending series comes to 


oe pOr- Ia- e—a} 


+7 He (3) 


This is the 1 form. In the case n=0, it agrees with (220). 
The other way of erage (221) leads to 


(as) | Se (2 y+ + inetd ai 
a Te a/ 22 70 > (228) 
This is convergent, but for comparison with aG) we should intro- 
duce the prefactor s, or e d. This is best done on (221). 
It makes 
„i- eh n- ei (1 - 1/4217) ll. (224) 
On expansion, this produces 
x i 2 
„ . 1 (E) (225) 


Comparing with (222), they agree when 47 is integral, not otherwise. 

Now, if we change J, to I, in the original integral in (221), the 
only effect is to change the sign of ei in the exponential form first, 
and later on in the radical. Then, on introducing the prefactor 
ste, the result is that everything is the same as in (224) save in 
this changed factor. So we come to 


J. -E * ew 


— ajaa 
(222) 


8a? 
These results entirely confirm the preceding. For, by differentiat- 
ing (226) to n, and putting n=0 after, (226) leads to (218); and by 
performing the same operation upon (225), the result is (220). 
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(52). The v, result, converted to convergent form, would need 
the use of H, =I T I-, for numerical equivalence, in disagree- 
ment with the convergent result vi. In connection with this, it is 
to be reinarked that in doing Sonine’s integral on p. 244, the use 
of $H, instead of I., when worked differentially, led fo Sonine’s 
result. That is, the numerical conflicts with the operational 
equivalence when n is fractional. Things of this sort are not 
without importance in the complete laws of divergent series. 

If we employ the formula 

| J. () dr = eee. 227) 
m In —sm on y 
to evaluate (221), by expanding the exponential function in rising 
powers of a?, the result is the sometimes correct divergent formula 
(222). But if we expand the J, function in rising powers of c, the 
result is the fully correct formula (225), when done by Euler’s 
integral. 

And, by q or ti -i in (203), we get not only the special oase 
n=0 of (227) just written, but also 

| G,(ex)a%dom — Ain Am a E 228) 

a i m r 

which takes the value zero when m is 0 or an even number. If 
then, we should try to evaluate the integral (219) by expanding 
the exponential in powers of a?, and then applying (228), the result 
would be zero. But if we expand G,in powers of s (the logarithmic 
formula), and then apply Euler’s integral, we confirm the result in 
(219). As follows. 

(53). Verification of (219). Put G(x) in logarithmic form, with 
w , and A=log gar. Then the integral is 


2. “YF a+ Gy) - it (A+ G,)+ 22 0e. J or 
(2203 


where G,,=9'(n)/g(n). Do this by Euler's integral. The result is 


1 d. 2/44) 2d. 
= (20, a-d- Hip Ch- ata 
1.8 2 i 
wee (2G,-G +a) -} (280) 
E 2 2 1} ’ 
wee A, =log(s/2a). Using the values of the G functions, this 
makes | 


1 3). /G 1.80 / S 
eL G- l G d- 
1.8.50 /a), (G 1) _ 9) 
Bp Goth p+}, (un 
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waere à = log (/ 1642). This is also what results from (219) by 
multiplying together the expansions of the exponential function 
and of the K, function. 


(54). Here are the "o formulæ relating to G.. By (202), 


= YE 9 () g (2-1). (282) 
Logarize and differentiate to m. Then 
G(m)=}G(4m) +4G(4m—4) — log 2. (288) 
Put m=0. Then follows 
Go + log 4=G_,=0°5772 + 1:3863=1-9635. (234) 
All the rest follow from G, and Gz, which are known, through 
G(n)+n—=G(n—1), (235) 


which follows from ng(n) =g(n—1), the fundamental property. 

(550. Closely connected with this matter is the behaviour of (198) 
on conversion of K,(gr) to Go(qs) - 1 (2s) by the change r=si. We 
get 
[Dao fh ge- „(1 Ege). 286) 


The second of these is right, but as regards the first, we have to 
ask whether there is any restriction upon the value of s. We have 
des in the second one, therefore presumably also in the first. But 
if so, it still remains to find the value when b>s. To do this, go 
back to the operational treatment. Let 


u= | b J )J, (2 b) deb —— f. (287) 


b” Kai +5, 


It makes two series 
„ 1 122-141 1-92 4 12 — 52 q 
= Al 4 56 “rar 547 80 N 
„% 1 ( n-! 1 _ n+} bha ` 
WU, = | — 0 289 
l (2) TE. O —1 1 In Teri" (289) 
Here u, and u, are both convergent, one from a=0 to b, the other 


from a=b to œ, so the formulæ are complementary. 
Now G,(y) = — (2/7)(d|dn,)Ja(y). So we evaluate thus, 


Jo J (2 V wa)G,(2 b) dæ — 2 2 455 (u, and ug). (240) 


But du,/dn, is evidently zero. That is, when a = 5. So we confirm 
the vanishing of the first of (233) when 5 8. Also, du,/dn, is not 
zero. So the first integral in (236) is not zero when 528, and its 
expression is obtainable from ui through (240). 
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(56). Now examine whether 


= [bn 1 a,b, 141 241 
u= [52 JEI [Bade = i sol 5 (241) 


vanishes on either side of a =b when the result is differentiated to n, 
The two formuls are 


an 1  _ 114 Gr? - 1%) hn? - 2%) 42 | 
u 2501 4 1) * . (242) 
bin pa En luda 1. — 4 l Gn 2 b?/a? ). 
U= 111 In 1 -1 (n+l -n2 m+ -= se ore ale 
(248) 
and, by differentiation, 

du,_1 a? 1 ; 
duo 20 75 75 T. * aa if a b, 244) 

du 3 
am- -a (1 ++ at 9— 25 20 00 Bao. (245) 


The result is given by the same formula in both cases, but the value 
reverses itself. It follows that 


fne cn adem |e 
l (246) 
Finally, put gsi, then, remembering that /J,(ry)J)(sy)y dy=0, 
we come to 
` — 2 
0 dy = as gi’ 247) 


which is true whether r is < or >q. 
(57). The formule (203) leads directly to 


| I. (Ko) Gar- da- 85 * (ee 2)? 
a? (Gn) +3)? 7 (248) 


ta U pern 


which includes some previous formule. per get simpler ones, say 
m1. Then, 


[(a)Ro(toe . 300 [Get a eat} (249) 


It is necessary that a<b, because I, (ar) , and Ko (bv) oc /, 
when æ is very large. 
Differentiate (249) ton. We have 


d (Tu CE ae) - Ge. (250) 


dn, l ntg isle 
VOL. II. T2 
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Apply this to (249). It makes 


Í K,(ax)K,(ba)x d- og ca; (251) 
from which, by a=ri, are derived 
f Gura) E obr) ade = 4, ORCI), (252) 


and another one, which is represented by (247) above. Also, by 
d si, 
x 4 lo 
J G(r Ge) nda =~; tog (lr), (258) 
and another one, equivalent to (246). 
Compare (253) with (251). They make 
f K, (ax) Ko U) dx = ft G,(ax)Go(bx)x dec. (254) 
When a=b, the common value is 2/7*a*. 
(58). If, in (248), we make m=0, and then differentiate to n, and 
finally put n=0, we come to 
K — 2 _ 1? a?/b? 
JEE de= E 180-5) + 2 mer — G,)+. -} 
(255) 
where à =log (a/b). This function bears a somewhat similar relation 
to the first elliptic function as K, does to I, In full, by the values 
of G,, already given, the result is 


2 1? a? 12 4 18 at/,, 1 
=a! (1+ 5 pt — Lar Bt 205 9625) 
12875? aù 1,1 
7224267 5723786) - (256) 
where y=G,=0°5772, 6- G- - 1·9635. This form suits a Kb. If 
a>b, then a and b must be interchanged. 

(59). By direct use of (204) we get 

1 


a? *. 1 1 1 
3 257) 


“aiey 
Therefore g>a-! for finiteness. This is evident from the result. 
But to see the reason we should evaluate the function integrated for 
=. By the equivalence (81), vol. 2, p. 441, the function is pro- 
portional to (or-) x (x37!) when æ is œ, or to e -. So the 
integral is finite only when 4 1/4. It besomes infinite when 
q=1/a, and stays infinite later. 

But if we alternate the signs, we have 


EPE aot 1 woes | 
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and now gta? may have any value, the integral being always finite. 
From (257) follows 


1 /- ⁰ 134 _ t 
a eza moon (298) 
8 tat 
ei =l] + 22 Tapte (260) 


(60). The following is rae with differences. By (203), 


af Bue) (145 +o topes — 


1 18 135 

a*q? atg4 446 + eevee (261) 
The value is infinite for any positive values of a and q, in contrast 
with (257). The function to be integrated is equivalent to 


250 (2) [-E -E] 


by the generalised exponential function, vol. 2, p. 489, eq. (24). So, 
at x=% it is proportional to æd . 4 x . aa, that is, œ. 

But if we alternate the signs, the integral is finite. To see this, 
use the generalised * cos rm formula (140), vol. 2, p. 466. Then, 
instead of (261) we have a function which vanishes at œ. So 


a| Esaa (i-. pona „5 152 +18 1.8.5... (262) 


292 a‘g* 4 


4 (3) 4297 4292 (+c oO U) (268) 
where the second form of result, which is convergent, is obtained 
from the first form by the use of the generalised * formula, vol. 2, 
p. 489. The form (268) is for small values of ag, and (262) for large 
values. 

It is to be carefully noted that we cannot in general make such 
changes in a function which is to be integrated from 0 to o, and all 
terms counted; the result will obviously differ from the true result 
even when the substituted function is equivalent to the original. 

From (261) is derived 


2ſt. 172 l. 4 T. began 
d| Ltn et dee A, (264) 


In this, put a*=A,, turn both sides to functions of A, and put 
2A =0%; then 


2 ft cosh e 
= A Gs eh. (265) 
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Now, convert back from ¢ to ti or g. Then 
ie qK,(q2). cosh cz . de= -t-s (266) 


(2c 
Lastly, confirm this by (203). 
(61). Sometimes the generalised . formula comes in to obviate 
an apparent failure in an integrational process. Thus, if s?=4r, 
1 y, 


moto = fmm an 7% 2% (267) 


Expand in powers of t and evaluate by Euler's integral. The result is 


fr, tr Jer, pada l GET) (try 
r (1 oa .) F r. 208) 
Being in rising 1 powers of r, how can we turn it to. a 
function of r? Observe that the result represents a portion of the 
e cos 47 expansion, vol. 2, p. 466. We can therefore substitute 
the negative of the other portion, since the total is zero. This 
brings us to 


VTT, san Gera u. 
ET 


21 or 2 7 150 27 
19 BG E) +} eam 


the known result, Pa zero a t<s. So we have a batch of 
connected results. 


(269) 


15 ober sin tr de= fr - Tate); =F Kells) (70 
1 tx da Jo (8x). slt dy 

Laien [ Taste j pa (271) 

105 Ko (tis) cos xt dz = a G,(xs) cos xt dx; (272) 


most of which turn up in the theory of cylindrical elastic waves, 
The way of deriving these should be clear enough to one who has 
studied parts of the preceding of a similar nature. 

On the other hand, if we turn sin to cos in (267), working the 
same way, the result corresponding to (268) is 1 / ar, e~ 1, which 
does not present any difficulty in turning to a function of r. We get 


1 
and zero ifs<é Some of the related integrals are | 
S nbeih geen [ Gra- Tre. C 
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(62). If T and C are both positive, 

2 [v ada 3 NC 3 

= A ACFA, He @%X{T,-Cy) y [T,C, d = Ci (275) 

2 1T 172 IXI 2, J /T\! 

2 1357586) ( E tan (=). (276) 
This applies wneu T<C, or TI Ci. For, if Ti = Ci, Euler’s integral 
does not apply. But since tan lr tan~ -= r, the other form is 
evidently 1—(2/) tan - (C/T). Here we way note that the use of 
Euler's integral, as if it were valid when Ti Ci, leads to the second 
form, all except the additional term 1, which is very curious. 
Moreover, note that the two tan— solutions are not only trigono- 
raetrically equivalent, but are also equivalent in the series form, 
when the argument is real positive. 

Another way is to expand (CT) in rising powers of 22 by the 
binomial theorem, and use only e. TI in combination with it. 
The result will be (276), without raising the question of the relative 
size of Ti and Ci. The binomial expansion is valid irrespective of 
its convergency because C is positive. 

Now put T 2, C=1/c,2, Then, by the above, 

2 f. x dx 
02 (-M 7 AS (A)=2 tan- Leit 
-A- Stan-. (277) 


Ct 

Turn to functions ot fi. Then we have : 

D 

Ei KY) d 2 ſc c’ c,6 

(B)= 6682175 -(B)=; {7-2 ad tre 9 (278) 

Here (B) is got from (A) by the usual process 1/c,*=c"/\n, which is 
multiplex integration, or multegration, or gammatic integration, or 
gamtegration, or whatever else it may be termed. Also (BI) comes 
direct from (Al) by the same process. That it is reversed does not 
matter. And (B,) also comes direct from (B) by (208) above, when 
the binomial theorem is applied to the denominator. But (B,), 
which is the inverted cosine series multiplied by (2/7) (¢,/t,), being 
divergent, necessitates another form, say (B,) to meet the case of 
large values of c,/t,. Here is the transformation. 


226% ez 
--- (-D. 
2 d t = n—8 , 
cam L.. +} (279) 
22 4 f zin / h. mr), (ile! (1/1 * 

mt N N - (280) 


= (B,)=cos a 2[a(I08 400) = G (tog at Gs) + -f (281) 
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Here we have the convergent function of which (B,) is the diver- 
gent equivalent. The transformation from (279) to (280) is done 
by the generalised sine series, eq. (20), p. 216, vol. 8, or (17), p. 198. 
(Bi) and (B/) are only equivalent when ci/ ti is positive. 
Now go back to (B), and turn it to a function of o. It makes, by 

multegration, 

C 50 tic) t dæe (0 =1 Gar- 0 20 

O= | (£) alm e- (Oy 688 


05 (log tie 201) — ba 1 (log to 200 +.. 9 (282) 


Here (C) comes from (B) and (Ca) from (B.). The working formula 
for the log is 


55 log = = (log GH. (288) 


as on p. 220, eq. (40), vol. 8, slightly varied. This is done by sub- 
stituting (d/dn)c,* for logc, then turning ¢,-"(d/dn)c,-* to a 
function of c, and finally putting n::0. But its use may be avoided 
altogether by first turning (280) to a function of c; then, on carrying 
out d/dn,, the result (C,) follows. 

mar turn (C) to a function of .. We get 

Jule / x) 0 1c 1 œ 
a ( — y =(D)= 1-2 {¢- 878 a 50 J. (284) 

Here o comes from (C,) by the use of (283). And finally, to finish 
the round, (D,) may be directly converted to (A,), or conversely. 

Now some remarks upon the above. The integra] (C) is ob- 
viously convergent, but if we expand J,(c/x) in the usual series 
1-c3/422+..., and then attempt to apply (208), with negative 
integral values of m, we meet the difficulty that these integrals are 
all infinite, except for the first term (m=0). Nevertheless, the use 
of the formula (208), with m= - 2, —4, —6, &o,, does actually lead 
to the part of (C:) in the first line of (282). So there is something 
to be got from the invalid use of infinite integrals, for examination, 
suggestion, and supplementation. This may be compared with 
(275) above, when T. CI. As already noticed, a part of the 
proper result comes out right, although the integral is infinite. 

Next, as regards (B). If we put ti -i, and suppose s real posi- 
tive, we must use the convergent formula (B,) to obtain fully 
equivalent results. Thus 


© sxG,(ex)dx 
— ( Ieh 


=(E,)=2 7 £ (og 20 elles af Gs) tent, (285) 
F) = Ie exJ 2 gerd a, (286) 


HI 
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But if we use fi = si in the 1 form (By, we e 


-| ers dx aO 2 2 at)" +, 
(287) 
whilst the companion formula, corresponding to (F) is missing. 
Nevertheless, the two formule (E,) and (E) are equivalent, remem- 
bering now that c,/s is real positive. For 


- (19-1) +(4)'9(-8)+... } (288) 
22 4 (% cog n (eifel _(s[c,)*=8 
72 r aTe) 0 
2 d f(sie . (s/c bia 2 
“r sar m+s t — Gu. 9 


Here the transition from (288) to (290) is done by means of my 
two generalised formule for e* and e cos nr (vol. 2, p. 489, 
eq. (24), and p. 466, eq. (140)); that is, 


eek = e (291) 
e oo8 r . 2 . t 215g (292) 

esl ea dae 

; er- t cos nr ghm pon 
making aa Me bl writ: “es (298) 


where x must be positive. Itis remarkable that on differentiation 
to no, the exponential functions go out altogether. Contrast with 
the generalised formula involved in (279), (280). On differentiation 
to ny the circular function (corresponding to the exponentials) does 
not go out. 

It will be interesting to see how (E) works out when done by 
Weber’s integral (227). That is, by the binomial theorem, and then 
Weber, we. come to 


“sxJq(ax)dx 2 [dn 28 (Qn+1 +1, 

Í haah a ign -1 1 bc,” * =I =t ai (294) 
On this perform the operation - (2/ ) d/dna. The result is the 
divergent form (E,) above, and is quite correct, though it needs to 


be supplemented by the convergent (Ei) for calculations throughout 
the entire range of the argument. 


The auxiliary integral (F) leads to 
S3cl2)To(x)s dr J. (A Viech, 206) 
and to various others. But that is of no consequence. The present 
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object has been to show explicitly the application of my generalised 
formule to definite integrals, besides their multegrational trans- 
formation. In the following is a further step. 

(63). In vol. 2, p. 452 and p. 473, I obtained incidentally the 
tonvergent functions equivalent to the inverted “* and e~ functions, 
that is, inverted term by term. There is an application of one of 
these on p. 87, vol.8. Also, the inverted sine and cosine functions, 
and shin and cosh, have been considered in the present article. I 
have now to convert the inverted I, function to a convergent form. 
It turned up in eq. (214) above as a part of the solution of a finite 
definite integral, the other part being known. We have to find 


the value of i Agia ina a 
8 

eee EG... (296) 
Yy y 7 


The curve of Y is easily drawn for values of y from œ down to 
about 4, and then roughly from 4 down to 1, where the initial con- 
vergency ceases. From y=1 down to y=0 the formula gives no 
information at all. Y increases from O at æ up to about 1 at y=1, 
but we have no means of telling what happens after that. 

If y=1, Y=1+1+.... This counts roughly for 1. Ify=2, Y= 
$(1+$+1+...). This counts for 75 roughly, but more closely than 
the last. If y=4, Y=}(1+3+3+...). This counts for 3125, 
more closely. If y=9, Ye}(1+$(1+4(1+1+.... This counts for 
1288 still more closely. After that, the error gets smaller and 
smaller to any extent. See remarks on p. 255, about manner of 
calculation when only a small number of terms is counted. 

Now Y is the same as | 


yn Gar Oy Oe... (297) 


This series is not complete, because the similar terms for y” with n 
positive, are finite. Now the complete series can be converted to 
convergent form. 
Use eq. (160), vol. 2, p. 469, or 
yi” ntr 


ir. — I. sin 27 +n) = 2S (298) 


Here H, and K. stand for H,(x) and K,(x), with / 4%, being the 
divergent functions as defined in vol. 8, p. 468, or p 240. In 
another form, 


$H, —34K, sin tx = 


ot 


arren teraria (¢+8)+1i4(¢— DESH 


the series to be complete both ways. Instead of Hs and K, we may 
use their convergent equivalents 


H. -I. I IL). K. -L -, (800) 
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as in vol. 2, p. 246. These make 
sin tr sin tr . 
II. € +i =) (1 anz series in (299). (301) 


Now differentiate (299) to t, and then put f=. The result is 
= (A+ Gy41+G,)+... 


+1] 

L 602 
where X log y. If we perform the same operations upon (801), the 
result is the same as (302), provided K, is interpreted as in (300). 

Now differentiate (302) to s and then put s=0. Then, since 
d K. /d = O, we get 
0=.. ++ big  GA+ Go) 200 + 05% +.... 608) 
This result contains the evaluation of È G. nn in convergent 
form. To corroborate, work another way. Differentiate (301) to 
8 and then put = t. We get 


js 171 
E K, cos sr =... % Gt Gt AT oy 


al, + (8. 
575 . g 008 tr. K + oF i (Ge - Go) T. (804) 
Differentiate this next to t and then put ¢=0. We get 
del. = Gn * 
r ee * 
where, by using the convergent I, formula, 
OT, 2 7 — 
iam AG +G,)*-+G, (806) 


By combining (305), (306), the result is (303) again. It is to be 
observed that whereas I, is a function of t, H, is a function of £ ; so 
dH,/dt, is zero, but not dI;/dt This does not prevent 

daI, dH, 

Want aig (807) 
from being true. So we have three forms which are equivalent, ex- 
hibited by (305), (306), (307). 

As regards the G, function, we have - Go =7?/6=1°6449339, and 
the rest follow by 
6. G1. (808) 
making 
Gi G T1, G = G% 1177, G, = G,’+1+2+}, (809) 
and so on; whilst, since 


e r - n, (810) 
it follows that when the values of n are negative integers, then 
. —g'(n)g'(n), or G,. G.. (8104) 


min 
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We have, therefore, A = B =C, where 


4 (00 ane Ä 1 }(X—Y), (811) 
WB — beg -S. 9762 
a -O- M. ( 8 five gave } 

(005 oy pg + Aarau ra) (818) 


where K, may be either of the divergent or the convergent form. 
So O is wholly convergent, B is divergent, and A is mixed. Y is 
known in terms of X and C or of X and B. 

As these formule are elaborate, I have found it desirable to 
undertake the severe labour of numerically testing the equivalence 
of A, B, and C in the overlapping region. That is, for values of y 
large enough to admit of some reasonably close estimate of the 
value of the divergent Y by itself, and yet not too large for accurate 
ealculation of the convergent C in a reasonable time. For it is the 
convergent calculations, of X and C, especially of C, that are so 
lengthy and troublesome, even when y is as lowas4. The work 
must be done at length, to at least six places of decimals, and then 
throwing away the end figures. (Four figure logarithms led to large 
final errors.) I shall not give details of this work, but only quote 
the results in one case. Sayx=y=4. Then 

A = — 3:867, B= — 8'868, = — 88628. 

B is easily done, eight terms, and the ratio of the l.c.t. to the 
total is 1/353. Two terms only are used in Y, and the ratio of the 
Lo. t. to the total A is 1/82. That A and B agree to 1/8000 part is 
no doubt accidental, though assisted by the equality of I. o. t. s in 
the Y series. To bring A into full agreement with C, it is necessary 
to count, not the whole, but only 5/6 of the l.c.t. That is, the out- 
standing error is 1/5 of the I. c. t., which, considering that only two 
terms are concerned, cannot be considered bad. 


Some of the data. 
V= 8125, B = — 272286 x 128614, 
O = (1 847578 x 11°801921 - 28787892) x 698147 


— 6-421580 +8:504754, 
1.-11˙801921. la- 698147. 20H 1847578, 


X= 421580, 7 gag · 504 754. 
Also, Ko = 007102, though it was not explicitly used. 


Going back to the integral (214). It is finite, and the con- 
vergent meaning of the result has been found. But if we take only 
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the even powers of x in the integral, or only odd powers, making 
two integrals, each with a divergent result, then an entirely different 
state of things is created. Each of the integrals is, by the manner of 
construction and term by term evaluation, infinite, and so are the 
results, because the evaluation by initial: convergence has no appli- 
cation, Taken together, TE we have 


* qKy Lar parf 8 a 


p| Ë 1 Gr vg 
+e To In(pq) 155 my 65 \, (814) 


convergently, provided no mistakes are involved. This means 
that I think the principle of the evaluation is correct, even though 
the execution may be faulty. The principle is that if the integral is 
finite, then its divergent evaluation has an equivalent convergent 
form, when the successive terms in the integral are correctly 
evaluated. 


(64). In this connection the integral and solution (215) is of much 
interest. If we put a*/q?=c, and compare it with the form of 
solution (216), we see that 


d- Ve( 1 +404 34 +.. .) 


1 ( 1\?, ) 
2. 1 ＋ 1 — i! 1 = U 81 
“Zi MS id a) ls 
provided c<1, It is, in fact, then a pure identity. And, since the 
right member represents NUA 1)1}(1—c)-4, it follows that 


Jevimi( 1490+ 34 .. ) Liang (Lc) (816) 


which is, when expanded in rising powers of c, after multiplication 
by (1—c)!, an identity for every power of c. 

Now the right member of (315) shows continuity of calculation 
when c passes through 1 to be 1, up to o- 0. We may infer that 
the left member will also show continuity, in spite of the fact that 
the two series concerned each pass through œ into divergent 
regions. What happens here is that the point of convergence (in 
each series), which is at the end of the series when c<1, moves 
towards the beginning when c is made to pass beyond 1. We have 
now to find whether the estimation of the value of the two series, 
by their initial convergence, will lead to the same value, by their 
difference, as the convergent series on the right side. 

This stands numerical test very well. Details are too long for 
insertion; I give 9 leading results. First show that 


1 958 
2 , 1 
17744 +.. =a = =r when c>1 (817) 
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This is experimental. It is not proved that the ratio of the diver- 
gent (I- ) 1 to ( — 1) 1 is 953 for all values of & 1, but it is 
proved that the ratio has this value when z is a little over 1, and 
that it shows no sensible variation as x is increased. The initial 
convergency ceases when 2==2. If the ratio is a function of z, it 
does not vary much between these limits. 

Using this formula, apply it to (815), calculating the second 
divergent series separately. Then, with c=1°05, we get 


(7 x 44721 x “958 ) — (10247 x 5'5695) =6°6972 — 5°7068 9904. 


The true value, by the convergent series, is ‘9918. Again c=1°1, 


115 -953 e 
(7162) ~ (1:0488 x 3°5821) 4.73613 75689798. 


The true value is 9840. Again, c=1°25, 


7 x 953 x2 ) - (1°1180 x 1:8883) =2-9951 — 2˙0495 = -9456. 
The true value is 962. 

The above divergent calculations were made to four figures all 
through, so that the last figureis useless. There is practical identity 
in the first case, an error of 4 per cent. in the second, and an 
error of 1'7 per cent. in the third. Now the ratio of the l. o. t. to the 
total in the series summing up to 55695 was no less than 1/14. How 
is it the final errors are only from 0 to 1-7 per cent. The accuracy 
seems impossible. The answer is, first, the close estimate of the 
number 958; next, the choice of æ to make two equal bottom 
terms; thirdly, the slow variation in size of successive terms. For 
example, the 5°5695 is made up as in the sum at the side of the 
page. If we draw the curve, as described on p. 484, vol. 2, it 

will be seen to be nice and smooth in the lower part, so 


1 that a close estimate of the minimum point can be made. 
7 The last term counted is followed by another of the same 
588 size, and then by slowly increasing terms. 

5292 I do not think there can be any reasonable doubt 


-4989 that the difference of the two divergent series involves 
4714 continuity of calculation in the way specified, right past 
4567 the infinite values into the region of direct diver. 
-4476 gency. It is a fact that the calculations work right, 
4423 whatever the explanation may be. 

4400 It was not necessary to use the equivalence (817), 
——— real or apparent. The calculated values of (l—z)-+ 
65.5695 would lead to the same results, without relation to 
— ( — 1) t. But I had already worked out that relation, 

and therefore utilised it. An account will follow, D. v. 
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By rearranging the terms in the two divergent series, their differ- 
ence becomes a single alternatingly divergent series. The value 
may be calculated this way also. But there are plenty of directly 
divergent series which stand alone, and represent by their initial 
convergence equivalent forms of convergent series. The marked 
utility of these, as well as of some of the alternatingly divergent 
ones, is, in physical mathematics, to take the place of convergent 
solutions which, though theoretically perfect, are practically not 
amenable to calculation save within a certain range. Conversely, 
a divergent solution, though easily calculable through a wide range, 
requires to be supplemented by another form in the remainder of 
the range. Generally speaking, two forms of solution at least 
should always be searched for. Mathematicians in general are, I 
find, exceedingly conservative and prejudiced. Nevertheless, I am 
confident of a great future for the practical use of divergent series, 
as well as for the generalized analysis which connects them with the 
convergent ones, because both these matters are concerned in the 
operational treatment of physical differential equations. 


(65). Two more integrals remain to be considered, in connection 
with the above. The function of the second complete elliptic in- 
tegral is related to the first 2 a l integration. Thus, 


5 27 718, \% l 
| C —ssinZ dra - 22) ate (= 7 (818) 


summarizes the first complete elliptic integral, and 


ge |r- —s sin? G14 2 =| (eS eh dom = ( 7181 y (819) 


717131 


summarizes the second one. The integration 1/2r, finds the second 
function from the first. The first one having two forms, so there- 
fore has the second. They are 
1 F(r/s) r 122272 123252 58 
| ea 125 1 gnati preat ), (820) 


ory J 2 
a 652 23 1 198? 8? _ 1787528 
N (-EE-I Er-). (82 


There is continuity from w, to w, Suppose s is constant. Then 
2201 is the area bounded by the v curve between r=0 and any value 
of r not exceeding s, whilst 2w, is the area between the same origin 
and any value of r not less than s. The common value of w, and 
wg when r=sis2r/7. In the integrals containing x, x ranges from 
O to the smaller of rè? and s. In the trigonometrical forms the 
limits are those of reality from 0=0 upwards when „ Ca, but when 
the upper limit reaches x it stays there. | 
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The more rapidly converging solution for w corresponding to 
(188), p. 256, is 


wt Lang -è 
= (r — $8) 1 — ap 8 96 ie (828) 


where c=s/4(2r—s), and s<r. The function v on p. 256 must, 
however, be multiplied by +! to meet the present case. 

Only the second form of w, that is w,, is concerned in the length 
of an elliptic quadrant, for if a and b are the semi-axes, b being the 
smaller, the length is 


(1 -b/a Í a 2a - aer d 


wher {1-3 (1-3 a) 12 i p 


so we have r=a?(1 5 / ) and 3=a?, making r>s. But there is 
no need to confine ö to be <a. The series remains convergent 
until 6 2a“. After that, it is alternatingly divergent. The integral 
(824) may be written 

62/1 ik (ee Dite, (825) 


— Ga 


Here, if a0“ / a2— 1) 1 d, the solution is just the same as (824), 
but if <a?, we require a fully convergent form in addition. The 
following shows how to get it. . 

2(*( 7227) 42 —37 T181 = . 0 718. y (828) 

25 81 — 71 Qr, 1 1 81 ° 

Applying this to (825), the result will be found to differ from (324) only 
in the interchange of a and b. It is obvious that the length of the 
elliptic quadrant is the same whichever way ít is measured. But 
we get more than that, viz., 


-- H- --- -. om 


for any values of a and ö. The equivalence is remarkable in this 
way. Either side may be alternatingly divergent, the other being 
convergent; but there is a region, from a?=2b to 52a, in which 
both sides are convergent at once. 

Taking a=1, and 1— ae and defining E by 


2 128253 
n 0-11 oe ie N , 


(828) 


WAVES IN THE ETHER. 289 


then (827) expresses that 
E(z)= VII eA . 


The explanation is that if, keeping the a axis constant, we vary the 
b axis from 0 to œ , every value of b can be paired with another value 
for which the curve has the same shape. This relation (829), which 
might be made a starting point, being visibly true on examination, 
is the analogue of (1858) concerning F; and in fact the F relation 
can be derived from the E relation by differentiation ; that is, by 


carrying out 
2 =f Vu e-], or (3) —4, Z| cE (5) )) (880) 


which follow from (818), (319). On the other hand, the relation 
(195) has no strict parallel in the E's; the nearest approach being 


TTT -- —(1—z) F(x) 


(829) 


1 1282 123252 
e Tyge tee 80) 
which is rapidly convergent. This is a pure identity, unlike (329). 
(66). The so-called third elliptic integral is merely one of a large 
number of integrals which reduce to the first kind under special 
circumstances. I do not know exactly why it should be regarded 
as a fundamental integral, like the first and second kinds. It is 
usually evaluated by expressing it in terms of first and second in- 
tegrals, partly complete and partly incomplete. This is elaborate 
and complicated, and it is not easy to see from such expressions 
what the function concerned is really like. But we can readily 

obtain understandable series formule. Thus, let 

2 ax 2 0 

MT F- O9 
Here we have two connected integrals, of which the first is called 
the third elliptic integral. The limits are to be from 0 to the smaller 
of N and s!, But we may fix s to be the smaller. The equivalent 
auxiliary integral is useful in obtaining the solution. By Euler's 
gamma integral it may be converted to 


22 tatoa 4 dx? ee 4 Tið i 
W J “(re E We A 8888) 


This function may now be turned to a function of r, 8, ti. Thus, 
W- (xriei) (ritat 01 8 ( ar e,t) 
= tin — 
“praeri Wi- Wot Wr (884 
VOL. m. U 
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Here Wo is the explicit function in terms of r, 3, fi. But since 

= œ does not reduce it to the first elliptic function, the auxiliary 
function W, is added to make it do so. This auxiliary is implied in 
Wo itself, because the first elliptic function is in rising powers of s/r, 
and W, may be expanded in that way together with other terms. 
So we can find what W, is. Thus, 


— 1 — 
. W. TFR 
= 11121744.“ 1.3 612 118 4188 
W. I 1659 648227 24750 — | (885) 


Put tig. To reduce W to the first elliptic function requires 
that — W,=sum of all terms involving rising powers of fi. That is, 


1 1 43.5 fi 1.8 ") 
=— ee 1— E 
Wi 72 — 25 a + ae Ae 177245) ] (888) 
The work is now done. The function W, wants no reservation 
about convergency. So W=W,+W, is suitable for calculation 
when ti r. The functions of s/r that occur represent the sum of 
first n terms of (1 T /r) 

But when ti r, we should discard Wi altogether, and use the rest 
of the series in (335), that is, the part in descending powers of fi. 
This makes 

ls 1.3 82 1.8.5 83 
w= G- 1 2.4 tu 24.6) 
1 (12455 8 85.7 8 
Wri 4t 464? 4.6.8 775 =) 
1232 8? 5 3 5.7 82 579 & 
744701 sn eer 648.10 7) sa | (387) 
The structure is perfectly clear, viz., the first elliptic function with 


every term multiplied by a function of f. These functions, more- 
over, are 


A- (17 /H, Ay —1 200, 4103 s(a- 1442 F) (838) 
and so on. 

Now if, in (837), we turn i-“ to é"/|n, we obtain the solution of 
the second integral in (832), the auxiliary integral, in rising powers 


of t. Of course, (837) itself may be regarded as expressing this 
also. To corroborate, expand the result (833) in rising powers of t, 


making 
r 4 e 
(He) 5 2.4 (71 ＋ 8102 | 


+ 


(389) 
Here we have 


Re 1 4 1 
a {1- e aa ae $) ri a Bap (340) . 
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in which n has to receive the values O, 1, 2, 3, &c. On turning 
(339) to a function of r, 3, t through (340), the result is (337) above, 
only with ö n instead of i *. So we come round to the third 
elliptic again, by putting our result in terms of fi. And then, 
further, by using (338), we shall come to the form W,+ W, 

This is enough for the present about the operational treatment of 
definite integrals, which might go on for ever. The above may help 
others on the way. But perhaps, like the fishes who were preached 
to by the saint, Much edified were they, but preferred the old 
way.” Very well, then there let them stay. More important than 
the operational treatment of definite integrals is the operational 
treatment of the definite differential solutions of physical problems. 
They are themselves definite integrals in a peculiar way, through 
multiplex integration or differentiation. Moreover, they may be 
converted to definite integrals of the common kind, in a more or 
less complicated manner. There is not much use in that, in general. 
Rather, it is the converse procedure that is useful. 


Given the Effect, Find the Cause. The Inversion of 
Operations. 


§527. Nothing metaphysical is meant in the use of the words 
cause and effect. Think rather of a definite mechanical or physical 
system, wherein by applying force in a certain way to some part, 
we produce some effect, as motion in a certain way, at some other 
(or the same) place. Then the applied force may be called the 
cause, and the resulting motion the effect. Now, in general, the 
connection betwsen the cause and the effect is not a functional 
one, when mathematically expressed, but a differential one; and 
yet, although differential, is quite definite. See vol. 1, p. 391, for 
an explanation and illustration of this important proposition. 
There are plenty of examples in vol. 2. If the cause, say a force, 
is called E, and the effect C, then their relation is O- YE, where Y 
is a definite differential operator, which contains no arbitrariness 
in a definite physical problem. The class of functicn C belongs to 
is usually indeterminate in the sense that although Y is definite, 
the force E may be usually quite an arbitrary function of the time, 
so that, when modified by X to produce the effect C, it may itself 
turn out arbitrarily, though at the same time there may be excep- 
tional peculiarities in the connector Y which limit the extent of the 
arbitrariness. 

Now the present question is, given the effect, find the cause. 
Properly interpreted, this involves the same detefminateness 
through the same connections. It is easy, by enlarging the 
question, to make the answer be indeterminate. We may observe 


VOL. TI, v3 
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the effect only, and not know where the cause was. But that is 
not what is implied in C=YE. If this be inverted, and turned to 
E=Y-'C, and then, O being given, it is asked what E produced it, 
it is implied that the cause of the observed effect is at the same 
place as before, and that the cause and the effect have the same 
connection. Now one and the same C might be due either to E at 
the original place or at some other place. Then the structure of 
the operator Y would itself reveal the possibility. 

We better think of a definite practical case to avoid the vague- 
ness and generalities with respect to exceptional peculiarities. Say 
there is a telegraph circuit from Europe to America, with all its 
complicated parts, and its terminal arrangements for sending and 
receiving signals. Say Ei is an impressed voltage in some part of 
the European arrangement, and Ca the current in some part of the 
American arrangement; then C,=YE,, and Y can be determined 
definitely. Or rather, we substitute for the reality an ideal system 
which professes to imitate practically and sufficiently the fullness 
of the real one, and Y belongs to the ideal. Evidently when Ei is 
given as a function of the time, we can find C, as another and 
corresponding function of the time. We know, then, the answer 
to the question, given Cs, find E,, for a particular kind of C,; and 
similarly, by working other direct problems, we may obtain other 
particular answers. But we must go further than that, and deter- 
mine E, from C, only, without knowing Ei first. 

An easy case of indeterminateness could arise thus. Let there 
be a second cable just like the first, and alike the first also in its 
European terminal arrangements, and let both be connected simi- 
larly to the American arrangement. Then E, in the original 
European arrangement and ei in the new one, would each, acting 
alone, produce the same C, provided Ei and ei were the same 
functions of the time. Observation of C, only would not settle 
where it came from, though a practical man would soon find out 
by observing C, and something else as well. The connection 
would be of the kind C,=YE, Tei; if ei is known to be zero, then 
E, becomes known in terms of C; and similarly for the other one, 
Y and y may be identical copies; but since the two cables are in 
connection with one another, Y is not the same as before, but 
pecomes a function of the constants of the two cables and apparatus. 

Let us keep to a single cause and single effect. In vol. 2 will be 
found some examples of the finding of causes. from given effects. 
In the following are a few more, with a larger scope. 

(1). Go back to p. 289, and look at equation (334). Throw away 
W, altogether, and write l 
= 110 
Wo (y) eye (1) 
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Now say that r and s are constants, and that fi is the time differen- 
tiator, what physical problem does this equation represent? A 
multitude ; but if we take the telegraph theory of vol. 2, chap. vii., 
for basis, then the answer becomes definite. As on p. 808, vol. 2, 
if V, is the voltage impressed at 20, and V the resulting voltage 
at c, then 


=. Vo, where g=v-\r+ ti) (s+ t) i, 2) 
if r=R/L, 2K / 8, and v- (LS) So 
AN „ 31d. 
„ o and Vy q d. (8) 
If then 490 et %, we have V sL it (4) 
” de 1? 0 9 


Comparing with (1), which is Wos ti / v, we see that Wo means 
Vje. So the problem is this. Given that the slope of the potential 
at the origin is e/v(rt)', what is the voltage at the same place? It 
is implied by the use of the operator that disturbances arise 
on the left side, so the problem is quite definite. 

(2). There are two primary solutions, in rising, and in falling 
powers of t. The first comes by expanding W, in rising powers of 
1 /t, and makes 


b. rtet! 1.8 1.8 1) a 
10 p ut 4 12 tre 54° a oe (5) 
This suits the beginning part of the curve required. But, remember - 
ing the meaning of r and s, it is easy to see that rt, and perhaps 
st as well, may get unmanageably large, so a second form of solution 
is wanted. It is got by expanding Wo in rising powers of ti, and 
makes 


1 ( rA t /, ee EASAN A 
UL -g n (aa thee ta =a 


(8) 
which is suitable as soon as rt and st are large enough to produce 
distinct initial convergence of the series. Beginning with the value 
0, W, increases at first as fl, then more slowly, makes a hump, and 
finally subsides to zero again according to ¢~4. 


(3). In the distortionless case, r=s, and 


OVE f. It, rt): (Art); . 
w= t-t 85 957). (7) 
1 1, 8 , 36, 1 
KENE Tal! tant arnt apt) ©) 


The equivalence of wi and w; is a case of the generalised «~* cos nz 
formula. Both come from VE 
7 
W= —. 9 
opt (9) 
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(4). This may also be made to represent a simple coil problem. 
For if the impressed voltage on a coil varies as f, the current will 
vary as W, in (9), fully expanded functionally in (7) and (8). 

Or, if the current in a conducting condenser varies as ¢~}, the 
voltage will be proportional to W, 

(5). Evidently. (6) entirely fails when s=0, which occurs when 
there is no ane Then ©) remains, in the form 

_t 13_,¢° olt} rt re 

' g -4r ath 4 27 200 ae 1. 13 8.5 . (10) 

and now the question is, oe is the second form for large values 
oft? The reduced form of W, is 

Wo- COT, (11) 

and expansion in rising powers of fi gives the ans wer 20 . This 

is in fact the value tended to when ¢ is large. There is no leakage 
now, and that makes a difference. 

This result 20. is evidently not a complete equivalent of the 
convergent solution w,. In the usual use of a divergent paired with 
a corresponding convergent series, say (7) and (8) above, the range 
of practical use of the divergent series may be found by inspection 
of its initial convergence. This fails with 2,=7r—!, because the 
series has degenerated to its first term. So it is only by actual 
comparison with the convergent series that we can find how small 
rt may be to allow of the use of the second formula. I find that 
the error, which is considerable when rf=1, is reduced to about 
1 per cent. when rt=4. 80 from ri=4 up to © we may use the 
short formula, and use the long one only for the piece from ré=0 
up to rt=4. 

(6). As to why the series should degenerate, that is rather obscure, 
but the following will give a partial explanation. Consider the 
translation operator e , which is in constant use in differential 
transformations, making, for example, 


6" f(t) H). (12} 
This operator shifts the function bodily through the distance x. 
Applied to unit operand, positive, it makes 11 (f- h, that is, 1, 
when fc, and zero when t Cr. Yet in powers of ti we have 


4241 1 fi- E- 8613. f. ., (18) 


where (with unit operand) ti and its powers are all vanishing quan- 
tities. But then there is an infinite number of them, and their 
separate vanishing does not neoessitate the vanishing of the sum. 
To see this here, put ¢-"/|—7 for ¢,”; then, EEEE that 
lu nn I, we may write (18) thus, 


-ating 2/1 alt, (w/t)? , (/t 
4111 ci fiat let itt), (14) 
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Here the quantity in the { } is finite when æ t. The outside factor 
is zero. So«~™11=1 when ter. But the {---} becomes œ when 
* t, and if all terms are counted, is œ when t. So the result 
is 1 O * œ , that is, indeterminate in this way. We know by the 
preceding that the 0x O means 1. 
We may also put it thus. What is the value of the series 
(/t) (æ th (e 9 
=I @-22 5-36 
when n=0, when it assumes an indefinite form? The answer is, 
1 when x>#, and O when æ t. 

(7). The above is an explicit illustration of a useful test to apply 
to series in powers of a differentiator, to make sure that an infinite 
series of O's really means 0 in the total, or to suggest and perhaps 
prove that it is finite. For, if it is (1 // — 1) Fc), and F(¢) is finite, 
the result is zero. But if F(t) is infinite, then the result may be 
finite, and most likely is. 

As another illustration, which works out differently, consider the 
operator e—@* which occurs in the electrostatic portion of the tele - 
graph theory, vol. 2, p. 49 and after. We have g= tu, and in all 
the series developments done there, the terms ¢,, ¢,?, &c., are taken 
to be zero. For example, 


ied (i a Ta 9 t,t (14; 854). (46) 


In TT this to a AA of t, the first series degenerates tol 
simply. | 
In full, this series is : 
¢-1 t-1 1—2 ¢-8 
AEk 284 sane L...“ (17) 
Here the function in the ( is finite for all positive values of t, so 
the result is simply 1, and in (16), we count only the second series, 
together with 1 to represent the first series. Similar treatment 
applies in various other diffusion problems. 


(8). Go back to (11), and see how it behaves when treated in the 


(15) 


same way. 
It makes 
_ 25 1.3 1 1.8.5 o p 1.3.5.7 
We Altea b+ 24 77 24.60 ppt 245.5 ppt M 


(18) 
Here, counting all terms, the result is r-4(1—0 x œ), indefinite. 


The conclusion is that w, is not really reduced to its first term, 
although, as before seen, it approximates to that result pretty quickly. 

Now examine the reduced form of the convergent solution, that 
is, the solution, in the sense of rigorous mathematicians, when L =0, 
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or the self-induction is done away with. The solution for Vo, to 
make —dV,/dx vary as et,', takes the form of an oscillating series of 
infinities. The real solution is given by w, It is, V»=e/(RS)*, as 
may be seen by inspection of (4), with the changes needed to get 
rid of L and v. That is to say, a constant impressed voltage is 
needed to make the slope of potential vary as t. 

The remarkable thing here is that the solution of the electrostatic 
problem regarded as a reduced case of the electromagnetic, arises 
by degeneration of a divergent series, whilst the convergent solution 
becomes useless. This occurs in the reduction of all electromagnetio 
solutions to electrostatic, when the electromagnetic are expressed in 
terms of positive powers of R/L, by convergent series. Tho other 
way, with L in the numerators, will be noticed presently. 

(9). If Vo is voltage impressed at the beginning of a cable, and 
V is the result (transverse voltage, or the potential) at distance æ, 
thon 

Væ Vy where g= V (R+ Lt) (KT Sch. (19) 
The inverse problem is given V, find V. The anwser is Vo- eV; 
but to allow for changed functional form, we better write it thus, 


W,= * W. (20) 
/f, for example, Vo is constant, beginning t==0, then V is the 
(usually curved) arrival curve of the potential at x. But let W be 
constant, beginning ¢=0, then Wo is the impressed voltage that 
produces the perpendicular arrival curve, or more strictly, perpen- 
dicular first, and horizontal later. This solves the problem of how 
to make square signals. Now W in (20) is the same as V, in (19), 
but W, is usually very different in shape from V. Yet all the 
change in the formula is in the reversal of the sign of z. 
The distortionless case is very simple. A constant W, suddenly 
put on will produce a constant W, also suddenly coming on. Here 


q=(r+t,)/v, making Wo=e™hzrvy, (21) 


showing that Wo must be / times as big as W, and start æſv 
sooner. 

But if we do not have the critical relation R/L=K/S, then all we 
can do without analysis is to find the initial and final values of Wo 
The final value is got by putting ti O in g. It makes 

Wo- et Rew, (22) 
This is the steady W, needed to maintain W steady at x When 
there is no leakage, Wo- W. 

The initial value of Wa is got by a consideration of the attenuation 

at a wave front due to constant Vo. This makes the initial W, be 


given by . 
Wo- e R/ZLT K/ ZS W. (23) 
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So the curve of W, falls from the value given by (28) at the moment 
t= —2/v, to the value given by (22), when f=. Practically, of 
course the steady value is nearly reached in a short interval of time. 
But, practically also, whilst the final value of W, is pretty definite, 
the initial value is not, because it is not possible to realise constancy 
of the constants R, L, K, S. Increased resistance at the wave 
front due to the initial stage of imperfect penetration will necessitate 
a greater initial value of Wo to counterbalance it. But except at 
its beginning, the curve of W, may fairly approximate to real fact. 

Note that if L=0, an infinite initial value is wanted. But the 
inductance never is zero, so the failure, by supposed infiniteness of 
voltage needed, is not real. 

Similar considerations apply to the determination of W, to pro- 
duce a perpendicular arrival curve of current at v. Since 


Gp = + LC, therefore C RI ILE REL E) e-e Vo (24) 


So in the inverse problem ane 
_(B+Lt,\t qs 


So W,/C falls from the value (L/S) To KU to the value 
(R/K)'e*¥ ak in order that the curve of C shall be first perfectly 
steep, and then horizontal later. The final value is to maintain the 
leakage current, when K is finite. But when K is zero, there is no 
final steady W,. The impressed voltage, after its first drop, must 
increase again without limit to maintain the current constant at x. 

Similarly, if we terminate the cable through apparatus, we can 
determine W, finitely to produce definite results in particular ways; 
a steady current, for instance, through a coil which has a through 
conducting circuit. But if we ask for the maintenance of a steady 
current through a non-conducting condenser, then W, must ulti- 
mately increase without limit. 

(10). To make a square arrived signal, of potential or of current, 
of given duration a. Superpose upon the curve of W, calculated for 
continued constant W or C, the negative of the same, beginning 
later by theintervala. The resultant makes the curve of W,, which 
will make W (or C) jump instantly from 0 up to a certain value, 
remain at that value for the interval a, and then suddenly drop ta 
the value 0, and remain there. So, provided L is not zero (and it 
never is), the impressed voltage required to produce any signals of 
finite size is always finite and calculable. 

Keeping to a single square signal, the resultant W, will vary 
notably with the duration of the signal. If very long, then the first 
part of W, may have fallen down greatly towards its final value 
(assuming that there is one); so the second part will be nearly a 
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copy of the first, reversed in sign. But if the duration is so short 
that the second part begins before there is a large drop in the first 
part, then the resultant is first a strong short Wa, followed by a long 
weak tail of the opposite sign. The initial impulse makes the 
square signal, the rest wipes it out. Construct a machine to do 
this properly, and you may see wonders. But I fear that strong 
impulses are just what the cable people will not have. Then their 
messages can go dribbling along, as usual. 


(11). It is not necessary to say much concerning the way of 
calculating the shape of the W, curve, because it is much the same 
as the work done in vol. 2, in calculating the effects produced at a 
distance by voltage impressed at the beginning of a cable. But 1 
gave little detail regarding one way, in power series of æ and t, so 


this method may be given here. It has to be harmonized with the 
other ways. 


If K=0, no leakage, then 
V/Vos e =e*, (26) 


if y=zVRS, L/R=a, Y= V t,(1+at,). (27) 
This expands to 


wwe (14 Y YT) yy 1. H Ee, 
-3 (1 tet) * 14 a +), (28) 
In accordance with experience in this class of problems, the even 
_ series reduces to 1 simply, because XI, &o., contain only integral 
rising powers of ¢,. But let us verify this by expanding the even 
series in powers of a. The constant part has already been found to 
reduce to 1. The coefficient of a is 


hY 2 KL. 8 by? 9 — 52 FIE te 
9 á +83 6 +... 22 1 8 tIS 5.6.7 0 
20) 
This is Ox finite, or 0. The coefficient of a? is 
t 22% t 34/6 714% 7157/70 
(A fy +6 l 4. 10 tot) 
( et „ po 
V 184 ＋ Ly yl 
440 5.6 7 7.8 K 5.7.8.5). CO 


which is also O * finite, or 0. So are the rest, more and more so. 
Having thus cleared the ground, there is left 


~¢? 1 yy yee ) 81 
et] (29+ 6 V5). (31) 
The next step is to find Y” in terms of t. There are two ways, one 
convergent, the other divergent. First, expand Y* by the binomial 
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theorem, in rising powers of ti, and then multegrate. This makes 


Y"=t," {1 ＋ In af, ates +. — (82) 
= t?" a n*(n?— 2°) 2 n?(n? — 2*)(n? — 4”) (a\8 
2 i 2 (40 a a) tent, 
* ; (33) 


Use this in (31), with n=1, 3, 5,.... It is desirable to have the 
commencement explicitly, being the important part. Thus, 
ee eee f1- 114 1.1 1.3 4 1.1.3 1.3.5 a2 
22 2.4 2.2 72 2.4.6 2.2.2 t 
-Po {1-2 Ba 8.1 3.5 % , 8.1.1 8.5.7 4 
22t 2.4 2.2 72 2.4.6 2.2.2 ¢ 

_ f1- 5 546.3 5.7 9 6.3.1 5.7.9392 

5 1-2 227 2.4 2.24 2.4.6 2.2.29 aa 


Observe that the terms in the f series all ultimately become of one 
sign, beginning one term later in passing from one series to the 
next. Note also that a=0 cuts off all but the electrostatic part. 
The same is done by t large. That is, in the later stage, self-induc- 
tion ceases to operate sensibly. 

The convergent series is got by expanding Y” in falling powers 
of ti by the binomial theorem, making 


nae 7 n n- 1) 1 5 
tai" t e +420 2 am mat}. (35) 
Here, on multegrating, some terms at the beginning go out, leaving 


v.. 1 13.5...(n—2) 
In Past 246...(n—1) 


fi- 1 1-22 t /1 -N “ 
{ 17128 n+2 4a z 475966. (36) 


where, as before, n = 1, 3, 5, &c. So, Mae'r out TEA part 


: L. 2 I22a\ 282a “Fits 14524 
4 1018 2 (1 5t Ta 


1—_- — ane 5 
[3 Dan 2 1.4 2a 25 26 (l 025-4 4.7 Za 


1 1.3 „„ E 11 ¢ 

b Van 2.4 1.6 Za 27240 824 4.9 a 
+.... (87) 

This shows the structure plainly, and is easier to use than (36). In 

this form L comes in the denominators, so that we cannot reduce 

to the electrostatic form directly. 

_ When t=0, (87) makes a definite function of y or x. But this is a 

deception. The formula is only valid from æ O up toz=vt. Beyond 
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that, there is nothing. So if we reduce f to O we shift the wave 
front up to the origin. There is left merely the result V/V,=1 at 
x==0, t=0, which is correct, of course. 

Now in vol. 2, p.. 382, eq. (88), is the following form of convergent 
solution, 


i a P (2) +200P (2) 26 70126 Py(e) +} (88) 


z E 4 Zh 
a {ro +2($-22) 10 T2070 1,(0)+...}, 69) 


where P. (2) is I,(z) divided by its first term, and s=(¢?—2*/v’)', and 
w=p(t—x/v), p being R/2L, that is 1/242. What relation does it 
bear to (87)? To answer this, expand (88) in powers of x. The 
coefficients are functions of t. The first function is f x e7” =1, in 
agreement with (37). The next is —(px/z)(1 & dot +4p°? +...) x e Pt, 
Carrying out the multiplication, the result is the y term in (87). 
Then the x? term in (38) comes to O, in agreement wish (87). It 
follows that the two convergent solutions (87) and (38) are identical, 
one being a mere rearrangement of the oshe~, when the factor et 
is allowed for. 

The next question is, what relation does the convergent (38) bear 
to (34)? The answer is less easy. For, if we substitute $H,(z) for 
I. () in (89), producing 

1 (,,12, 178? 
“Grail tatge l 
t—a]v\im/, 12 4m? 

+23 77270 ( .)). (40) 
we have a form equivalent to (88), and therefore to (87) and (84), 
but which does not reduce identically to (84), because it contains 
the square root of s. The transformation must take place in a 
transcendental manner. | 

But there is another way of passing from (88) to (84), not involv- 
ing the square root of 2. Expand, as before, (88) in powers of æ, 
with coefficients of the form f(). Then put f(t) in the form 
SA. I. (ot), which is an identical substitution: Thirdly, substitute 
IH. for I. Say the coefficient of x” becomes 


tet F(t) ATA. (z + . ; (41) 


then this will be found to be identically the coefficient of x” in (84). 
The best way to carry out this process is by means of the 
ti (aT ai) transformation of vol. 2, p. 848, applied to the func- 
tions et Vn in terms of f, so as to bring them at once to the 
required form. Then compare with (38). Although the harinoni- 
sation is complicated, it is satisfactory to see how it is done. 


re Lod 
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It also shows how to pass from (87) to (84) through the Bessel 
functions. But whether (34) is practical for calculation, I have 
not examined. I prefer (87), &., to (40). 


(12). Now pass to the inverse problem. Use (38). Change the 
sign of x first. This turns w to w!=4$)(t+./v), whilst z remains 
the same. So 


a1” = PO) + 2w'P (2) + 2(0 / 2) P.:) T. ..). (42) 
But this begins at the moment ¢=—z/v. So put t =t'— s/v, making 
16 poll, and 2 =p{t'(t! -2z/v)}4. Then 


Wome e" {Pa + 236% Pye) HAGN. P40 . J. (43) 


Now et“ starts at the value 0, and W, is the impressed voltage at 
x=0 which will produce constant potential W at x, beginning there 
at the moment ¢/=z/v. 

Without calculating the whole curve, there are four points in it 
which serve very well to exhibit the main features. First, t/=0. 
Then WoW =. Next t'=px|v. Then 


W/W = Go J +25, +253 T. . ) (i) (44) 
2172-1 Ce 1.8 (rev)? 
= 14h [I(E dom {1+ (neo)? i (46) 


The immediato rəsult (44) is ornamental. Putting it in a power 
series (45), its meaning can be seen, and is easily calculable, It 
can be recognised to be given also by the integral form in (46), and 
also by the differential form which follows, where (px/v), means 
the differentiator with respect to px/v. The last shows that the 
value tended to when p. / v is large, is 2. This is confirmed by 


the definite integral, because Í Jy(y)dy =1, 
0 


The third value of t is 2v/v, making w’=pz/v, and z’=0. So, 
Wos, fige 20e f . 2-2 
W Se 1 +2 [2 Pasy 2 é ê (47) 


The fourth value of “ is ©, making W,/W=1. The value of the 
quantity px/v, or Rx/2Lv, determines the range of W,/W. If it is 
as small as 1, the four values of W,/W are 2'71, 1°92, 1°63, and 1. 
If it is as large as 10, the first value is 22,026; the third is nearly 
2, and the second is not much more. That is, Wo drops from a very 
large to less than twice the final value by the time the wave front 
due to W, has reached the point 2, the point of observation of W 
being at z, when « is large enough to make % be very large. The 
remaining drop from 2 to 1 takes place slowly. 
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(13). When there is leakage, the more developed formula for V/V, 
or 4 * should be used, eq. (57), p. 387, vol. 2. Else it is the same 
in treatment; that is, first alter the sign of z, and then alter the 
zero of time, as done above. 

But when the formula is wanted for the impressed voltage that 
will produce a square current signal at x, a further change is re- 
quired. For 

C _/(K+Sé, W. -9 Wo / R+ Let, \i oz. 

v (ERA) 6 makes o= (ket) 8) 
(vol. 2, p. 808, eq. (105)). So, knowing the formula for / Vo, to 
obtain that for Wo / Cz, when Wo is the impressed voltage that will 
make Cz square at x, we must, besides changing the sign of x, also 
interchange R and K, Land S. That is, when the results are, as 
usually in vol. 2, in terms of the two quantities p and o given by R/2L 
+ K / 28, p is unchanged, but o must be reversed. 

(14). For instance, if there is no leakage, 


i - pt i = 
95 = ( L Io (2). e P becomes G ( 8 I,(z) . e p (49) 
apparently. On examination, it makes nonsense. The reason is 
that p is =œ in this case, so a contradiction is involved in keeping 
p the same and reversing o. The proper way is to start with p not =o; 
reverse o, and then put it . There is no contradiction, and the 
process works properly. We might anticipate some failure in (49) 
from K being zero whilst R is finite. 


(15). The full formula is (53), p. 336, vol. 2, for the direct problem. 
O 


r 
IvC_ -pt a 
2 [20+ 2—1 Jaltta(o—a) talo- chi . ] (50) 
where c=2p/c, and where, on arrangement in powers of a, a” isto 


mean 
20 


7 
aus Pace), w=ho(t-a/v), z=6(— x2). (51) 
It is now o, not p, that occurs in w and z. Note that p=o makes 
all terms go out save the first. 
Now change the sign of x and of e. The P's are functions of 22, 
so do not change; but w becomes —$o(é+2/v)=—w, say. Also p/o 
and c change sign, and the sign of a must be reversed. So, 


Wo | EL +2(2+1)a{1+a(c — 4) T ae d)? . .] J 
LvCz 7 u” 
where 8 102). (58) 
This sol ves the inverse problem, provided ¢ begins at the moment 
t= /. That is, the impressed Wo makes C, be zero before and 
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8 
constant after the moment ¢=0. The extra terms are now all 
retained when we put p=c. This makes c=2, and reduces (52) to 


W. = 1 7 2 u? u? ( ] j 
Ie, € 20 RRRS Pa: 128 Ps 2) 1. ., (54) 
when there is no leakage. We need not always trouble to alter the 
time zero explicitly. But a check upon the accuracy of the sign 
reversals is desirable. Say =. This makes 


W. LoCo =E Pt {1,-+41, +81p+121,+...} (Ct). (55) 
This must be the expansion of 

1 /R+1t,\4_ / 2p 2. 1.2/2 

15 87 =(1+7) 14pt—3p%?+.... (56) 


To prove this, use the Expansion theorem of p. 348, vol. 2. Thus, 
vaT” (ito) ty 
(Erak i (2700 115 
-tl TA 1+a? 1 -a? -pt/1+a\2 
me 1-a(1—a/? Leas (La) 67 
Expand this result in powers of a, and we get (55), by substituting 
I,(ct) for an. Besides this corroboration, we see that we may, if we 
like, derive the solution for Cz from the Co solution (57), by altering 
the meaning of a” from In (ot) to (/n) P, . 
The four principal values in (54) are first, t= —a/v, making /i. 
Second, ¢=0, making 
(J, +43, + 83,+123,+ ...)(pr/v) 
=1+2(px/v) + 400 / v): ~0 —5/12.16(px/v)*+. (58) 
Third, f α , making 
“PHYS f A/ v-C Alx / v)s f. 4 o/): / 2.400 /o)e/ 8. F..] 
. 40r / v v. (59) 
Fourth, t makes . The third value is about 40 when pr/v = 10, 
as in a former case, when the result was 2, in producing constant 
potential. It is to be constant current now at x. The subsequent 
rise of W, is of no consequence in the calculation relating to a square 
signal of finite duration, which involves taking a difference. 
(16). Another interesting case of (52) is R=0, K finite. Here 
o=—p, 80 all the extra terms go out, leaving 


Led =e Leo Lotte 22/04)’, (60) 
where p=K/2S. The four principal values are 
er, Jo(px/v), e /o, /e / 2pt) i. (61) 


The last is for large ¢ It tends to zero. The first and third 
values show the magnitude of the drop in the interval between 
ta -A and +2/v. But observe the second value, for t=0. It 
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may be positive or negative, or zero® though never greater than 
+1. Bay px/v=2:4, then the four values are about 10, 0, 1/10, 0. 
Here W, drops to zero momentarily, though it does not 

sign. But give pz/v a very large value, and examine how « ( 
behaves as f goes from n to Tv. There is first an immense 
drop to a small value, followed by oscillations from + to — and 
back again. There is only a limited number of these oscillations, 
and when they end W, becomes +, and remains +, ending with a 
long tail, according to the fourth value in (61). 

This may seem an extraordinary way of initiating and maintain. 
ing a constant current at z. The same phenomenon, in the form of 
small fluctuations, may be perceived in previous formule, Here it 
is accentuated by the absence of resistance allowing us to examine 
a simpler formula. It is difficult to give a visible explanation of 
the necessity of the fluctuations or oscillations after the first big drop, 
because it is such an involved matter. But as a check upon (60), 
I have taken it to represent an arbitrarily given impressed Voltage 
at & -O, and have worked out the direct problem of finding the 
current it produces at x. The result is C=0 before and oonstant 
after ¢=0, as required. 

The fall of W, towards zero ultimately is easily explained. If 
we take the time integral of the fourth form in (61), the result 
varies as ti, and shows that the time integral of Wo goes on 
increasing without limit, though at an exceedingly slow rate. 
This is to supply current to the very remote parts of the cablo 
(assumed to be infinitely long) that have not been reached by the 
disturbance. Keeping in the near parts, however, there is constant 
current at x maintained by an insensible impressed force, tending 
to zero. The conclusion is that VO, and C=constant, having the 
same value as atx. For there is no resistance in circuit, and when 
VO, no leakage current. 

Then we may ask why O assumes the same value everywhere 
(in the near parts) ultimately. This is an example of a general 
property of magnetic induction in plane sheets which was first 
proved by the distortionless circuit in 1887, Given a line charged 
and currented in any way, and connected to earth at both ends. All 
the charge will eventually disappear, by leakage and terminally, 
but the current will persist if ‘here is no resistance, and redistribute 
itself so as eventually to make a steady uniform current all along 
the line, if there is no resistance in circuit anywhere. (See Elec. 
Pa., vol. 2, p. 144, for particulars.) Now in our present case C, = 
constant inexorably. So the rest of the cable (in the near parts) 
must also have the same current ultimately, as W, becomes practi- 
cally zero. It is done by natural redistribution of current under 
the circumstance of no resistance. Of course it will be understood 
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that æ in the formula is the only place where the value of the cur- 
rent is constant all the time. 

To further illustrate the principle concerned, take off the very 
small residual W, altogether. For some time after, no sensible 
change will occur; but given time enough, the uniform current will 
all disappear, not by annihilation, but by spreading into the remote 
parts of the cable, and so attenuating to zero density. When speak- 
ing of current,“ sheets of magnetic induction should be pictured, 
not merely their cores. 

(17). It will be as well to translate the cable problem into the 
corresponding one relating to the propagation of plane sheets of 
magnetic induction in Maxwell’s conducting dielectric. Imagine 
the dielectric to be unbounded one way (r =), but terminated at 
* = O by a perfectly conducting sheet. Let, initially, there be no 
disturbance. Then, at the moment ¢=0, let a source of magnetic 
induction of strength f start uniformly all over the plane. That is, 
f tubes of induction are generated per unit area per second, so that 
at- ſuH. dr. on account of the persistence of the induction when 
once created. Then the equation connecting H at x with f at x=0 is 


k+ct,\3 
H= [Ae zy. 6 
4 at (62) 


Compare with the first of (48) above. The changes are quite formal, 
because it is physically the same problem, provided g, or magnetic 
conductivity, is introduced to imitate R in the cable problem. So, 
by (50), 


ee oc) 2 1) afl+a'c—a)+a?(c—a)? .. J] (68) 


shows the H at distance æ due to F constant, beginning f= O, where 
o or = 9.2 T Ke. In the real Maxwellian dielectric p= -— c0, so 
all the extra terms stay in. Induction is then not only generated 
at a uniform rate, but persists in the dielectric as well. H begins 
at x at the moment t=.x/v, with the value Fe ble, and then rises 
up to the final value f later. 

Now pass to the inverse problem. (52) shows that 


. eve PH 2(241) afl -e) Teste eh... J (64) 


determines the nature of F needed to make H, at æ begin suddenly 
and stay constant. This is when there is magnetic conductivity 
causing destruction of induction after its creation and transmission 
into the dielectric. Do away with this decay, by g=0, or p=—<e, 
then we come to (60), which makes 


Fe ae Lee, (65) 


VOL. III. x 
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in Maxwell’s conducting dielectric. The time integral of 7, or the 
total induction in the dielectric, ultimately varies as ti. If what 
remains of f is taken off altogether, then the total induction existent 
at that moment is conserved. For it cannot pass through the 
plane boundary, for one thing. It cannot be destroyed by the con- 
ductivity of the medium, for another. But it will ultimately 
attenuate to zero density, by spreading out into the remote parts 
of the unbounded dielectric. 

(18). Yet one thing more. It remains to show how H is estab- 
lished by the determined F in other parts of the medium, say at y, 
which may have any value from 0 to œ. It may be convenient 
now to alter the time zero so that F begins at the moment t=0, 

and H, when ¢=2z/v. Then, by (65), 
F[woHL, - I T fe- / v): / vat]. (66) 
This F is now to be regarded as a given impressed source, and the 


H it produces everywhere is wanted. This is a direct problem. 
The first step is to expand I;(...) in the form > A, I. (ot). Thus 


Id. ) eo I, fo (42 — 29/2!) -v ati N I. gt). (67) 


In this, put ¢,=40(a+a-'), reducing it to e I (ot) by one way, 
or else to the same with a turned to its reciprocal by another. The 
ambiguity arises from the radical. But a” and a mean the same. 
with the operand I,(ct); so both forms expand alike, and make 

-t -& / v 

.- a KES 1 ae L . ) eh (68) 

Now this form of result I see N the series development 

of a much simpler functional form; and this, again, shows that it 

conduces to simplicity not to change the time zero so as to make 

the impressed force begin when f- O, but to keep it so that the 
given effect (here H.) begins then. On this understanding, 

Eo / H. — e pt, /q=pv P), (69) 
because f=E, numerically. Vectorially, f=curl E,. Here z is the 
regular o 42/5), whilst the outside suffix indicates the value to 
give to æ in 2. It also indicates the initial value of vt for the function 
determined. Thus, in (69), ¢ ranges from —z/vto œ. This notation 
will be found useful in the following. 

The corresponding value of E, is 
Ey=e-@ E, =H, - pt,'g=puH, 7 P,(2),-s. (70) 
This is for any point y. The value subsides towards zero, not only 
at x, but all over as well. On the other hand, 
H,= (E). E, = 1772 P,(2)y-2He 
. 1 ~2at 2a? —2a3+...)Po(2)y-zHz. (71) 
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This is H, steadily at y=; elsewhere it tends to that value in time; 
subject to the reservation already mentioned. 

(19). Now consider the effect of terminal connections, applied to 
a finite length of cable, beginning with the simple case of terminal 
short circuits. The reflection of a wave is positive as regards O, 


and negative as regards V. Let an impressed voltage e be inserted 


at SO, producing V,=e there. Then 

IKTS NO -sgi 1 50“ = ee 4 2V, 
O= (RT) 20e peit) Vo= (Rt Tü ar n (2 
is the current at x=] due to Vo, being the initial wave followed by 
its positive reflections, in an infinite series. But if we invert the 
problem, and write 


Vo= (Hage) Bb ce), (78) 
there are only two waves. This makes the present and other inverse 
problems much simpler than thedirect. But remember that O, does 
not cause V, (that would make a distinctly different problem), but 
is caused by Vo. Suppose Ci starts when ¢=0, then Vo begins at 
the previous moment t= %, making the wave 2%. .; and, at the 
later moment t=//v, which is the moment the front of the reflection 
of the first wave reaches the source, a second wave of Vo begins, 
given by the formula e . . There are no others, because the 
second impressed force is so graduated and timed as to destroy the 
effect of all the subsequent reflections which would exist if V, im- 
pressed continued according to the first formula alone. Both these 
formule have been already worked out, but before noticing them, 
let us go to the evergreen distortionless circuit for simple information 
without complication. 
Putting -O makes g=(é,+p)/¥; 80 


Ve Lol: l 271ʃ½.— Fa plv 8 ½ C,. (7 4) 
Here C, (as in the preceding also) may be any function of the time, 
say f(t). Then 
Vo= dL f(t + /) - % lt /). (75) 
explicitly. But (74) is equally explicit, in a less conventional way. 
The meaning can be seen by letting C, be a mere pulse, at the 
moment ¢=0, and nothing else. Equation (74) shows that two 
pulses of Vo are required to produce it, one at the moment t= —1/v, 
magnified 4Lv ele times; the other at the moment t=1/v, minified 
(and reversed) - Ly e e times. To see the significance of the 
second pulse, consider what the first pulse of V, does. It sends a 
pulse of V= LvC along the line, which attenuates in transit to half 
the size of the required pulse at the end of the line. The positive 
reflection of current immediately doubles this, making the required 
VOL. III, 12 
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pulse of current atthe end be of full size. Then follows the reflected 
pulse along the line, in which V=—LvC. On arriving at the source 
it is minified by the factor „/. It is negative as regards V and 
positive as regardsC. The usual reflection would then turn it to an 
ordinary + pulse like the first, to be sent along the line and produce 
a second pulse at the end, to be followed by an infinite series of 
smaller pulses. But at the moment f= / the second, or negative 
pulse of V, acts. Its effect, by itself, would be an infinite series of 
pulses. But they are exactly the negatives of the series already 
described. So, in reality, the second pulse of V, stops all further 
action. There are just two pulses of Vo, two wave pulses in the 
line, and one doubled pulse of current at its end. It is beautifully 
simple in operation because it is done with ideally simple machinery. 
But though not so simple, the action is equally perfect in circuits 
possessing distortion. The impressed force is of two types, and the 
second one is constructed so as to cut off the after effects due to the 
first. If the reader is not familiar with, but wants to understand 
these things scientifically, and not merely from the analytical, nor 
yet merely from the practician’s point of view, he should read my 
account (1887) of the properties of the distortionless circuit (Elec. 
Pa., vol. 2, pp. 119 to 155, and p. 807). It requires no high mathe- 
matics to add all sorts of examples in additional illustration. 

Equation (74) also shows that if 

Vo= dle PO, from t= —1/v to ¢=0, 

is followed by Vo- Lu shin (pl/v).C,, from ¢=0 onward, 

the result is steady Ci at the end of the line. Here the first V, alone, 
and kept on, would in time make C, jump up higher and higher, 
- gtaircase fashion, to a limiting value. All these later changes are 
cut off by the alteration in the type of the impressed V, which 
occurs when the reflected wave reaches the source. Note that this. 
reflected wave establishes the steady state as it moves on, by union 
with the primary wave. 

(20). Returning to an ordinary circuit in which the distortion is 
not destroyed, I will give in brief the full process of developing (73), 
instead of referring to the results of direct problems worked out in 
vol. 2, and making changes of sign or other alterations. This will 
be useful in confirming some of the preceding work, and to show 
how to work in other cases when it may not be convenient to modify 
previously worked out solutions. 

First put q in terms of fi, p, and o, making vg = {(t, * p)?— id. 


SAGA * ti TTV {( , 
Lo „ oH tite) o” fUv — 
C, 1 179-6 e 1 (76) 


Now here 12 Pt Pt p). (77) 
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Substituting in (76) and shifting «~°* to the beginning, makes 
V. _ afte -aw žá- 
g =tLe : 1 9 22 rife {4:3 - of} — e mmea, (18) 


Now if u=}oe(t+x/v), w=}e(t—x/v), 4 = 22 C ve), (79) 


and a and 8 are the differentiators with respect to « and w, as in 
vol. 2, p. 828, then 


1 n 
ro- tapt Ey -g Pol 0-1 P. c. (80) 
Also, the identity 5 


1— a2 w? wt 
ipa -( .- 2.2 P...) ei 
reduces when x=0 to the identity 
1725 I,(ot)=1=(I,—21, T 21. —21,+...)(ot). (82) 
Substitute this for the 1 operand in (78), and make use of 
;~G?- 0 / v Io( ot) =P,(z), (88) 


and also put ¢,;=40(a+a~"), because a and a“! are equivalent when 
the operand is P,(z). Then (78) pia if c=2p/c, 


G ea tlta _1t+a? a ` 
G iva a Pie P 60 


e e (17740) fra h.. (85) 
This is complete, because on expansion of the a function in rising 
powers of a, it makes, by (80), a full development in w*P,,(z) fune- 
tions. In passing, I remark here that it is not usually desirable to 
write out such expansions. They can be understood to exist, and 
it is far simpler to manipulate the a functions which specify them, 

In (85) the two z's have the same value, but the associated w 
factors have not. In the first w,=40(t+l/v), and in the second, 
40 = Rt - l/v). So the two series of P, functions do not usually 
destroy one another when coexistent. 

(21). But there is a case of great simplification. If p/co=-1, 
that is, R=0, K finite, it is the case of plane waves in Maxwell’s 
conducting dielectric. We reduce (85) to 


V,/C,=$Lv[P(z)-:— 
ATRE oC, = $Lv[Po(2)-2— Po) (86) 


Vo / Ci LV eT J (7/2 — fe), from t= / to 4 v. (87) 


That is, the impressed voltage only lasts for the interval 2//v and 
then entirely ceases. It ceases the moment the reflected wave 
from the end reaches the source. It follows that at this moment 
the steady state is established everywhere, 
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To confirm this conclusion, find the wave of C anywhere due to 
Vo- In general, 
o- - %% o Eea 
fe +e +e 1. . Co Ir Ow (88) 
being the initial wave and its reflections, all positive. Put z=} to 
find Ci in terms of Co. Then eliminate Co. The result is 


C= Hel- ei (89) 
This is also relatively simple. C in the line consists of the primary 


wave and its reflection. The full development is the same as for , 
jg two special values given to x. Thus, 


K A 1 (1 0) lr. 0. . Pel) l-a}. (90) 
T p= -0 ie the result to 
8 = te pt = LIF). -a+ Po(z) 1-4 (91) 


21. r Po( zi) - 2w, P (%) + 5 P.( 21) — e. )+... } 


+h" [Pe - 255 Pi 2 P. (23) — 2-2 1 Pale, dss . 92 
where 

101 lt H / vj, - ho{t - -), 2, ν h- U -g. 

Now in vol. 2, p. 884, eq. (48), I showed that 

e -T RO —— z Paz) T . , (98) 

and called it an important identity. Applying it to (92), remember. 
ing that p= -o, it proves that C=C, in the overlap, that is, in the 
region where the primary wave and its reflection coexist. There is 
an easier way of showing that this is so, to be come to later; but it 
is satisfactory to have a confirmation of the accuracy of elaborate 
formule. ö 

From the steadiness of C in the overlap, it follows that VSO; and 
this we can confirm easily. For the V formula is 


R+Lt,\3, ou- Seip. ; 
| v-I(K B) lee uE ego, (94) 
which develops to 
V 249% +1 
Tw, łe 401 Tea) {Po(:)z-2— Po( 2) -l. (95) 


Here it is visible by inspection that p= - e makes V= O in the overlap. 
Summing up, we find that when R=0 the impressed force 


Vo= LoC, & „f J (2/2 - f) lj, (98) 
acting at x=0 from t= - %% to t= +1/v, produces the wave 
V=}100, et Jdol- a)? e], (97) 
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from t= - to+(/—)/v, and C= Ci, V=0,in the overlap. The region 
occupied by the V wave (97) begins at x=0, increases to =, and 
then falls back again to the source. At the moment ¢=0, when V 
occupies the whole line, it may be all of one sign, or else be wavy, 
according to the size of p. 

(22). To make an equally simple problem concerning a real cable, 
in which R is finite, and K zero (practically), let the far end be insu- 
lated, making Ci -O there, with + reflection of V and—ofC. Atz=0 
put on e in short-circuit producing e= Vo, to be found in such a way 
that Vi at the far end is steady, beginning ma t=0. We have 

4 % i atei K+ St, 3 707 *) 
vs fer- v., C= (Fel. 114) er Vo (98) 
The first of these makes V,= (e“ e VI. and this, used in (98), 
produces 
l a- a- K St a- al-) 

V- NH- r eu-, C= (Ta) 30 Wi. (99) 

The first 8 to 


=he =e (a + 1. 450) PO(2) 2-2 ＋ PO ) 2-1, (100) 


and LC / Vi is obtained by multiplying by (I- a) (I Ta), and 
changing the sign of the second Po. 

Now here it is by p=c, that is, K=0, that we destroy the com- 
plication. We reduce to 


y =? 1 1 2 LPo(2)z -1+ Po hi-], (101) 
ta E TP e)z- — Po@)r-z]. (102) 
1 


It follows now that the current is zero in the overlap. This 
requires that — d V/dæ O in the overlap; or V is steady, Vi. The 
identity (98) applied to (101), confirms this conclusion, The steady 
state of constant V and zero C begins at the insulated end of the 
line at the moment ¢=0, and travels at speed v to the beginning of 
the line. When this is reached, the impressed voltage ¢, which was 
previously variable, assumes the constant value V, After that, 
nothing more happens. Nor will anything more happen if we 
remove e, provided we insulate the beginning, which is a common 
practical procedure. 

Having thus charged the cable to uniform potential V in the 
short period 2% qäit may be discharged completely a quickly 
by applying the same voltage reversed. 

(23). The instantaneous assumption of steady states is s not wonder- 
ful on a distortionless circuit, because that is made so as to do it 
naturally. But it is wonderful when the circuit is not balanced for 
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distortion, until one gets used to the idea. It is merely a question 
of habit; wonder always ceases with sufficient familiarity. Nothing 
is really more wonderful than anything else, and nobody really 
understands anything. In the present case the wonder ceases when 
it comes to be considered that the impressed force itself which 
produces the electromagnetic wave, is graduated in its strength just 
in the right way to counterbalance the disturbing effect of the 
unbalanced distortion on the circuit, as well as the reflective effects. 
The source itself is distorted, so to speak. 

But, so far, I have only proved this property for the two simplest 
terminal conditions, earth or insulation at the distant end, and then 
only when either he leakance or the resistance is zero. I shall now, 
however, show that the same property is true when both these quan- 
tities are finite, and have any values; and moreover, when there is 
terminal apparatus, which may be of several different types, though . 
it cannot be of any type. The effect of the line distortion, and of the 
terminal apparatus, will all be allowed for in such a way as not only 
to produce right-angled arrival curves, which is always possible, but 
also to make the reflected wave, by union with the primary wave, at 
once produce the steady state of V, or of C, or of both together some- 
times. This can be proved without actually developing the form of 
the primary wave, because the result of its union with the reflected 
wave may be found by uniting the two waves in differential opera- 
tional form, instead of in functional form. Of course the develop- 
ment of the primary wave is needed to complete the solution of the 
problem. 

If, after the manner of vol. 2, p. 386, „ and p, are the reflection 
coefficients at æ = O and l, the complete V due to an impressed source 
at z=0 is 

Va fet pt + ype” + pgp? OP +... Ff. (108) 
Here f is not Vo, but is what Vo would be if the line were infinitely 
long. This V shows the primary wave and the succeeding reflected 
waves. Or, condensed, 


-qx -qall æ) z. Q ar „ l- r) 
v. Tele f -( Te) „„ 10 


1 -i i R+ Lt, 1— Pope 2 
By putting =, it follows that 
f — — -pat V.. (105) 
1701 


Put this f in (104). It is then dismissed for good. We get 


v. ch v., C= 1 r... G00 
l+ t+ Lt, 1+p, 
Here V and C in the line are expressed in terma of the terminal 


potential. Since, moreover, VI = 21 Ci, if Zi is the resistance operator 
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of the x=] arrangement, we also express V and O in terms of C,. 
Either of these may be given as a datum; or, if we please, some 
other quantity in Z, itself. In any case, the fundamental point is 
that some quantity away from the source (or, if we please, at the 
source, or another part of the terminal arrangement there) may be 
regarded as given, and everything else has to be found to match, 
including the intensity of the source itself. Thus, given Vz, find 
V.,. With a given situation and kind of source, this also involves 
V and C being found everywhere, and the intensity of the source. 

As before, when the source is at x=0, there are only two waves, 
in contrast with the multiplicity in direct problems. One of these, 
the primary wave, must be found. But the other need not, though 
it comes from the primary by easy changes. For we may find the 
V and C in the overlap independently, 

Observe that neither e nor p occur in (106). This means that for 
the same Vi, and without any source to the right of S2 O, V and O 
everywhere to the right of x=0 are always the same. If we alter 
Zo, there is a balancing alteration required in e; or if we alter the 
situation of e in Zo, we must correspondingly alter its intensity. In 
fact the determination of ¢ forms a distinct problem. 

But p, must be put in terms of Zi. If 


2-( arri) ten ne BoP, aoa phna(1+2). don 
This brings (106) to 
V. Ci Zi (Zi- De v 
221 3 
r Z -D 
2271 1 


Before f= (I-) / v only the first exponential is active. But after 
that, when both are active, we = unite them, making 


V= cosh q(l- 99.45 - shin a- v, 


(108 


(109) 
C= 2 shin 9 - ) A cosh 2-H v 


To obtain the ultimate steady state of V and C, put ¢,=0. This 


makes 
= /RK, Z= JRIK, ZI Ni, (110 
if Ri is the effective steady resistance of the Z, apparatus. Then 
V- Icosh /RK(l—2)+ RTR /R. . shin /RK(l-«)}V,, (111) 
CK R shin ./RK(—2)+1/R, . cosh VRR (OC V.. (112) 
This process of finding the ultimate state is valid irrespective of 
whether direct or inverse differential operations are concerned, or 
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whether they are rational or irrational. If there is an ultimate 
steady state, then ¢,=0 in (109) will find it. If there is no steady 
state, the form of the operators will show why, and the physics will 
also do so. As regards irrationality, Z, might be a cable itself. 

(24). Now in general it takes an infinite time to reach the steatly 
state. But in these inverse problems the time taken may be either 
finite or infinite. We may discriminate by examining the forms of 
the operators in (109). Looking at the V, formula, the cosh operator 
is a rational integral function of i. So is the shin operator when 
divided by q. If, then, Zq/Z, or (R+ Lé,)/Z, is also of the same kind, 
then V= (AT Bé, + Cé,?+...)V,=AV), when Vi is constant. But this 
is the steady state. Itis therefore assumed suddenly at the moment 
t=(J—2x)/v whenever (R+L¢,)/Z, is rational integral. This occurs 
when Z, is a mere resistance, of any size; or a conducting condenser, 
say, Z,=(K,+8,¢,)—', of any size and any time constant. But if it 
is a coil, say Zi- Ri T Lit, then it fails, unless the time constant 
L,/R, is the same as L/R. If Zi is a condenser and coil in sequence, 
it cannot be done. But if the coil and condenser are in parallel, 
then it can, provided R/L=R,/L, as before. In any of these cases 
(and similar ones) V is given by (111) in the overlap, from the 
moment f= (I-) ſv, being the steady state of V, beginning at x=}, 
and travelling towards æõ == O at speed v. 

But it does not follow that O is also steady in the overlap when 
Vis. Inspection of the O formula in (109) shows that 1/Z, must be 
rational integral. That is, Zi may be a resistance, or a condenser; 
but not a coil, not even when its time constant is the same as L/R. 
But the difference made is easily found. 

If a coil, everything is rational integral except the term (Lv / Zi) Vi, 
the steady part of which is (L / Ri) Vi, and is included in the steady 
solution. So there is an additional term 


ioe ee 115 
Ry 
That is, in the overlap, O is given by (112), with the extra current 
(118) added. Though not steady, it is at a given moment constant 
within its range. At the moment t=//v, and after, this extra cur- 
rent occupies the whole line, besides the steady state of V and C. 
The above is an easy example of the finding of the state of affairs 
in the overlap when there is only a partial assumption of the steady 
state. It was complete as regards V, partial as regards C. But it 
may easily be the other way. V may require extra terms, not C. 
In general, both V and C require extra terms, and it may, even 
when there are several, be of advantage to exhibit them separately. 
In any case, the above shows how to find the resultant state in the 
overlap, without using the primary wave and its reflection developed 
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in terms of z and f. Separate the operator into a rational integral 
part and a part requiring integrations. The first part, together with 
the steady part of the second, make the steady state. What is left 
over constitutes the extra terms. 

If Zi is a cable of a different type to the original, its resultant 
effect on the first cable will be fully allowed for. Besides that, we 
may calculate the state of things in the new cable, since it is acted 
upon by the impressed voltage V,. This makes a direct problem. 
But if the new is of the same type as the old cable, it will act just 
like a continuation of the old. Then cosh and shin will unite to 
make just the original % operator considered before we came to 
terminal reflection. That is, there is no second wave, and no over- 
lapping to make a steady state, without or with extra terms. 

(25). To complete the solution for the main circuit, it remains to 
express the primary wave in functional form, valid before overlap- 
ing begins at any place. To do this, reduce ti to ti -p in g and Z,, 
and put ti in terms of a as before. Let p, become oi in this way, 
and Z, become Z,. The results are 


Vat 1a 


m E 8 4 

V, Ito, 1 Tei- ca c. Pole )i-z» (114) 
LC =" pt 1 (1 a) 

Vi Ite, Le cat -a, (115) 


in which only oi needs 8 in terms of a to make them 
complete. 


Do this for a coil, Z;=R,+L,¢,. 
-Z 5 Zi- Lv(l+a)(l—a)- 


— 116 
MPZ? 1 iTLe(I tay(l—a)-" ye) 

1 I LGT - p, (Ia) -a) 

1791 221 $+ R, + Lio( I +a? - ca) / 2a 2a (117) 


This is for the general case of any Rand K, and any Ri and Li. But 
if K=0, or c=2, and R/L = Ri / Li, it reduces to 
. Lv — 


The expansion of the a function then T the primary V wave to 
the form . Y 5 A,w*P,(z). Then changing the sign of l — produces 
the second wave. Their sum is known; so we have the construction 
of an identity like (93), though far more complicated. Similarly 
as regards the C waves. 

(26). The above was simplified by the absence of any necessary 
consideration of e and Z,, the source and the electrical combination 
in which it is situated. Z, may be any combination, and e may be 
in any part of it suitable for supplying current to the line. It is 
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useless to formulate any general connection between e and Vo or VI. 
We must specialize in some way. The easiest of all is to put e in 
between Z, and the line. This makes 


„ aa al Gea) (119) 


This Z is the resistance operator when the line is infinitely long, 
and F is the Vo to match. But, by (104) and (108), the real Vo is 


1 Toi 27 d ; 2 ＋ 6 
Von e-, and Vi- Vi 


ne — ape = Zo et — e~ U 
„ ( Ev. (121) 


which gives e in terms of VI. But here 


(120) 


20 — Z 2 2 206 — pro 29 
= » 80 1772 — and . NE 
P= Z +Z Z 10 CI Te 22 
in terms of p and p. 
There is another view of the matter, avoiding 7. For 
1 ; 
OZIZ Te ca 


where |Z} is the complete resistance operator of the line, with allow- 
ance made for the far end Z,. It is given by 


V R Li, XI %. oe 
ee 


This way also leads to the same relation between e and Vi. 

As regards functionizing e, do as before. Put ¢,=0 to find the 
steady value reached ; then find the value when both waves are on, 
from the moment tf v, and then finally 


2e 
"pad Fa 


finds e from t= / up tot, in the form CA, 20 P. (2-2. Of course 
the Vo solution may be utilized, by putting (1 — p,)— in terms of a. 

The source ¢ does not necessarily begin to act at the moment 
im —ljv when it is not situated between e and Z, It will do so 
when Z, is a finite combination of finite coils and condensers, that 
is, according to the usual theory of such things, which entirely 
ignores propagation of effects in time by assuming v=œ in the 
medium surrounding them. But if Z, is a cable, it is clear. that e 
may be shifted back any distance, and will then have to begin to 
act so much the earlier in order that V and C may be the same at 
the same time in the line; besides, of course, varying in a different 
manner. 
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(27). The following is to illustrate simply the sudden establishment 
of V and C in a line by the passage of the reflected wave, and also 
the establishment of a uniform extra current along with the steady 
state. The last is so curious as to make explicit exhibition in the 
nature of the primary and reflected waves desirable. The dis- 
tortionless circuit will show the phenomenon plainly. 

But first let Z, be a condenser. This case is easier, and has also 
an interesting peculiarity. Let Y,=K,+5,¢, be the conductance 
operator of the condenser. Then since vg = ti +p) in the distortionless 
circuit, equation (108) becomes 


VL ], LI) $e 
Here the primary wave is 
H + LoK,)V, +4108,” f, Vi]. (126) 
The first part, extending from z=0 up to the wave front, is steady, 
But the second part represents a pulse at the wave front itself, of 
such size that when it reaches the terminal condenser the charge it 
carries is 38,V,. But the condenser acts (momentarily) as a short- 
circuit, reflecting V negatively and C positively. So, whilst half the 
proper charge is sent in by the pulse, an equal amount of negative 
charge simultaneously comes out. The condenser therefore becomes 
fully charged instantly. At the same time the negative charge that 
comes out makes a negative pulse at the front of the reflected wave. 
Superposing the two waves produces | 
V= {cosh p(l - x)/v + LvK, shin p(l- ) / vf VI (127) 
in the overlap. This is the steady state. But remember the second 
pulse at the front. The moment it reaches x=0 (attenuated), it 
does nothing more, for the impressed Vo destroys it. The steady 
state is now established all over. 
(28). The case of a terminal coil with Vi steady is easier in one 
way, because there are no pulses, and harder in another, on account 
of the extra current. We have 


. 4 / v 420 1) /v 10 +e Sir) +second wave. (128) 
The second wave is got by turning v to — v all through the expression 
for the first wave. Also V=LvC in the first, and V = —LwC in the 
second wave. 
The final steady state is 

V/V,=cosh p(l—2)/v+Lv/R, shin p(l- ) / v, (129) 
from which LVC / Vi final is got by changing the sign of the second 
term. But this state of V is not set up immediately by the reflected 
wave in general. For the primary wave is 


V (- 2)/v Lv Rift (l—z)/o} Ly | 
— = 1425 — 11 A 
V. e H +R (1 € ) (180) 


—same 


(1 - LeY,)] Vie (125) 
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in the region from «=0 up to x=vt+/ at the moment t, before the 
end is reached, and still existent alone up to x==/—vt, after that. 

On uniting (180) with the reflected wave, the exponential € R/L 
does not go out from the result, except when R/L = Ri / Li · In this 
case, V in the overlap is the steady V of (129). | 

Similarly as regards C, with the difference that even when the 
time constants are equal, the exponential «~ ° remains in the overlap, 
where O is now the steady O plus the extra current (VI / Ri) t. 
This extra current in the overlap does not interfere with the steady 
state of V and O (it is merely to be regarded as superimposed). 
Nor is there any real discontinuity at the front of the return wave. 
The extra current is necessitated by the datum V,=constant from 
the moment ¢=0. It can only produce C, in the coil in the gradual 
manner Ci V/ Ri)( i — H/). The “extra current” is the nega- 
tive part of this, and continues. So it shows completely in the 
overlap, and is also present (halved) in the two waves, and is fully 
allowed for in the variable strength of the source. After the 
moment ¢=1/v, the source becomes steady, and the extra current 
exists through the whole circuit. 

But if it is given that Oi, the coil current, is to be steady, then 
there is a pulse wave sent out to energise the coil instantly, and a 
return pulse along the line which is destroyed by the source of 
energy. In fact, the V formula is now 

Væg -R, + Liti + Lo} Ci + (same with 5), (181) 
showing the pulse wave, and also that there is now no extra current. 
So both V and C are steady in the overlap. 

(29). In the above I have taken V,=constant, or C, = constant, 
after t=0, to be the given datum, because it is most useful in general. 
By a time differentiation the datum becomes impulsive, so the solu- 
tion for that case is known immediately. Moreover, a succession 
ok pulses makes a continuous function in the limit, so we can write 
definite integrals to express V and O in terms of the datum expressed 
as any function of the time. But such integrals are only ornamental 
as a rule, and not worth writing out. 

The practical way is the operational. Say Vi is given as a function 
of the time, beginning ¢==0. Put it in terms of ti; then the opera- 
tional solution for V is made entirely operational with operand 1, 
and can be developed in the usual way. Or, put Vie“ in terms of ti, 
and the result in terms of a, after the manner of vol. 2, p. 347. The 
developed solutions obtained in this way, to find V and C to make 
Vi or Ci vary as a definite function of the time, are sometimes much 
simpler than those in which Vi or Ci are constant. The operational 
solutions themselves (in terms of ti) will suggest particular forms of 
Vi or 01 which will simplify the results. For example, if in the 
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problem of which (114), (115) is the solution for V,=constant, we 
alter things so that Vie“ is constant, the effect is the same as making 
c=0 in those formule, thus simplifying the expansions greatly. 
But the treatment of such modifications is, after the preceding, too 
obvious to require separate development. 


(30). Cylindrical electromagnetic waves present some interesting 
features in connection with the relation between a source of dis- 
turbance and its consequences, or equivalent pre-existing states. 
By the selection of relatively simple solutions for examination, a 
good deal more can be learnt than by the construction of very com- 
plicated ones. 

Consider first the fundamental wave solution 

8 Tielhr 
2D 77) Ze (vet — 720 (182) 
Here H is defined to be the magnetic force and E the electric torce 
at time ¢ and at distance r from a straight axis, on the understand- 
ing that H is parallel to the axis, and B circular round it. Test 
that they satisfy 


d 


which are the reduced forms of the two circuital laws to suit the 
circumstances, if ucv?=1. The wave front is at 7 vt, and since E 
and H have the same sign when t is +, the wave motion is outward. 
It is easy to show that 


dH. f 1 d : 
— a, E, B- E=. (183) 


t 
i ”"OxrpHdr æft. (184) 
0 


This is the cardinal property of the wave. It means that the total 
induction is increasing at a uniform rate, and that to complete the 
system there must be a source of induction at the axis, generating 
the amount F per second steadily, and starting at the moment ¢=0. 
The © value at the wave front is of no consequence, because it is 
empty. See p. 89 for a diagram of the H. wave going out. The 
differential form is 


H= aol v, if g=d/d(vt); (185) 


and in fact (132) is derived from (185) by multegration. Compare 
with (170), p. 264. 

The straight line source f may be regarded as a condensation of 
curl e, if e is impressed electric force. It may also be regarded as 
an impressed linear magnetic current of strengh —/, or a current of 
magnetons, if allowance is made for the radial magnetic force. But 
if we have E straight, and H circular, and write 


wC = (vt/r)C 
= (N- 73? i 2r(v t =r) CSSA) 
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then the linear souree C generates displacement cE negatively, 
at the rate -C. It is an impressed electric current of strength C, 
or a current of electrons (with proper allowance made for the out- 
ward electric force, if necessary), or it may be C=curl h, condensed, 
if h is impressed magnetic force. 

(31). Now make t negative in (182). H is the same and E is re- 
versed, compared with the values for equally large positive k. The 
wave is therefore (if it is possible) going in to the axis, and the total 
induction is decreasing at uniform rate, or is being swallowed up at 
the axis. This looks like a negative axial source, of strength - f. 
But if there were such a source, beginning at the moment f=, it 
would produce an outward wave like (182), with F turned to -F and 
ttot—s. Even if we make s= — œ, and reduce this new H wave 
to nothing (within range), the source -I will still be associated with 
it, and the supposed inward wave (132) is left without a source at 
the axis. This incoherency shows that (132) is not a possible wave 
of H and E when t is negative. Besides that, E in the new wave 
does not tend to vanish, like H. 

But by adding to the inward wave, which is impossible by itself, 
an outward wave whose source at the axis cancels the sink of the 
inward wave, we come to a possible combination, without any source 
anywhere within range, though there may be or have been at some 
previous time sources at a distance. The pair of waves makes a 
perfectly free combination. Say that 

z 2 f 

a  Zapojot(t T a = 2rpvlv?(t— 8 — r’ Ww (186) 
with corresponding E’s, after the manner of (182). These may 
mean that there are two outward waves; one due to f, beginning 
when t= ei, the other due to fp, beginning when t=s,. But if f,=—f,, 
there is no axial source when both are on at once, or any source 
within range. Then the question is, how far back in time can (186) 
exist? Examination shows that the time may go back to any 
extent, provided we reverse the sign of H, or H, when either wave 
disappears at the axis, without reversing the corresponding E. The 
leading idea to be kept in mind is that the total induction must be 
kept constant. 

Begin with a pair of inward waves. H must be + in one and - 
in the other. The total induction is /(#,.—8,), positive when f is 
positive and s,>8,. This is the first stage, when t ei and ¢—s, are 
both negative. But when the wave 2 reaches the axis and disappears, 
if it remained non-existent thenafter, the inward wave 1 would be 
impossible. So let the change at the axis consist in the continuance 
of the wave 2 as an outward wave, with E the same and H reversed. 
The second figure shows the second stage, an inward wave 1 and 
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outward 2, both with positive H, and such that the wave 2 gains 
induction as fast as the wave 1 loses it. At the moment t=}4(s, + 8), 
there is a momentary coincidence, with zero E and doubled H. 


3 
U) (2) (3) 


After that the waves separate, and we have the third stage. Then 
the inward wave 1 reaches and disappears at the axis, to emerge as 
an outward wave of negative H. This is the last stage, for we now 
have a pair of waves going out with nothing to stop them. 
Incidentally, we solve this problem. Given the initial state at the 
moment ¢ ==4(s, +82), 
H=—— Se 
Zruvſve( 5 — $8,)?— 77}! 
without any E. What happens, if there is no source? The answer 
is, the generation of a pair of electromagnetic waves like (186), with 
similar H’s and opposite E’s. The first goes out, the second goes 
in to the axis and comes out again with H reversed. 
We also solve this problem. Given the initial state (132) of E and 


H, at the moment ¢=s, but without any source. What happens? 
The answer is 


(187) 


= f = 
Tara Are ON 
from f= onward. A new outward wave of negative H instantly 
begins at the axis. 

All conditions of continuity, &c., are satisfied by the above, and 
yet there may seem to be something mysterious about the reflected 
waves from the axis, in the reversal of H. But it is not the true 
reflection that occurs when a proper solitary wave reaches the axis, 
without any source, as will be seen later. It is a property not of 
one wave, but of a pair of waves, of a particular type, and is 
necessitated by the condition of absence of a source of induction. 

(32). If the two waves in the first diagram differ only slightly in 
phase, so that their fronts (or rather backs) are close together, the 

VOL, In. Y 
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forultant is a thin slab of E and H to represent the remaining solitary 
portion of wave 1, and a continuous negative distribution for the 
overlap. Head and tail, so to speak, only the tail goes in first, and 
is followed by the head. In the limit, with magnification, we come 
to the wave 


d 1 
BSG Trpo AN se 


This is, when ¢ is +, the wave of H due to an impulsive source 
generating the amount of induction f, at the axis at the moment 
t=0. But it may also be interpreted without any axial source as. 
first an inward wave of H, going in tail first, followed by an out- 
ward wave of the same type, going out head first. The details of 
the transformation from the inward to the outward wave are best 
followed in the previous manner, considering the heads to be of 


(1) (2) | 


small finite depth. It is to be noticed that the amount of induction 
in the head when fully impulsive is © + / in the tail — © ; resultant 
50 constant always. The — œ is of course mostly close to the head, 
so that when ¢=0 and the tail of the inward wave disappears 
altogether, there is a momentary concentration of the amount o of 
induction at the axis. 

By making o infinitesimal, say =fdst, and then packing together 
impulses of this sort to make a continuous function, we may use 
(189) to construct an integral showing H due to a continuous 
variable source at the axis. Say H=Z, then 


terjv (e ds ok 
á -f 0 Zravſvꝰ(t - s)? -ry dpo? Ko( Ar Vi), (140) 


where the lower limit is — to include the action of the source in 
past time. Here f(t) is the rate of generation of induction at the 
axis. From this integral several of those in the last article may be 
derived. The differential form of solution is also exhibited in (140). 
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(33). Returning to a steady source, if it is not condensed at the 
axis, but is distributed over the surface of the cylinder r=a, we 
must first have an inward wave to the axis, as well as an outward 
wave, before we come to the generalisation of (182), which is the 
elliptic wave of two branches, as in the figure on p. 260, which 
suits the case f= constant from t=0, provided the ordinate of the 
curve represents H. See also remarks on p. 262. By reducing a 
from finiteness to zero, and so condensing F at the axis, the outer 
branch of the elliptic curve goes out of existence, and the inner 
branch reduces to (182). The solution (178), p. 265, shows how 
this takes place, showing that (182) is the leading term of the elliptie 
formula. 


(2) 


@ | 
1 4 
(3) 


To dispense with a source in the elliptic case, we require two 
solutions of this sort combined, one for source f, the other for source 
—f. The total induction persists in amount. Start with a pair of 
inward going double-branched elliptic waves, one +, the other —. 
When the œ value in wave 2 reaches the axis, its H is not reversed, 
but keeps its sign negative and immediately becomes finite at the 
return wave front. At the axis itself the drop is to zero, and it 
remains zero, there being a vacant space between the axis and the 
return wave front. At a certain moment the wave 2 shrinks to 
nothing. This is at the place r=a. At this moment there is 
left simply the wave 1 going in. It is now necessary for wave 2 to 


VOL. Ik. 1 2 


0 a (4) 
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reappear, positively, at r=a. Ii not, then wave 1 could not exist. 
Here we have a better understanding of the apparent reflection of 
H at the axis with reversal of sign which occurred before. It was 
merely because the source (real or fictitious) was there. At present 
it is at r=a, and it is there that the wave which was swallowed up 
comes out again reversed. The later history of this renovated wave 
2 is as described on p. 261 for V, viz., a double wave first, in and 
out, to set up the outer branch of the elliptic curve, and then the 
passage out of the inner branch behind it. 

But there is also wave 1 to be considered, Its œ goes in to the 
axis, and disappears, and then a little later the whole of wave 1 is 
swallowed up at the place r=a, to immediately reappear reversed 
(in order that wave 2 may be maintained). The later history is as 
described for wave 2; the last stage of all being two double-branched 
waves going out indefinitely. 

The above description applies to the curves of H. If the curves 
of E are under consideration, it should be mentioned that although | 
there is no discontinuity in E anywhere away from wave fronts 
when the resultant of a pair of waves is in question, yet there is 
when the waves are treated separately. There is discontinuity in 
E to the amount f in one wave, and to the amount — in the other, 
at the place r=a. | 

From the above can be seen what will occur if one only of the two 
complete elliptic waves is given (H and E) as an initial state, in any 
stage of its existence. A second one will instantly begin at the place 
7 -a, of opposite sign to the original, and the later history will con- 
sist of the combination of the two. For if the first is of such size 
that by itself its induction increases at the rate F at the place r=a, 
then the second one, of size corresponding to — at the same place, 
will make the total induction in the combination be constant at every 
later moment. So it would if put at any other place, but that 
would mean the existence of real sources, whereas we want none at 
all. If, on the other hand, an initial state of H only, without E, be 
given, having the shape of a single double-branched wave in any 
stage of its existence, it will at once split into a pair of waves of 
half size, both similar as regards H, but opposite as regards E. 
These waves will then separate, and behave as above described. 

Also, from the above, proceeding to the limit, we come to the 
generalisation of (189) to suit the case of the impulsive source Io 
being distributed at = a. And this leads naturally to the integral 
corresponding to (140), for a continuous source. But it is compli- 
cated, and it will be of more interest to pass to another simple type 
of cylindrical wave. 

(34). The wave (182) was H=(4yv)"K,(¢r)¢f, with f constant, 
and the interpretation of f is a source of AH at the axis. But now 
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turn K,(gr) to H,(qr), and F to g. The result is 
5 o gtr — 141 
S Ir wv (7? — vit? A ae Ar (r v2t?)t (141) 
Here E and H are of the same sign when ¢ is + and of opposite 
sign when t is —. There is no source at the axis or anywhere 
within range. So the solution is valid (if desired) for all time, from 
t= — to + œ. Before ¢=0, we have the solitary H wave 1 going in 
to the axis. After ¢=0, precisely the same wave 2 of H going out 


again, with E reversed. The wave front of 1 is at r= vt, and of 
2 at r=vt. The inner space is vacant. 
The total induction between the front and distance r is 


f Har- (0, (142) 


This is o if 72. But we may have a source at a finite distance, 
producing the inward wave, and this will make the result up to the 
source be finite. 

At the moment t=0, H=g/2eruv, and E=0. This may be 
regarded as a given initial state of magnetic force only, and (141), 
with t positive, will show what results, the outward solitary wave 
2 in the diagram. 

The time-integral of H at r due to the inward and outward 
waves is i Sg 

= in-1 & 

= SENS | als oe (148) 
This is constant at all distances. It is the cardinal property of the 
wave under discussion. At the axis itself, where H is momentary, 
(148) shows that it is also impulsive. That is, H =I,(gr)$evgg gives 
the external H at later times in terms of the value at the origin, 
But only up to the distance vt, because of the finite speed of pro- 
pagation; and here the value is simply zero, as before seen, in the 

vacant space. In fact the full development is 
25075 15 418 my — r 
“amw vt 72.4 4 ont —1’ 
which is zero before r vt and indeterminate beyond. The datum 


40 


$26 ELECTROMAGNETIO THEORY. OH. X. 


here is simply that H at the axis is impulsive at the moment ¢=0. 
Now there is no source there, so the given state must have arisen 
from an inward wave. This is the explanation why the substitution 
of the operator $H,(qr) for I,(qr), applied to the same datum, gives 
us the inward wave which produces the impulsive state at the axis. 
Thus, 


He 2 8° 9 fip E p VR h... 
75 Gee? ees Rege 
9 ar 1 1 


2 s Jarv (It /r)!  Qarpo(r?— bci) (145) 


as in (141). The process is valid for negative t to any distance, 
provided we do not pass beyond the source of the inward wave. 
We may take advantage of the impulsiveness of H at the axis to 
construct a definite integral exhibiting H at r, t in terms of the 
axial value when the sources are out of range. Say that h(t) is the 
axial value of H given as a function of the time, then the integral is 


tr / v vhl 8) ds _ 

pare POE MD. MD 
From this may be derived some of the integrals in the last article. 

(35). Closely connected with the above problem is another. 
Given that H = h, at the axis, constant, beginning when ¢=0. Find 
the inward wave that produces it, and the result after f= O, on the 
understanding that the source is out of range. Here H- 104) 
tells us at once that H=/ later up to the distance r=vt. That is, 
the constant value spreads out ward. This is due to the superposition 
of the inward wave producing h and a reflected wave. But beyond 
r=vt we get no information this way. It is the seat of the inward 
wave only, which we find thus: 

he 12 1232 


Qh or vt \' 11 vé 1.3 1/vt\? 32 2h rein- vt xi 
— (25 72327245 y+ sin (25) (147) 


H,, 


2 3 27 2.4 5 N27 
This gives finally, by extension, 
(I. en-. (- 
(Lein 7). E -( 4 , (148) 


which are valid for all time if we interpret the inverse sine to mean 
$r when vt r as well as when =r, and also =—47 when vt < —r 
as well as when -; and in a similar manner consider E to be 
zero outside the limits of reality as well as at the limits. 

The diagram shows the H wave going in (t negative). It is zero 
at the front, though the curve is perpendicular. At a distance, H 
is nearly Ah, and when the front reaches the axis, the value is the 
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fall 4% everywhere, and the simultaneous value of E = — pvh/x every- 
where. Remember that H is straight, and B circular, so that this 
is a singular momentary state. The field of H is uniform, but 
eannot stay so, on account of the circular B. 


o 


Then H doubles itself to à at the axis, and the region of doubled 
H spreads outward at speed v. Beyond the distance r=vt, H goes 
on increasing according to the same formula as when ¢ was negative. 
The curve was convex upwards before ¢=0, and is convex downward 
after. In the region of H=} there is no E. Elsewhere E is nega- 
tive; so the flux of energy is inward all along where there is E. 
The final result is H=h, E=0 to any distance, or up to the source. 

This final state is what would be produced in its interior by a 
cylindrical current sheet at any distance. So the source may be a 
current in a cylindrical coil. But that is not the only way. It 
depends upon the kind of source what the connection is with the 
effect produced. And since the source produces the inward wave 
in the first place, and the rest by reflection, we might consider the 
specification of E only or of H only at any distance to be the effec- 
tive source, provided the real source is on the further side. Say E, 
is the electric force at r=a. Its connections with the interior state 
E, H, are 


pvH = — 20 Ea, E= E,. ( 149 


This is settled by the equations (188) above, and is true always if 
there is no source between r=0 anda. Then the inverse problem 
is, given Hk at the axis, find the E, that produced it. The 


answer 18 
Ea = un I(qa)h, or E,=}uv H,(ga)h. (160) 


Work this out in the same way as (147) was done. The result is the 
formula for E in (148), with r=a. 

(36). Now it is possible to choose the source to be of the kind f 
already used, and to have F at the place of and at every moment 
proportional to Es itself as above found. This may be seen partially 
by comparison with telegraph cable problems. If we want V, at 
the beginning of a cable to represent the impressed voltage itself, we 
do this by the use of a battery of voltage e= V, and zero resistance, 
put on between the beginning of the cable and earth. To imitate 
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this now, we require to place immediately outside the cylindrical 
source f, a perfectly conducting cylinder to stop the outward wave 
from F. To prove this definitely, let the source F be at r=a, and the 
perfect reflector at r=b, outside. Let H,, E, and H, E, be the 
results inside and outside the source. They are given by 


= K, (gbg af 
H,=H,(ar) K, a) + Che (aa) | b 


Ertan | K, (20) K. % OF 5 
E,= —H, (4r) EA +H qn f 5 

= K (gb); af 
H,=H(go) {Ko (gr) +p tpl & as 
E,=H,(qa)| K,(gr)— 2) n gr) | Y. 


Though they look difficult, the proof is very easy. For, by inspec- 
tion, H, =H, at r=a, and E,=0atr=b. Also, at r=a, 

B,—E, =} gf (HiaKoa + Hoa Ki) = (YU) (4/490) =f/2ma, (153) 
by the conjugate property (6), p. 241, vol. 2. Here we have a 
perfect reflector at 5, and a source Fat a generating induction at 
the rate F, and producing the discontinuity in E at a. We may con- 
sider / 2 ra to be | curl e, if e is impressed electric force. Or it might 
be an impressed magnetic current, as a rotating cylindrical sheet of 
magnetons. 

Now put the reflector close behind the source. Make b=a; then 
by a second use of the same conjugate property the inner E and H 
are reduced to H., f th, F 

17 Or 
na "Ha Zra nei Qruva’ (154) 
which mean exactly the same as (149), because E,= =/ Ara. 

With this particular kind of source then, and the perfect screen 
outside it to assist, we know exactly how it must vary in order to 
make H at the axis jump from 0 to the value k, and remain at that 
value. And, in fact, to establish the whole interior state up to r=a 
in the time 2a/v, in the manner shown by equations (148). The 
source begins at the moment t= —a/v with the value O, reaches full 
value when ¢=0, and then falls in the same way to the value 0 when 
t=a/v, and remains 0 after. The induction being fully established 
and enclosed within a screen, requires no further source to maintain 
it. Notice also, that the interior state is set up in a smooth con- 
tinuous manner everywhere, except at the axis, where there is a 
solitary jump. 

(37). But if the screen does not exist, then F must of course vary 
in a different way to produce the required jump at the axis. We 
may utilise (151), (152). Put b=% to do away with the screen, 
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Then the internal E and H are 


H=Ho-Kog 477 / Suv, E=- HI, Kor as, 783 (155) 
and now, given H=h at the axis beginning when t=0, we have 
h=Koo qf /4u, F=(qKoa)! 4uvh. (156) 


Remark here that whereas previously f was found by Hj, acting 
directly on h, yet now it is by Ko acting inversely. The change 
it makes is very great, and can be foreseen. For a constant F would 
make % drop from œ to O at the axis, as before found. It follows 
that for constant h we want f to rise from O to œ. It is the want 
of a screen that is the cause of the unlimited rise. To find a 
formula for f, long division makes 


qa 7 59 8018 
fears 20) L feat Aga Hoga Sega 


50735 2110163 ae 4 
sae. 16(8q¢a)é 

By multegration this makes (leaving out “, so as to make F begin 

when ¢=0), 


= iy. % AEs aae 3013 ay 
Fun (2ta) I. 55 s0\4a) 21044) 8.8.5.7. 54a 


50735 / vt 2110163 /vt\® 

850 1 (da) ess uaeth) 09 
This begins with the value zero, as expeoted, and inoreases con- 
tinuously, so far as can be seen. It is calculable from t=O up to 
about 8a/v, very closely at first, but loosely at the end. It is an 
oscillating divergent series, and the point of convergence is at the 
end of the sixth term, when vt=4a, and then moves in to the first 
term, when vt 124. So from about vt 8a upwards, an equivalent 
series of a different type is required. 

(38). It is desirable to have a different sort of source, and perhaps 
the best of all is impressed electric current. Say we have an elec- 
trified dielectric cylinder, and rotate it by turning a handle. This 
will produce an electric current sheet, and as its strength will vary 
strictly as the speed of rotation, it may be varied conveniently. 
The immediate problem now is how fast to turn the handle to make 
H at the axis jump from 0 to M and then remain steady. Let C be 
the impressed current at r- a, then the equations of E and H are 


(in) H,=47qaHy-KiC, Ei- uur HUK IGC, (159) 
(out) H,=-—jxqa Ko- HiaC, Ez - - jpvrga Ki, HIiaC, (160) 


because they make E =E, and Hi H= C, at ra. At the axis, 
let H be he “, then 


K =: h Nhe” 
Ard KiaC = M, , and C= 7 


(157) 


ae 


(161) 
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The current rises quickly to about 78 p.c. of full value in the first 
interval from ¢=0 to a/v, then to 86 p. o. when ¢=2a/v, after which 
the progress to the full value is very slow. Up to vt=2a, O is easily 
found; up to 8a a few more terms are needed; but after vt 4a, when 
the initial convergency ceases, nothing can be done. So from about 
vt=8a to œ, another series is wanted. But it is only for the dregs, 
so does not matter, though it would be interesting to know how to 
find the result. It will be understood here that the current is 
producing H outside as well as inside, and only when the external H 
has entirely gone off can the current assume its steady value, C= B. 


(39). To abolish this complication, introduce a screen. Thus, let 
H, =$rga(Kia Hi) Ho- C, 


162) 


(in) E, = — quvrga(Kia - yHia) Hir C, (164) 
Ha = — ATN H a( Kor + Hor) C, 
(out) E —}uvmga (K. — Hir) HIC. (165) 


These make E =E, and H,—H,=C at r=a, whatever y may be. 
Some external condition will find /. If no screen or other change, 
then y=0. But if there is a boundary at b, then y is to be found by 
a condition there. Say, first, E,=0. This makes y=K,,/H,,. But 
this reduces E and H. In the limit, when b=a, the internal E and H 
become zero. That is, the current C cannot produce any E or H 
when it is enclosed within a close-fitting perfect electric conductor, 
astriking result which can perhaps be imperfectly imitated practically. 

This kind of screen being no good, use the other kind, a perfect mag- 
netio conductor. Then H,=-0 at b. This makes y= Ke Hos, and 
in the limit, when ö = a, makes the internal stats be 

_ He E: 
Ha. E 4H C (166) 

The outer E and H do not count now. Compare with (159), and 
again see that the effect of the screen is to substitute an inverse for 
a direct operation. 

Now if we ask how C must vary so that the axial H shall be 
constant, =h, fram the eis t=0, we have 
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This has already been worked out, in effect, and makes 
0-101 ＋ 2 fin-1 2 (468) 
F a 


beginning when t= —a/v. It is, in fact, the simple case (148) already 
treated, with the new kind of source, and new reflector. O rises 
smoothly from 0 to ; in the period 2a/v, and remains at the value h. 

The impressed activity is - E,C per unit surface of the current 
sheet, and since E, is negative, the activity is positive. Its resulg 
is the internal magnetic energy. If, now, O is guided back to zerg 
in a similar way, (say by the superposition of the negative of (168) 
upon the steady x), then Ea is positive all the way, and the mag- 
netic energy is given out again. 

But if this current C be convection current due to the rotation of 
an electrified dielectric cylinder, the existence of the screen of the 
kind chosen makes it imperative for us to supplement the (say) 
positive electrification of the current sheet by compensating negative 
electrification inside the sheet. Its distribution is immaterial, but 
it must be kept still. Then the movement of the electrified sheet 
will set up precisely the same waves inside as described, which will 
be simply superposed upon the stationary displacement due to the 
positive and negative electrifications at rest. 


Theory of Electric Telegraphy. 


rin Ency. Brit.” Tenth edition. Reprinted by permission of the proprietors of The 
Times. Written June, 1902.) 


§ 528. The theory of the electric telegraph enunciated by W. 
Thomson (Lord Kelvin) in 1855, which has been of importance in 
Atlantic and cable telegraphy generally, has now become merged in 
a wider theory, of which it forms an extreme case. This wider 
theory is founded upon Maxwell's theory of electromagnetic radia- 
tion, and may be accordingly termed the radiational theory. The 
latest type of electric telegraphy, usually termed “ wirelesf,” which 
has been developed from Hertz’s experimental researches, also domes 
under the wider theory. The principal difficulty is to explain the 
various functions of wires. The radiational part, which is funda- 
mental, is comparatively easy. 

Electric telegraphy is done by means of electromagnetic waves 
through the ether differing in no essential respect from radiation 
from the Sun. This involves a flux of energy through the ether, 
travelling at the enormous speed of 30 earth quadrants, or 3 x 10!°cm. 
per second, which speed will here be denoted by v. The energy 
arriving at the Earth’s surface may be measured by its heating 
effect. But in transit it is measured by the product of the 
density of the energy into its speed, that is, by 2Tv, if 2T is 
the density. In Maxwell’s theory of light it is half electric 
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energy, say UE, half magnetic energy, T=4.H*. Here 
E and H are the intensities of the electric and magnetic forces, 
and , o are etherial constants. It is a general property of elastic 
waves that, in order to be transmitted without reflection in 
transit, the two energies concerned should be equal. In this 
case, therefore, «H?=cE? and E==(u/c)'H. The ratio (u/c)! is the 
same as „v, as may be proved by adjusting the vectors E and 
H so that the two cirouital laws of electromagnetics shall be simul- 
taneously obeyed. To secure this result, E must equal vH, and E 
and H must be perpendicular to one another and to the direction of 
propagation. If a watch indicates three o' clock, and the big hand 
stands for E and the small hand for H, then the flux of energy is 
straight through the watch from front to back. These properties 
hold good in all parts of plane waves. It is ccnvenient to think of 
a slab wave. Let the ether between two parallel planes be the seat 
of uniform E and uniform H, related as above, and in the plane of 
the slab. This being the state of things at a given moment, electro- 
magnetics asserts that the slab of E and H will move through 
stationary ether perpendicular to itself at speed v, unchanged, and 
carrying all its properties with it. It is not known what u and o 
are separately, but zcv?=1 connects them. Also the product uv is 
known in terms of resistance, being an impedance equivalent to 
80 ohms; and cv is the equivalent conductance. The electric dis- 
placement is D =cE, and the magnetic induction is B = AH. 

A little later the concrete forms of these equations will be wanted. 
If a condenser of permittance S has a charge, Q, under the voltage 
V, then Q=SV. This is the concrete form of DS cE for a unit 
cube; for Q is the total displacement through the condenser, and V 
the line integral of E, which is, therefore, the voltivity, whilst c, 
corresponding to S, is the permittivity. The energy of the con- 
denser is $SV?. This is the. space integral of §cE?. Similarly, if 
P is the total induction through a coil of inductance L under the 
gaussage C, then P=LC. This is the concrete form of BAH. So 
u is the inductivity, and H the gaussivity, C being the line integral 
of H. The energy of the coil is 4LC*, which is the space integral of 
WHZ. It is important to bear in mind these relations of the con- 
crete and the specific, for they appear frequently in telegraphic 
theory. i 

There may be any number of slabs of the above kind, separated, 
or in contact, of any depths and any strengths. But if E= uvH in 
all, they will all behave alike, independently of one another. This 


is expressed by E =H At- / v), (1) 


where f(t) expresses the state at the plane <=0. If E and H do not 
change in direction from one slab to another, the radiation is plane 
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polarised; the plane of polarisation is the plane of H. But the 
direction of E (and with it that of H) may vary from slab to slab in 
any way we like. Then the radiation is circularly, or elliptically, 
or heterogeneously polarised, the last being, in the average, 
equivalent to no polarisation. In all cases the behaviour of indi- 
vidual slabs is the same. The disturbance is vibratory in solar 
radiation, but in telegraphy this is not necessary. We may have 
waves in which E and H do not change at all. It is the progres- 
sion through the ether that is the wave, not accidental vibration. 
There is, it may be noted, no change from electric to magnetic 
energy anywhere in this sort of radiation. 

We can make an immediate application to telegraphy. The slab 
was above considered to extend indefinitely. But let the tubes of dis- 
placement be confined between a pair of parallel perfectly conducting 
plates upon which they terminate perpendicularly. The tubes of in- 
duction are unchanged. One plate is positively, the other negatively 
electrified to surface density D. In virtue of the perfect conductivity, 
this terminated plane slab will behave exactly like the complete one ; 
that is, we may send any radiation we like along between the plates, 
unchanged in transit. This is a rudimentary case of distortionless 
telegraphy along a pair of conductors. But the plates need not be 
infinitely extended, nor need they be flat. They may become a 
pair of cylinders of any form of section. The three most important 
cases are: (1) a pair of parallel wires; (2) a wire suspended parallel 
to a flat conductor, the earth; (8) a wire inside a cylinder surround- 
ing it. In all cases the displacement goes from one conductor 
to the other through the ether between them, leaving one and 
reaching the other perpendicularly, and its distribution is to be calcu- 
lated as in two-dimensional electrostatics. In all cases the lines of 
H cut the lines of E perpendicularly. They therefore make complete 
circuits round one or other conductor. In all cases E= AH. 

If we consider only a unit tube of flux of energy (a beam) there 
is no difference from the radiational case first considered. The 
complications due to the varied distributions of E and H in their 
plane are avoided by expressing results in terms of the concrete V 
and C. The line integral of E in any wave plane from one con- 
ductor to the other is V, the line integral of H in a circuit of mag- 
netic force is C. Then we have 

V=lv0=F(t - z]v); (2) 

C Su V; LSV 1; 28 V=} LO. (3) 

The additional L and S are the inductance and permittance per 
unit depth of the wave, or per unit length of the conductors. 

The use of conductors will now be seen partly. They serve to 
guide a wave along from place to place without loss, and with a. 
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limited amount of energy. Without them, the complete plane 
wave would be required. If not complete it will spread out over all 
space. This is, in fact, what occurs with solar radiation. Although 
the small crrvature makes the waves be practically plane, yet 
they are really expanding spherical waves. The energy is con- 
served, and therefore its density varies inversely as the square of 
the distance from the Sun’s centre, whilst E and H vary inversely 
as the distance. This is the attenuation, 

The transition from plane to spherical waves is shown by the 
theory of waves along conical conductors. Let there be two coaxial 
conical conductors with a common apex, O. Let the semi - vertical 
angles be 0, and 6. The displacement is to go from the inner cone 
to the outer symmetrically in spherical sheets centred at O. The 
induction, as usual, is to be perpendicular to the displacement, 
therefore in circles round the inner cone. As before, make E = AH. 
Then the wave will run along between the cones at speed v, at- 
tenuating in transit like solar radiation. We may vary the 
angles of the two cones as we please. An important case is 
got by making one angle 6,=0, the other 6,=}7; this gives the 
case of a flat plane with a vertical wire projecting from it at O, 
and the waves are hemispherital. The displacement goes from the 
wire to the plane in quadrantal sectors. This gives wireless ” tele- 
graphy, like that of Lodge and Marconi, though more perfect, hav- 
ing ideal conditions. Signals made at O will be sent out in hemi- 
spherical waves quite undistorted, though attenuating as they ex- 
pand. They are guided by the wire and by the plane representing 
the surface of the sea.. If the wire is of finite length reflected pulses 
are generated ; the waves sent out then become vibratory, of a fre- 
quency and wave length determined by the length of the wire. If 
the angle of one cone is 61 = 0, and of the other 62 1, we get com- 
plete spherical waves upon a wire, generated at O. If the wire is of 
finite length the terminal reflections make it become a sort of 
Hertzian vibrator. 

Comparing the case of the cylindrical wires with the so-called 
“ wireless case, though there is little difference in theory, there is 
great differencein practice. Using wires, we can send radiation any- 
where we like in small quantities without loss. One wire and earth 
is enough, but two parallel wires are preferable, to avoid certain 
interferences. Were it not for the resistance of the wires, and a 
little disturbance and loss in turning corners (for the wires need not 
be straight), telegraphy with wires would be perfect, by any path to 
any distance. But in wireless telegraphy,” though no expensive 
connecting wires are required, which gives a remarkable freedom in 
certain ways, there is enormous loss, and enormous power. is 
required to send workable signals across the Atlantic, since they 
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are being sent simultaneously everywhere. But for this loss by 
expansion and by resistance, and possible unsettled interferences, 
there is no reason to limit the distance. The course of a wave round 
the earth can be easily followed graphically. 

When a wave sent along wires comes to a sharp bend in the oir- 
cuit, a new wave is generated at the bend. This, combined with 
the old wave, forms the wave after passing the bend. There is a 
rapid accommodation of the wave round the wire to the new direc- 
tion. But if the bending is continnous, instead of abrupt, the 
accommodation goes on continuously also. The reason is that the 
electrification cannot leave the wires, so the wave in close proximity 
must accommodate itself to them. A part of the wave, however, 
really does go off into space with some loss of energy at a sharp 
corner by its own natural tendency to keep going, but the wire 
serves to guide the disturbance round the corner as a whole, by 
holding on to the tubes of displacement by their ends. This guid- 
ance is obviously a most important property of wires. 

There is something similar in wireless telegraphy. Sea water, 
though transparent to light, has quite enough conductivity to make 
it behave as a conductor for Hertzian waves, and the same is true in 
& more imperfect manner of the earth. Hence the waves accom- 
modate themselves to the surface of the sea in the same way as 
waves follow wires. The irregularities make confusion, no doubt, 
but the main waves are pulled round by the curvature of the earth, 
and do not jump off. There is another consideration. There may 
possibly be a sufficiently conducting layer in the upper air. If so, 
the waves will, so to speak, catch on to it more or less. Then the 
guidance will be by the sea on one side and the upper layer on the 
other. But obstructions, on land especially, may not be conducting 
enough to make waves go round them fairly. The waves will go 
partly through them. | 

The effects of the resistance of the guides are very complicated in 
general, and only elementary cases can be considered here. Con- 
sidering the transmission of plane waves in the ether bounded by 
parallel cylinders; first imagine the ether to be electrically con- 


ducting. * 5 455 
2 _ dC _ dq 
> kE Hog’ or a KV+S 47 (4) 
expresses the first circuital law, and 
dE dH f dV dC 
de dt © ae a ©) 


expresses the second. The additional quantities here are k the 
conductivity and K the conductance per unit length along the wires. 
The effect is to waste energy at the rate kE? per unit volume, or 
KV? per unit length. It is wasted in heating the medium or matter 
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in it, according to Joule’slaw. Two other effects occur, viz., attenua- 
tion of the wave in transit, and distortion, or change of shape, due 
to reflection in transit. The attenuation cannot be prevented, but 
the distortion can. For let the medium be conducting magnetically, 
so that gH’ is the waste per unit volume, and RC? the correspond - 
ing waste per unit length. This g is analogous to k, and R to K. 
Then instead of (5) above, we shall have 
dE dH dV 

Bagh te, of 4 RO +i, (6) 
These are of the same form as (4). So, if there be no electric con- 
ductance, but only the new magnetic conductance, the wave of H 
will be distorted in the same way as that of E was before, and the 
wave of E in the same way as that of H was before, and there will 
be attenuation similarly. But if the two conductivities coexist, 
though the attenuations are additive the distortions are combative, 
and may therefore destroy one another. This occurs when R/L=K/S, 
or / = ,. The solution expressing the transmission of a plane 


wave is now E uH =e-9" f(t /), (7) 
a V=LeC =e BYE F(t- z). (8) 


The meaning is that signals are transmitted absolutely without dis- 
tortion, every slab independently of the rest, but with attenuation in 
transit according to the time factor «~*“/¥, 

This would be very curious, even if it could only be imagined to 
be done by means of the imaginary magnetic conductivity. What 
is even more remarkable, however, is that it can be closely imitated 
by means of the real electric resistance, not of the medium outside 
the wires, but of the wires themselves. Abolish g altogether, but 
keep in R. It is to mean the steady resistance of the conducting 
guides per unit length, previously taken as zero. Then 

-- KVA S and RO Lag 9) 
are still the proper equations under certain circumstances, to be 
mentioned later. Thus equation (8) is still the result, ¢.¢., distor- 
tionless propagation along wires. The waste RC? is now in the 
wires, instead of outside. It equals the other waste K V2. It follows 
that any ordinary telegraph eircuit may be made approximately 
distortionless by adding a certain amount of leakance, or leakage 
conductance. For it has L, S, and R already, and a little K. In- 
crease K until K /S = RL. Then the distortion, which may be 
excessive at first, will gradually dissppear, and the signals will be 
restored to their proper shape, but at the expense of increased 
attenuation. If K be increased further, distortion will come on 
again, of the other kind; for at first D was in excess, now it is K. 
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For example, if R is 1 ohm per kilom., and Lv=600 ohms, 


hon 1 R KL. K-1= 360,000 oh kil 
606 Lo- Sv „ 80 2860, 000 ohms per kilom. 

This is the insulation resistance required. Also, the attenuation 
in the distance x is 6 R/ LY or ¢—2/600 ; that is, from 1 to 6-1 in 
600 kilom., to 2 in 1, 200 kilom., and so on. 

To understand the reason of the disappearance of the distortion : 
concentrate the resistance of the wire in detached lumps, with no 
resistance between them. Let each resistance be r. Similarly 
concentrate the leakance, each leak being k. Then, between the 
7's and k’s there is natural unattenuated distortionless propagation ; 
so we have only toexamine what happens to a slab wave in passing 
by one of the 7’s or one of the Vs to see the likeness and difference 
of their effects on V and C. First let a positive wave be passing r. 
Let Vi, Vz, V} be corresponding elements in the incident, reflected 
and transmitted waves. Then the conditions are 


VI + Vz = V, + 703, C + C, = Cy (10) 
and, since V. =LvC,, V= —LvC,, V= LC, we have the results 

V3 1 = 

v= ITL VI Va + Vs · (11) 


The second of these equations shows that the electrification (and 
displacement) is conserved. The first shows the ratio of the trans- 
mitted to the incident wave. The incident element, on arriving at 
r, divides into two, both of the same sign as regards V; one V, goes 
forward, the other V, backward, increasing the electrification behind. 
Now suppose a slab wave passes by n resistances in succession in 
the distance v, such that nr= Re, then the attenuation produced in 
the distance æ is the nth power of V/ VI, and in the limit, when n is 
made œ, it becomes e—B8+/2Le, This is when there is no leakage. 
Next consider the effect of a single leak. The conditions are 


C, + C, = Cg HEV y VI + V, =x Vy (12) 
and the results are 
rpa C- Orr (18) 


Here the second result shows that the induction is conserved, in- 
stead of the displacement. A part of C, is thrown back and increases 
O behind the leak. The complete attenuation in the distance æ, by 
similar reasoning to the above, is Ks, when there is leakage 
without resistance in the wires. 

To compare the two cases; in the first, part of V, is reflected 
positively and part of C, negatively, in passing a resistance; and in 
the second, part of V, is reflected negatively, and part of C, posi- 
tively. The effects are opposite. So if the resistance and the leak 

vol. II. Z 
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coexist, there is partial cancellation of the reflection. This com- 
pensation becomes perfect when r and k are infinitely small and in 
the proper ratio. Then there is no reflection, though increased 
attenuation. So with R and K uniformly distributed there is no 
reflection in transit anywhere, provided R/L=K/S. The attenua- 
tion in the distance æ is now : R / Lv. 

If the circuit stops anywhere, what happens to the wave depends 
upon the electrical conditions at the terminus. If it is a short · dir · 
cuit, then the resultant V=0 is imposed. This causes complete 
positive reflection of incident C, and negative of V. If insulated, 
then the resultant is C=0, and there is positive reflection of inci- 
dent V and negative of C. A remarkable case is that of a terminal 
resistance, say, Ri. Then 

V,=LvC, Vz - LyCz, VI Va- RIi( Ci TC (14) 
are the conditions. So the reflected wave is given by 


(15) 


V is reflected positively when Ri Lu, and negatively when < Lv. 
If Ri - Ly, there is no reflection. The energy of the wave is 
absorbed by the resistance. So we attain not only perfect trans- 
mission, but also perfect reception of signals. 

The above method of treating resistance and leakance by isolated 
resistances and leaks may be applied to find out what in general 
happens when there is either no leakage or else no resistance in a 
continuous circuit. Suppose, for example, there is no leakage. Given 
a charge anywhere, initially without current, how will it behave ? 
If there were no resistance, it would immediately split into two; 
one with positive magnetic force would move to the right, the other 
with negative magnetic force would move to the left, both at speed 
v. Now this is also exactly what happens in a resisting circuit at 
the first moment, namely, the generation of a pair of oppositely 
travelling pure electromagnetic slab waves. But this state does 
not continue, because the resistance causes a continuous partial 
reflection of the two waves. This may be studied in detail by 
easy numerical operations when we concentrate the resistance of 
the circuit at a number of equidistant points. The result is as 
follows: Let V, be the original state of V of depth a. Then at a 
certain time t the distribution consists first of two heads at distance 
%t apart. These are two pure electromagnetic waves travelling at 
speed v. They are the attenuated remains of the initial waves 
3V,=V=L00, and Vo- V- - LC. Between them is the rest of 
Vo, cast behind by reflection as the two waves progress. In time 
the heads attenuate to insignificance, and there is left the widespread 
diffused state of V, having a maximum at the centre. It then 
tends to obey the Fourier law of diffusion. 
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If, on the other hand, there is no resistance, then the effect of 
the leakance alters the nature of the disturbance between the heads. 
V is positive in the heads, which are nearly as before, but negative 
in the intervening space. Now, in the former case the charge or 
integral of SV was conserved. Suppose Q was the original charge. 
Then 30e RL is the amount in each head, and the rest of Q is 
diffused between them. But in the second case the charge in each head 
is 10e L/, and the total charge at the same moment is Ge- Ks. 
So we know the amount of negative charge between the two heads. 

If the initial state is a pure slab wave V)=Lv(,, it goes on moving 
as & pure wave, but attenuating and casting a tail behind it, the 
tip of which travels backwards at speed v. The tail of V is every- 
where positive, and the tail O is everywhere negative at first, and 
until the head has attenuated very considerably, when by diffusion 
in the tail itself and attenuation it becomes positive, first near the 
head and later all the way to the middle. The ultimate result is a 
widely diffused state of V symmetrical with respect to the origin, 
where V is a maximum and C zero, whilst elsewhere C is all posi- 
tive on the right side and negative on the left, in accordance with 
the diffusion law. 

It is now necessary to consider what R, the resistance, means in 
the above theory. The remarkable property of guidance has been 
noticed, and also that R in the wires acts oppositely to K outside 
in reflective power, so that they may neutralize. But there is 
another remarkable property of wires to be mentioned. They are 
conductors truly, but it is for conduction or guidance of the wave 
outside them, in effect, in all the above. Do they conduct the wave 
similarly inside? Not at all. So far from doing that, they obstruct 
it. Ifa plane wave strikes flush against a perfect conductor it is 
-wholly reflected, and with any good conductor it is mostly reflected. 
When u wave is sent along a wire, a purely superficial conduction is 
first of all concerned. The boundary of the wire is exposed to mag- 
netic force tangentially. Now, suppose the wire is really a con- 
ducting dielectric, like the medium outside it in cases before con- 
sidered. Then the magnetic force impressed upon its boundary 
will send an electromagnetic wave inwards. This wave will be 
nearly of the same type as the plane wave in the medium outside, 
when there is electric conductivity there, if the conductor has a plane 
boundary. If it is a wire, the wave will be cylindrical, with com- 
plications accordingly. But there is no difference in principle. So 
the transit of the plane wave along the wire outside it causes the 
transmission perpendicularly into the wire of another wave, and, 
just as the former suffers positive reflection of H and negative of E 
in transit, so does the secondary wave which, so to speak, leaks into 
the wire and converges to its axis. 

VOL. Il. z2 
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But though there is no difference in principle, there is a very 
great difference in practice. The external conductivity is usually 
very small, and a wave can go a long way with little change. But 
the internal conductivity is relatively very large indeed. Hence, if 
an impulsive wave enters the wire at its boundary, its head,“ in 
the sense used above, attenuates to nothing almost at once, and the 
wave becomes of the diffusive kind. The magnetic inductioa 
therefore diffuses into the wire according to Fourier’s law of 
diffusion. The time interval needed to effect any operation varies 
as the product „ka?, where 1 is the inductivity, k the conductivity 
and a the radius of the wire. This diffusion is nothing like the 
elastic wave outside from which it results. It is to be regarded, in 
the main, as a purely local phenomenon. The electric force in this 
transverse wave is axial, or parallel to the axis of the wire. Energy 
is wasted in the wire at the rate kE? per unit vol. The transverse 
wave has no direct action upon the main wave outside the wire 
from which it is derived, but its indirect action may in time become 
very great, namely, the distortion and attenuation of the main 
wave before considered. 

Metals vary considerably in the facility with which they are 
penetrated. Iron and copper are typical examples. Although b is 
six times as great in copper as in iron, yet u is 100 or 200 times as 
great (for small H) in iron as in copper. Soironis much more diffi- 
cult to penetrate than copper ; and it takes a far longer time to set up 
the state of steady current in iron if the wires are of the same size. 
When it is reached the steady current in iron is only one-sixth of 
that in copper, if the impressed voltage be the same. It follows 
that under the action of an alternating voltage the wave train 
entering the iron will attenuate much faster than that entering the 
copper. In either case, increasing the frequency of alternation 
removes the current from the interior towards the boundary, 
shortening the wave length. The tendency is towards skin conduc- 
tion. The attenuation is so rapid in going inward that only one wave 
length in the wire itself need be considered. This may be confined 
within a mere skin. Then the interior might be all scooped out 
without making any sensible difference. With Hertzian waves a 
mere film may be sufficient These waves (outside) may be of 
the order of a few metres long, and the derived waves inside 
of microscopic length. With telephonic waves, on the other hand, 
there is very good penetration in the usual copper wires, except at 
the hiyher frequencies. On the other hand, if the wires are iron 
there is bad penetration. 

Wires have really no definite resistances as a whole when waves 
are sent along them. The resistance per unit length will vary 
according to the amount of penetration at the place. The least 
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resistance is when there is complete penetration. It is then the 
steady resistance measured by the Christie balance. But if the 
impressed alternations are simply periodic, and the resultant alter- 
nating state is allowed to be assumed, then a definite meaning can 
be given to the “ effective resistance” (Rayleigh). If it is called 
R it will be such that RC? is the average rate of generation of heat, 
C? meaning the mean square of the current. The more the current 
is concentrated, the greater the resistance. Thus with Hertzian 
waves the resistance is largely multiplied (compared with the steady 
resistance), for it is the resistance of a thin skin. It is also easy 
to multiply the resistance three times or so with telephonic currents 
in iron wires, but in copper wires there is little increase. 

In skin conduction the resistance depends upon the area of the 
surface of the conductor. The amount per unit area is the same 
for a round wire as for a plane boundary when the surface state is 
the same. But, as before mentioned, the displacement between a 
pair of parallel cylinders distributes itself (in electromagnetic waves) 
according to two-dimensional electrostatics, and the magnetic force 
lines are perpendicular to the displacement. It follows that in such 
very rapid alternations as lead to skin conduction, the skin current 
concentrates itself where the displacement is strongest, usually the 
parts of the two conductors which are nearest together. 

The penetration of the magnetic force also increases the induc- 
tance L. This increase is a trifling matter in copper; but in iron, 
since it becomes magnetised, it is a large effect with good penetra- 
tion, though insignificant when there is skin conduction. 

The way the current “ rises” in a wire under impressed surface 
action may be visualised by comparing it with water in a pipe, 
originally at rest, subjected to surface traction upon its boundary 
acting longitudinally. The traction will at first only drag along the 
outermost layer of water. But if the traction continues to act 
steadily, viscosity will gradually cause similar nfotion to penetrate 
inwards, and to any depth. On the other hand, if the traction 
alternates in direction, not too slowly, only the outer layer will be 
sensibly moved to and fro. 

It may become possible to convert this analogy into something 
more than an analogy by regarding the surface traction as that 
exerted by the longitudinal electric force on electrification in the 
wire, and supposing that the interior electrification (half positive, 
half negative) is somehow controlled in its average motion by the 
diffasion law. It has always been difficult to reconcile metallic 
conduction with electrolytic. There is a slow drift of ions in 
electrolysis carrying electric charges. But there is no sign of ionic 
electrolysis in metallic conductors. Again, regarding metals as 
polarizable, Maxwell’s idea that conduction consisted in a breakdown 


342 ELECTROMAGNETIC THEORY. CH. X. 


ok the electric displacement does not go far in explaining the 
nature of the intermolecular discharge. Yet the possibility of a 
-convective explanation of metallic conduction in harmony with 
Maxwell’s theory became obvious when it was established that a 
moving charge in that theory was magnetically the same thing as 
a ‘current element,” both in itself and under external magnetic 
force. Only quite lately, however, has it been possible to carry 
out this notion even tentatively. This has come about by the 
experimental researches which appear to establish the individuality 
of electrons of astonishing smallness and mobility. It is now 
believed by many that the conduction current inside a wire con- 
sists of a slow drift of electrons. Naturally, in the present state 
of ignorance about atoms and molecules, the theory is in an experi- 
mental stage. But it does not come into the telegraphic theory 
sensibly, since the electronic drift is a local phenomenon. It is 
stationary compared with the wave outside awire. It may be noted 
that it is not necessary to consider the electronic drift to be the 
cause of the electromagnetic wave which has the drift for an after 
effect. 

The resistance of the sea to Hertzian waves in wireless tele- 
graphy comes under the same principles, and may be calculated 
by the same formula as the skin resistance of wires. But this is 
only a rough beginning, for a reason to be seen presently. Going 
back to equations (9), consider that R originally meant magnetic 
- conductance outside the wires. The theory was then an exact one; 
but when R means the resistance of the wires, the theory cannot be 
exact, because R is not in the right place. It is outside the wave. 
The theory is now only true, as regards R, for long waves. A long 
wave length may be considered to be one which is a large multiple 
of the distance apart of the wires, though there is really no distinct 
limitation. Telegraphic and telephonic waves are long, of course. 
So may Hertzian waves be, though on the other hand, as these 
waves may be made only a few centimetres in length, such waves 
might require serious correction in the theory. Even when they 
are many metres long and the wires only a few centimetres apart, 
although there may be little distortion in transit, the estimation of 
attenuation may be considerably upset. As for light waves, 
obviously they are very much too short for the theory. The 
application of these remarks to waves over the sea is obvious. The 
waves in the air are too short for the influence of the resistance of 
the sea to operate on them in so simple a way as in the wire theory. 
The air itself may also be feebly conductive generally or locally. 

Understanding, then, confinement to long waves, equations (9) 
will apply when the circumstances allow R to be considered fairly 
constant. This may happen when the conductors are thin sheets 
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of metal permitting very rapid penetration. It may also happen 
with wires, as when the frequency of the waves is not so great as 
to increase the resistance greatly; for example, in telephony along 
copper wires of low resistance. But a considerable extension of the 
use of equations (9) may be made. Let it be a simply periodic 
train of waves that is in question, and let R stand for the effective 
resistance, which becomes definite at a definite frequency. Also 
inake the correspcnding change in L, if desired. Then it is a con- 
sequence of the general theory of wires that equations (9) are still 
true under the circumstances. The fundamental solution is 


V=V, e T. sin (nf - Oc), (17) 
due to Vo sin nt impressed at x=0, where P and Q are given by 
that is P+Qi= RT Lui) (K Sas); (18) 


PorQ= * (R? + Ln?) (K? + S?n?)'+-(RK—LSn?)}', (19) 
Valuable information may be obtained from this equation, by vary- 
ing the frequency and other constants. 

There is an extreme case where R and S are paramount. Then 

P=Q=(4RSn)!. (20) 
This applies to signals received at the end of a long submarine 
cable, slowly worked, They start as electromagnetic waves, and 
degenerate to diffusive waves. This is the reason why Lord 
Kelvin’s (W. Thomson’s) theory of 1855 applies pretty closely to 
the reception of signals. 

In contrast with this, R/L=K/S produces distortionless trans- 
mission, with PR/ Lo, Q=n/v, if v is defined by LSv?=1. Again, 
if R/Ln and K / Sn are both small, we get approximately. 

R K n 

Peary tise’ Q=5° (21) 
This is practically very important in telephony. We can have a 
near approach to distortionless transmission. It is easy to make 
K / Sn small, because it is naturally small. We may in fact put 
K=0 in effect. So if R/ Ln is small, there is little distortion in 
transit. Observe, too, that the attenuation in the distance x is 
only HRT instead of -H L, which is important. The proper 
leakage to remove the distortion entirely would cure the evil also 
when R/ Tn is big; any value, in fact. Now in telephony we are 
not concerned with very low frequencies, but only with those 
beginning with the lowest tone of the human voice. If R/ Lu is 
small for this, it is small for all higher tones, therefore first-rate 
telephony. Even if R/ Ln is 1 for the lowest tone, it will be 4, 4, 4, 
&c., for the octaves. Then P and Q in (17) will each not vary much 
in the upper tones, and there can be good transmission. 
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There are other ways of approximating to the distortionless state 
than by leakage. In the first example given, no leakage would be 
wanted, because there would be so little distortion in thousands of 
miles without the leakage. Other examples relating to telephony 
were given. Considering the matter more generally, let there be a 
circuit in which R/L is far greater than K/S, K being small and to 
de kept small, preferably, to avoid attenuation by leakage. Then 
we may tend to equalize R/L and K/S in several ways. By reduc- 
ing S. This is well known. It means with air wires, separating 
them as much as possible. With cables it means reducing the 
“ spec. ind. capacity ” principally, by air or paper insulation. But 
this reduction of S is not nearly enough. Another way is to reduce 
R. This is well known and is very important. It can be carried a 
long way. Cable companies have been much too economical in 
the matter of copper, in the past especially. 

A third way is to increase L. Inductance causes impedance in 
general, But this way is proper, and is powerful. If we can 
increase the L of a circuit, without any change at all in R, S, we 
can approximate to distortionless transmission as much as we 
please, and with as little attenuation as we please. That is, the 
effect of increasing L is advantageous in a double sense, for it 
lessens the attenuation and the distortion simultaneously. To 
illustrate, if it were possible for L to be zero on say 100 miles of 
cable of Atlantic type (which it is not) telephony would be very 
bad indeed or impossible, because there would be such a wide 
difference in the attenuation produced on tones of different fre- 
quencies. The formula (17) above may be used, with L=0, K=0. 
But even if L is increased only from 0 to the small value 2 (cm. per 
em., B. A. mag. units), the formula will show a remarkable improve- 
ment; and if L is increased to 10, the results are excellent. What 
happens is simply this, that self-induction imparts momentum to 
the waves, and that carries them on. The formula will show that 
further increase in L will carry waves across the Atlantic with 
little loss. But the L needed is exceedingly great. Any increase 
of L does good, provided it be unaccompanied by increased 
resistance or other evils to destroy the benefit. It is therefore very 
important to know how to increase L, and to find out what can be 
made of the principle concerned in practice. Now there is some 
practice in it already. Telephone wires in air, for long distance 
telephony, should be, and are in some places, put up in such a way 
as to make L as large as possible, although some electricians have 
maintained that L should be as small as possible. The difference 
between L=2 and L=20 or 80, which is produced by separating 
wires, is enormous, and largely multiplies the distance over which 
telephonic waves can be carried. 
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But it is the improvement of signalling through cables that is 
most important, if it can be done. The most effective way of 
obtaining self-induction is by the use of iron, suitably arranged and 
divided; not iron for the guides, but outside or inside them. There 
is plenty of iron put round cables now, but it is for protection, and 
is not at all suitably arranged for the purpose required. It is not 
unlikely that a new type of cable can be designed in which iron can 
be brought into use to increase the self-induction largely and in a 
uniform manner. 

The writer invented a way of carrying out the principle other 
than uniformly, and recommended it for trial; viz., by the insertion 
of inductance coils in the main circuit at regular intervals, say one 
per mile, according to circumstances. The time constants of these 
coils should be as large as possible, so that the average inductance 
may be largely increased without a large increase in the average 
resistance per mile. The action of the coils is similar to that of 
small detached loads placed upon a string to give it inertia, and 
enable it to carry waves farther. If we wish to imitate a curve 
containing bends of various sizes by means of dots, it is obviously 
necessary to have several dots in every bend. So, in the substitu- 
tion of detached inductances for uniform inductance, we need to 
have several coils in every bend of the electrical wave. It is easy 
to say that so many coils will be wanted in such a length, in 
telephony, for example, if we can fix upon the shortest wave length, 
by using the known formula for the wave length. One could do 
that without being considered to make a new discovery. But this 
does not answer the question how few the coils may be for telephony 
through a cable. Theoretically we want an infinite number, d. e., 
uniforminductance. We must sacrifice something. The shortest tele- 
phonic wave length necessary to be considered is a doubtful element, 
and there are unmentioned interferences to be allowed for. Hence 
experiment alone can decide how few the coils need be for telephony 
through a distance far exceeding that possible without the coils 
Nothing particular has been done in Great Britain to carry out the 
writer’s invention ; but in America some progress has been made 
by Dr. Pupin, who has described an experiment supporting its 
practicability; the length telephoned through was increased five 
times by inserting the coils. 

The above radiational theory of telegraphy founded upon 
Maxwell's theory of light has been proved in all essential points 
and in various details by important experiments of Hughes, Lodge, 
Hertz, and others, to say nothing of long distance telephony in 
America, or the more recent spherical telegraphy. But quite 
different views have been maintained by the British official eleo- 
tricians, under the guidance of Mr. (now Sir) W. H. Preece. It is 
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only fair to put on record here his leading articles of faith. The 
information is derived from his papers. Self-induction is harmfal 
to telephony, and is to be avoided and minimised. Nevertheless, 
experiments upon the Post Office wires showed that though self- 
induction is sensible in iron wire circuits, it is quite insensible in 
copper circuits. That is why copper wire is so successful, and iron 
wires a failure. Also the capacity of circuits (their permittance) is 
reckoned in a peculiar manner. What controls telephony is “ the 
KR law.“ If K is the total capacity of a circuit in microfarads, and 
R its total resistance in ohms, the product KR fixes over what 
distance telephony can be oarried on. It must not exceed 2,000 
because of the KR law, the speed of the current varying as the 
square of the length of the line. Finally, Sir W. H. Preece has a 
special invention aiming at Atlantic telephony. Imagine a round 
wire to be slit in two, and the two halves to be slightly separated 
for insulation, say by a piece of paper. The two halves form the 
circuit, and it was supposed by the inventor that by close approxi- 
mation of the flat surfaces the electrostatic and electromagnetic 
inductions would neutralize one another. 


For additional information the reader is referred to the following 
works: Lorp Ketvin. Mathematical and Physical Papers, vol. 2. 
Cambridge, 1884.—CLERK-MaxwELL. Treatise on Electricity and 
Magnetism, vol. 2. Oxford, 1881.—J. J. THomson. Recent 
Researches in Electricity and Magnetism.— OLIVER HEAVISIDE. 
Electrical Papers. London, 1892, and Electromagnetic Theory, 
London, vol 1., 1893, vol. 2., 1899. 


Some Plane and Cylindrical Waves. 


§ 529. In § 527 was discussed the general problem of the inversion 
of operations for plane waves in a conducting dielectric, particularly 
as regards the telegraphic application. Also the same for some 
cylindrical waves. Comparing the plane with the cylindrical cases, 
it may be seen that, whilst the ideas in force are the same, the exe- 
cution is much more difficult in the cylindrical cases. This arises 
mathematically from the fact that the operators % and : r for in- 
ward and outward plane waves are reciprocal, and this leads to 
simple algebraic manipulation. On the other hand, the inward and 
outward cylindrical operators H. (gr) and K,(qgr) are not reciprocal, 
and this leads to more complicated work. At the same time, the 
property which revealed itself in plane waves, when terminal con- 
ditions were imposed, of the setting up of the steady state by a 
variable source in a very short interval of time, was found to be 
repeated in the cylindrical cases treated. 
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(1). But now consider a case of shock. Say there is a cylindrical 
sheet of circular current C for source, as on p. 380, at the distance 
r=a from the axis, and just outside it a perfect magnetic reflector, 
making H- O outside the source, so that only the internal state of 
H is in question. The equations are (166), p. 380. Let now C be 
zero before and constant after = 0. Find H inside; in particular, 
its value > at the axis. This is a case of shock, because of the sudden 
starting of the source. Initially, H=C at r=a, and zero elsewhere. 
The first stage is the journey of the wave front to the axis. At the 
front itself, H=C(a/r)', so it mounts up to © momentarily at the 
axis. In the second stage, the front travels back to the reflector. 
By previous experience, the œ persists, and then the reflector turns 
it to -O. So the value of H at the wave front is — œin the third 
stage. But now we may be guided by the behaviour of the inward 
waves on p. 823. The œ value going to the axis became finite, 
without change of sign. So we may expect H at the front to be 
finite in the fourth stage, and therefore, by reflection, finite also in 
the fifth. This brings us to the axis again, and the creation of an 
œ value, which persists in the sixth stage, and is reversed in the 
seventh. Then we come to the axis again, with resumption of 
finiteness of H at wave front. And so on, an eternal series of 
creation, persistence, reversal, and destruction of an infinite value 
at the wave front. If this is partly speculative, it can be con- 
firmed or refuted. 

A formula for the first wave can be readily found. Put 7=0 in 
(167), p. 330, then the axial value is 


2C Ce da 7 59 
2 j Set I 
~ Hoga) yanga E 8ga 2(89 0 28qa)s | @) 
This series is got by long division. The numbers are as in (157), 
p. 829, only now with all signs negative after the first. Leave out 


the factor : 4d, so as to make A begin at the moment t=0. Then 
Ce 140 


vt 3013 4 
100 DES 20) —24 (30 alg 240 () 240.56 -) 
a) (05 2110163 7 s] . (2) 
~ 240.56.72 240.56.72. 880 * = j 

It is easy to see that h=œ at first moment, and that it then falls 
rapidly, and becomes negative. The coefficients, too, tend towards 
unity, and this indicates k= -œ when vt = 24. In fact, the curve is 
something like the cotangent curve, going from + to — O as vt goes 
from 0 to 2a. But the zero is not in the middle, but at about 
1‘5a. The + part of the curve is calculable without difficulty, but 


the negative part requires more and more terms as the negativity 
comes on, 80 that a transformation to another series is needed if 
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the latter part of h is to be as easily calculable as the early part. 
But we see that whereas the first +œ comes on with a shock, the 
second — œ , which occurs on the arrival of the reflected wave from 
the reflector, does not, but is gradually led up to. The same may 
be inferred to happen with all the later infinite values. 

But this is only the first stage in the extraordinarily complicated 
process of setting up the internal magnetic field. The surging does 
not decay, because there is no resistance. But there is change of 
type as the time goes on, so it may be there is an effective simplifi- 
cation in the long run. To determine the later history requires the 
performance of more elaborate operations. 

(2). The alternative method, using the normal functions, leads to 
a very compact resultant solution. Use the Normal Expansion 
Theorem, vol. 2, p. 127, eq. (1). It gives 


H- CDU- OYOS Llane (8) 


if p=d/dt=qv, and the summation ranges over the roots of Io(ga)- O, 
or Jo( ea) -O, if qg?=—s?. The values of sa are well-known, 2°40, &. 
In terms of s, (8) becomes 


= _ os Jo! sr) cos svt 

H of 1 22 Ie eor |, (4) 
This is comprehensive. But the numerical calculation for the 
different stages will be found to be highly complicated. One stage 
is not enough, for they are all different. 

A distortionless extension is obvious. Introduce electric con- 
ductivity k, and magnetic conductivity g, balanced so that k/o 
gu p. This brings in the subsidence factor „t. If we now 
make the source be, not C=constant, but Ce „t, then the complete 
solution becomes 

H- Ce [same as in (4)]. (5) 


Here there is subsidence to zero, but only because the impressed 
current subsides. If it does not, but is steady, then the surging will 
subside, leaving behind a steady state. A different formula results. 
We have gvu=p+p now; so the Normal Expansion Theorem makes 


H- L(G) 0 m 01er) L O Lane, (6) 
and if g ei, we have the same values of sa as before, and finally 


_ AP I(er/0) _ 9, -Pto Jaler) cos svt 1+ (ole) tan svt 
H=Cl ream - ~~ ahea 1 | O 
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Here the final H is smaller at the axis than at the boundary, but 
the result will be sensibly H- C all over if p is very small; and 
however small it may be, if not actually zero, the surging will 
disappear in time. 

(8). It is possible to recognise the presence of the + œ travelling 
to and fro from the formula (4), because we always know the situa. 
tion of the wave front, and can apply a test. Use the convergent 
formuls for J, and J, for the earlier values of sa,and the divergent 
formule for the later. Then the m* root is (sa), me- r when m 
is large, and also 


166 = (55 =) os (er Ar), Ja) (aa) °° cos (sa— $7), (8) 
(vol. 2, p. 255, eq. (66),). These reduce (7) to 


H- of 1+ X 7200 2 3 =], (9) 


8a COB MR 


where X stands for the sum of the earlier terms. It does not count 
in the present argument, which concerns the value of the later series. 
Let the function after > be called Y. Choose any point r between 
O and a. The wave front reaches r the first time when vi=a-—r, 
and we know that H is finite, so > Y must be finite. In this case 
Y==(cos 2sr)/2sa. But if we make vt=a +r, then Y reduces to 
12 (1+ sin 257) / 28a. (10) 

This makes > Y=o, because m- ＋ (m1) T (m T2) 1 T. 
This shows the first œ value of H, in the second stage. In the third 
stage, put vt 8a -T. There it will be found that Y reduces to 
the negative of the value in (10). So H is - . In the fourth 
stage, put vt=8a +r, then Y = — (cos 2sr)/2sa. So H is finite. It is 
not necessary to go further, because if in the general formula for 
X, we increase vt to vt+4a, its value is reversed. That is, Y is 
periodic, in the period 8a/v, and a complete cycle of values in > Y, 
and therefore in H, is (I), finite; (2),+0; (8), 0; (4), finite; 
(5), finite; (6), - ; (7), +œ; (8), finite. But the X part, though 
always finite, is not periodic. 

(4). If now we make the source O be longitudinal, or parallel to 
the axis of the cylinder, instead of circular round it, H becomes 
circular, and E longitudinal inside. The equations are 


Ei- —TraaHe-(Ko. Ha), Hy = —}rqaHy(Koa+4/Ho0)0, (11) 
B= AHK Hor) nv, Hz +4rgaHos(Kır—yH,r)O, (12) 
if Ei, Ez are the in and out values of E, and similarly as regards 
H. To prove, test that E,=E,, and H,—H,=C at r=a. If we 
specify y by the condition E- O at b, outside a, and then shift 
this electric screen up to just outside a, the result internally is 
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E,=0=H, ; or there is no disturbance at all. But make H,=0 at 
b, and then d=£a. This is a magnetic screen outside the source. 
The result is, internally, 

E = - (Ho- / Hia)uvC, H= - (Hi / Hic) C. (18) 
This case differs remarkably from the last. In both cases the 
source C per unit area generates displacement D at the rate —C; 
that is, the displacement is parallel to O, but oppositely directed. 
But when D was circular there was vectorial cancellation, so the 
steady creation of D did not cause unlimited increase in its density. 
But in the present case, D being longitudinal, cannot be destroyed 
vectorially. Moreover, it is shut in by the screen. So D must 
mount up without limit, so long as the source C is kept on. The 
amount of displacement along the cylinder r=a is at every moment 
the time integral of C. So the cylinder is like an electric condenser 
of unlimited permittance. 

If C is steady from the moment ¢=0, there is also surging, as 
well as the continuous increase in the total displacement. As 
before, we can get a formula to show the first wave, with the 
creation of a —o value at the axis, passing to +œ when the first 
reflected wave arrives. Say Ee at the axis, then by (18), 


Ce if 1- 8 _ 883 — 249 
em—pvCe (21 ꝗga) U Sga Nga N y 
9963 131229 
D 14 
a N 40 


Leaving out the exponential factor, multegration turns this to 
— 200 1 3 vt. 11/. . 88/. A. 
D 22a 8 50 800 
_8821/ \4 48748 
4450(*) 80540 ) -} (16) 


showing fall from -œ whén t=0, to (presumably) +œ when 
vt=2a, although the later part requires another type of formula 
for convenient calculation. 

The solution in normal series is 


= 23 (sr) sin t Aut 


the summation ranging over the roots of Ji(ta) = O, not counting sa 
= O, which is allowed for by the extra term increasing with the time. 
This was done by the Normal Expansion Theorem, but is included 
in the following relating to the distortionless frictional case. Intro- 
duce the two conductivities, making also k/c=g/p, and p=quv—p. 
There is now a steady state tended to, got by making p=0, and 


m — ny L ) — of Peg o> 3 a 17 
ý wr qa) Le (90% LI lga) e 
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because ↄ(d/dp) = (72 /) (d/dq). The sumtnation must include all 
the roots of Ii (ga) = O, or J,(sa)=0. The zero root makes a solitary 
term, whilst the rest, equally positive and negative, pair together. 

The result is, in terms of s, | 
Iod er/v) 2. P. 

* -wool Hefe I(eaſv ) paſv 

J (sr) [s sin — p/v cos] svt 
* Fh aca aah aay] | d 
In this case all the surging vanishes in time. But in the reduced 
case of no conductivity, the two outside terms in (18) combine, by 
putting p=0, to make the single outside term in (16), showing un- 

limited accumulation. 

(5). There is, of course, no unlimited increase when the source is 
simply periodic, say C=C, sin nt. When the circumstances allow 
the assumption of a simply periodic state, then we have a stationary 
vibration inside the source. This is to be got by p=ni in the opera- 
tional solutions, remembering, however, to use 210 instead of Hy, 
211 instead of Hi, because Ho and Hi belong to solitary inward waves. 
For example, if there is no resistance, p ni in (17) makes 

e= +puv[Jo(nr/v)[I,(na/v)]2C, (19) 
where ¿O means d/d(nt) . Co sin né=C, cos nt. But this is not the 
ultimato result of starting C at any moment; unless we suppose there 
is a small amount of friction somewhere, not sufficient to sensibly 
alter the form of (19), and yet sufficient to allow the state to be 
assumed in a finite time. 

External waste acts similarly to resistance. To obtain this 
waste, take away the screen outside the source, letting it send 
out disturbance both ways; the result is a stationary vibration in- 
side, and an outward progressive wave outside the source. It is 
worth while examining the waste formula, in order to see the differ- 
ence. made by changing the direction of the current from being 
circular round the axis to longitudinal, or parallel to it. 

When the current is circular, the equations are 
(in) H, =ġrgalor Kia = $28ad Goa - OC, (20, 
(out). H,= —$7qal,aKy,C=4$28aJ a(Gor - iH), (21) 
by putting g=s?--in/v, and Jo, meaning Jo (er). The corresponding 
E's are got by E=—(cp)-'dH/dr. Only the outer one is wanted, 
the inner being a standing vibration, like H, in (20). We have 

E, = Au, Kir C= - guvmsad fai Mir)iC, (22) 
and therefore, by (21), 

E,H,= —uv($r8ad ,aCo)* Gir cos ＋ Jir sin] nt. [Gor sin ~ Jor cos] nt 
= — ($284) 109)? (Gor Gir Jo ir) sin cos 
＋Jir Cor sin? — Jo- Gir oo nt, (28) 
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of which the mean value is 
EH. — 4uv(}8aT,aCp)? [Ty+Gor—IorGir] =Fuvrsa(I aC). (20) 
But when the current is longitudinal, the equations are ; 

E, = - suvrqaly,-Kya0, H, = —4xqal,-Ky.C, (25) 

Ez = nu Ko-, H, = +37qalogK,,rC, (26) 
and g=% makes the external state be 

E= $4vrsadoa(Gor— tI i'“. H= —$28aJ gq(Gy-— iC, (27) 
by (65) vol. 2, p. 255; therefore 
E,H,= be Co) Gor sin — Jor cos nf. Gi 008+ J sin Int, (28) 
of which the mean value reduoes to 

ELH, = }pvrsa(TaC,)®. (29) 
Comparing with (24), the only difference is in the change from Ji. 
to Joa : In both, C is the current per unit area of the sheet r=a, 
but the series of frequencies for which the waste is zero or maximal 
are different. If, however, sais large, or the wave length is a small 
fraction of the radius a, the two wastes become the same in corre- 
sponding phases, because, when sa is large, 
Joa (/ sa) cos (- 32), J a= (2/ ) cos (sa — 2x). (80 
Taking the circular function to be 1 in either case, the result is 
KH, = ul. (81) 
The reason can be easily seen, for 400 is the mean square of current, 
and „v is the impedance outward from unit area of the surface, which, 
on account of the short wave length, is practically plane in the 
present argument. 

But it is very different when the wave length is a large multiple 
of the radius a, which requires sa to be small. Then J,,=1, and 
Jia = Asa. So the waste varies as the first power of the frequency 
when the current is longitudinal, and as the cube of the frequency 
when the current is circular; a remarkable difference in the 
radiative power. 

(6). On p. 880 occurred one case, and on p. 850 another, where a 
perfect electric conductor stopped a current sheet from sending out 
any disturbance. The screen was outside the source. The same 
happens when it is inside, and for the same reason. As a screen it 
prevents the passage of waves through it, and as a reflector it sends 
out what it receives from the source with the electric force reversed, 
so that on the free side of the source the direct and reflected waves 
annul one another both as regards E and H. To exhibit this for- 
mally in the same notation, let the reflector be at r=), inside the 
source Cat r=a. Let Ei, Hi be the inner and E, H; the outer 
results. Then, when O is circular, the equations are 


H,=}7qe(Hy+yKo-) KC. = — quurgqaKo(Hy-—yKj,)C, (82) 
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Hy= —37qaKy(Hya—YyRya)C, E= —juvmqaKy(Hye - yKya)C; (33) 
to prove which, note that E =E, and H; - H= C at a, for any ; 
and that y=H,,/K,, makes E,=0 at b. These may be fully 
elaborated, to show the waste, for example. The point in present 
question, however, is that if b is made =a, then the outer field of E 
and H disappears. The inner, between a and b, is reduced simply 
to Hi C in a vanishingly thin layer, and EI O. 

Similarly, when the current is longitudinal, the equations are 
Ei = Kor) K, H, = t2qa(H,,—yK,,) KO, (34) 
E,= —iuvrga(Hoa t+YKoa)KorC, Hz = H ＋ N Koa) K, C, (35) 
because E, = Ez, and H, H= C, at r=a, for any y. The condition 
Ei O at b makes y= H / Ko; and then increasing 6 to the value 
a makes E and H, vanish, and also Ei, whilst H, becomes simply C. 

This impotency of an impressed current sheet to produce any 
electromagnetic effects when bounded upon either side by a perfect 
electric conductor has no necessary limitation to a cylindrical sheet. 
That is quite accidental here. It is interesting in connection with 
the theory of conduction in wires, in illustration of the difference 
pointed out on p 12, between a surface conduction current and a 
surface convection current. Thus, if a long wire has on its surface, 
or more distinctly, just outside it, a sleeve of impressed electric cur- 
rent, say C per unit area, acting longitudinally, there will be no 
magnetic force produced externally save what is due to imperfect 
conductivity of the wire, and that will tend to vanish with increasing 
conductivity. The correction due to finite length of sleeve does 
not enter the present argument. Now, one way of interpreting O 
is by ou, a convection current, e being surface density of electri- 
fication and u its speed. It is then a sleeve of electrification that 
is slipped along the wire. There will be no external H produced. 
Of the two electromagnetic waves sent out by the source, the inward 
one is turned by total reflection to an outward wave which cancels 
the primary outward wave. Ifthe compensating opposite electrifi- 
cation exists in close contiguity to the moving sleeve, say in the 
form of an inner or outer stationary sleeve, there is obviously 
no external E either, not merely the tangential E of the electro- 
magnetic wave, but of any sort. But if the compensating electrifi- 
cation is outside and right away from the moving sleeve, then of 
course there is E between them, in the space now made external, 
But this does not affect the main matter, which is that the motion 
of the electrified sleeve does not produce any external H when the 
conductivity of the wire is perfect. 

If we construct a distortionless circuit so well that it will practi- 
cally conduct a single pulse without any back effects, then we may 
say that electrification travels along the surface of the wire at speed 
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v in company with the pulse. But it is not a convection current in 
the proper sense, a convection of the same electricity through the 
ether at speed v. There is a great physical difference. The elec- 
trification is a surface state produced by and travelling with the 
wave along the wire. This is not at all the same thing as moving 
a sleeve of electrons (always the same) along the surface at speed v. 
The electrons set moving by the external pulse have their own 
proper motions, no doubt. But the discovery of the electron does 
not, in my opinion, furnish any reason for retrograde ideas in electro- 
magnetics, even though the precise nature of metallic conduction 
remains somewhat vague, in the absence of a knowledge of facts 
relating to atoms and electrons which would determine it definitely. 


(7). Without using the idea of a perfect conductor, we may show 
how to imitate its theoretical action in causing total reflection, by 
using a moving sheet of electrification. Consider first a plane sheet 
of impressed electric current, C per unit area, which may be ow, a 

convection current, if we make proper allowance for the stationary 
electric field of c. What this C does is to generate displacement D 
at the rate — C, half above and half below the sheet. Along with 
this D, which is tangential, is magnetic force, according to E = + pvH, 
above and below the sheet, of strength such that 2H=C. So by 
varying C arbitrarily, we can send out arbitrary plane radiation 
from the sheet both ways. 

But let arbitrary radiation, specified by E, H, be falling flush upon 
the sheet from above. Ifthe sheet is kept at rest, the radiation will 
go right through unaltered. But move the sheet so that its speed at 
every moment is such as to generate — E above it, the exact nega- 
tive of the arriving +E. The remarkable result follows that on the 
lower side the radiation of the sheet is the negative of the arriving 
radiation, both as regards E and H, so that there is no disturbance 
below the sheet. On the upper side tho radiation of the sheet is the 
same as the arriving radiation as regards H, but exactly opposite as 
regards E. That is, every elementary slab of E, H which arrives 
at the sheet is sent back again with E reversed and H the same. 
This, superposed on the arriving radiation, shows the resultant effect 
on the upper side. Or, we have effectively the boundary condition 
E=0. The moving sheet of electrification is therefore equivalent 
to the surface of a perfect conductor. Its speed varies at every 
moment as the intensity of the incident E or H. 


(8). It is worth while looking to see how small the speed u comes 
out on certain assumptions. If, as usual, 106 is the atomic range, 
there are 10° atoms in a single layer per unit surface of a con- 
ductor. Also, 10 is the electronic charge. Let there be a small 
number of m layers effectively concerned, and let n electrons per 
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atom be effectively concerned; then 2m10-4=c in B.A. magnetic 
units, and 47cu=2H becomes 


4xu=(2H/mn)10¢ cm. per sec. (36) 


The 4r is introduced to meet the needs of the B. A. units, but I will 
say nothing opprobrious about it, because Lord Rayleigh does not 
like it., If H mn, wis about 1 kilom. per minute, which is ordinary 
motor-car speed away from the trap. But u may be far less than 
that, or it may be greater. The data do not exist for application 
to real conductors. The above only shows how strong a certain 
convection current in a layer in the ether must be to reflect 
radiation. l 

(9). Since all solids are elastic solids, and mechanism and ma- 
chinery are made of various solids fitted together, it is obvious that 
the proper theory of their motions would require the consideration 
of the elastic yielding throughout, and would be immensely compll- 
cated. There would be no instantaneous transmission of motion 
along any one part, but transmission in time instead. All sorts of 
shocks and very rapid vibratory motions would require considera- 
tion, which is avoided and ignored in general by the substitution of 
unyielding solids, furnishing a useful and necessary, but very arti- 
ficial system of statics and dynamics for practical use. It is just 
the same in electromagnetics, when we do away with, in certain 
places, the elastic yielding implied in the equation of electric dis- 
placement DSE, by making c=0, and thereby introducing instan- 
taneous actions, analogous to those of practical mechanics. Some 
of the mechanical problems become impossibly complicated on 
allowance for elastic yielding. Others are quite easily treated, 
For example, think of an infinitely long shaft supported upon 
numerous (frictionless) bearings to keep it from bending, subjected 
to a torque at its beginning. If rigid, no finite torque could turn it, 
owing to the infinite mass. But in reality, a steady applied torque 
will turn it at constant speed proportional to the torque at its begin- 
ning, twisting it, and the twist will travel along the shaft at con- 
stant speed. Any amount of turning the same way is permissible, 
because the strain does not accumulate, but travels out. In fact, 
the theory is like that of a distortionless circuit without resistance, 
and is quite elementary. Similarly, the reflections and vibratory 
effects when the shaft is of finite length make problems like those 
of a distortionless circuit. Similar remarks apply to the trans- 
mission of longitudinal effects, about which Prof. Perry has written. 
But the bending effects are quite different, and a few remarks upon 
them will be given separately. What follows now concerns the 
torsion of two rods in sequence of very different sections, a thick 
and a thin one, and the practical substitution of a rigid rod for a 
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thick one. But it will be done in terms of the distortionless circuit, 
for convenience of continuity. 

(10). Let there be a distortionless line extending from æ = O tot 
with the constants L, and Si, and another from x=} to œ with the 
constants L and 8. 

Li L 
l l 
v 20 81 cal 
It may be that the effect of S, is so trifling that we say 810 
practically, reducing the first line to an inductance of amount Lil. 
The effects of resistance and leakage are not in question. They 
are zero here. Then if Vo is impressed at x=0, the result is 


V 
as Lv Lip (87 
because the further distortionless circuit behaves as a resistance Lv. 
Here Ci is the current in the first line, not only at its beginning, but 
all along, up to x=}. Then, in the rest, we shall have 
V. 77 VI LC, VI LVCI, (88) 
where V, and Ci are the values at x=}. The effect of inserting the 


first line is merely to produce inertial retardation. Say V, is 
constant, then 


V,=Lv0,=V, [1—7 Pe", (89) 
When this initial delay is overcome, the effects in the second line 
are the same as if the first line did not exist. 

Now see how this elementary practical solution works down from 
the true one, with S, finite from x=0 to J. We want the reflection 
coefficient for V at the junction. Say that 201, w., w, are corre- 
sponding values in an incident, reflected, and transmitted slab wave 
at the junction. Then 

w, + w=w;= Lwe =L p(w — w) Lv (884) 
are the conditions of persistence of voltage and current. So 
202 L - Livi %%% 2 L 
w Lo Lier 7 Lo Lei 
if p is the reflection factor and o the transmission factor for a voltage 
wave. It now follows that 
e 41 . % DCL- 


(894) 


v Vo- ſe d The- 210% 4% 410“ T). V. 


17 en! 
(40) 
6 J pg 4% 2) Va [ qx q(2l- 2) qı(21+2) V, 
= E ae I Logg G iea aa Loe i G | — 
IT. 210 Liri pe pe 7. ILE 
(41) 


are the V and Cat x in the first line dug to Vo impressed at &=. 
The reflection coefficient at x=0 is -1 for voltage, The expansions 
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in series show the full history of events, the exponentials being 
merely operators to fix the moment of starting of the corresponding 
terms, having the value 0 before and 1 after particular moments. 

Put p=0, or g,=0, in the condensed solutions to find the ultimate 
results when Vo is steady. They are V=V,, and C=V,/Lv. That 
is, the actions in the second line are just the same as if the first did 
not exist, after the preliminary irregularity, although the constants 
of the first line are different. 

Now observe the effect upon p and o.as Si is varied. The trans- 
mission factor for voltage goes from 0 to 2 as Lv/L,v, goes from 0 
to oo, and the transmission factor for current goes from 2 to O under 
the same circumstances. But the reflection factor for voltage goes 
from —1 to +1, and that for current from +1 to —1 under the same 
circumstances. In particular, as S, is reduced to 0, p is reduced to 

1. This is the same as for a short-circuit. But there is deception 
here, for if it were really a short-circuit, nothing would pass into the 
second line. In fact v, in the first line tends to œ as Si tends to O, and 
o to - 1. So we have a packing together in a moment of innumerable 
small effects. The whole series requires to be properly allowed for. 
Since 91 = / ui, it tends to zero, and the exponential e- di can be 
replaced by 1— gi, and similarly for all the other exponentials, in 
proceeding to the limit. Do this in the condensed forms of the 
solutions. They then reduce simply to 
= (y—__ Li ea alin 

is (1 Lol Tap) v- Ear +L, pl (42) 
These are the reduced solutions when S = O, for any Vo- When V, 
is constant, 


& —Lot/Lyl V Lot / Lil 
vv. (1-7 i, 0-11 . (48) 


The C is as we got before. In addition, we have the V solution, 
and see that the impression of Vo instantly produces V= VSI - %), 
which is zero at the end of the first line, and then rises in time 
to VZ Vo- 

(11). Although this reduction from staircase functions to con- 
tinuous functions is mathematically inevitable by the disappearance 
of all the terms which have S, as a factor, yet it is in some respects 
more satisfactory to view the matter differently. Keep v, constant, 
whilst increasing Li and reducing 81. But let S, be reduced. only 
to a small value, not zero. Then p is a trifle less than —1. Now 
see the series formula (41) for CO. Since L, is large, Vo/Livi is very 
small. Moreover, all terms have the same sign, and they decrease 
in magnitude slowly, in pairs. The resulting function of the time 
is not the continuous curve (43), but is what that curve becomes 
by having an enormous number of little steps cut in it, of size and 
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position indicated by the series formula. The steps are not the 
same for all values of æ, but the practical difference from place to 
place is trifling when median curves are drawn through the different 
stepped curves. 

But it is strikingly different with the V series. The steps are of 
full size V, at first, and only fall to insignificance in time. Thus V 
at any spot jumps from 0 to Vo, stays there for a time; then drops 
to nearly O, and stays there for a time; then jumps up to Vo again, 
and after a time drops to nearly 0, but a little greater than before; 
and so on, over and over again. The moments of these jumps up and 
down, and the durations, vary from place to place. Thus the jumps 
are large in the variable period. How is this to be harmonised with 
the practical formula for V? A close examination in detail will show 
that what the practical V of the rigid theory represents is the mean 
value (with respect to the time) of its widely varying values in the 
real yielding theory. This mean value is not the same in different 
places. This property of the substitution of a mean value in 
reducing from one theory to another is very convenient in eliminat- 
ing mathematical complication. At the same time it is well to 
remember in physics that the simplified results are not always like 
the real, but are conventional substitutions for the same, to simplify 
work. 

(12). The other way of making the speed in the first line be infinite 
is by L,=0, with finite 8,. The reduced equations are now 

Væe, C= [(Lv)-'+8,(/—z)p]e, (44) 
in the first line. The interpretation is easy. The first line makes 
a condenser, all at one potential, with the result of making e act 
instantly in full strength upon the secondline. So far as the actions 
in the second line go, the interposition of the first line makes no 
difference. But the first line has to be charged itself, and this is 
represented in the equation of C. The arrangement is equivalent 
to a condenser Si and the second line put in parallel. 

But if we keep vi finite, making Si large and Li small, we have 
the representation in (40), (41) of the proper and very complicated 
oscillations in the first line. The constant e=V, impressed upon 
the second line in (44) is represented by big jumps between the 
values VI O and 2e at the commencement, but of regularly decreas- 
ing range, settling down to the constant value V,=e. This also 
represents how LvC, behaves at the beginning of the second line, 
But at other parts of the first line the details are quite different 
for V and for C. 

In the torsion illustration the first line should be easily twistable, 
the second one relatively hard to twist. By the use of a rod of india- 
rubber to communicate rotation to a straight metal rod, it becomes 
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less difficult to see the general nature of the twisting and untwisting 
effects in the very yielding connecting link. 

(13). If there is a resistance R, at the beginning, and a resistance 
R, at the end of a distortionless circuit, the reflection coefficients 
for a voltage wave are 

6 - (Ro- Lo) (Ro- Leh-, i- (Ri- Lo) (RL Lo)-i, (45) 
and the full solution due to e impressed at z=0 is 

Lv „5 C= 1 a Va (46) 
Ro LV 1—pop,e~ 24 Ro LV 1 pie ~ 22! 


The numerator parts represent the primary wave and the first 
reflected wave, whilst all the following waves are obtained by ex- 
panding the denominator by long division. Here g=(p+p)/v, so 
the whole history is known in functional detail by inspecting the 
series. If p,=0, there is just one wave, the primary wave, because 
it is wholly absorbed by Ri. If pi is not zero, there is a reflected 
wave. But if po O, it is absorbed at æ O, so there is nothing more. 
If po and p, are both finite, there is an infinite series of waves, leading 
finally to steady states of Vand C, which are expressed by (46) when 
we give to ꝗ the reduced value /, p being R/L or K / S. 

There is nothing special about the above, it being an easy case of 
the distortionless circuit which I gave in my treatment in 1887. 
What is of further interest is to observe that the reflection factors 
po and p,, which are included between the limits —1 and +1 when 
the terminal resistances are positive, may have any real values 
from -œ to +œ given to them without at all interfering with real 
electromagnetic interpretation of the results. For convenience, 
however, Ro may be retained as a positive resistance. Then we 
may impose at x=} the condition VI RI CI, without restricting RI 
to be positive, and then follow up by the wave series the whole 
history of the effects due to ¢, and come finally (usually) to a steady 
state. If, temporarily, p=0, or the line itself has no resistance and 
no leakance, then the final current will be C=e/(R)+R,), which may 
be of any size, positive or negative. But if Rọ= — Ri, the circuit 
has no resistance in the whole. We can then say that C will tend 
too. But will it be +œ or -? That depends on circum- 
stances. The condition R,+R,=0 makes po- I, and the current 
waves are given by 

C= R. + Lol = pre Cel -a). f.. dr Tei-) T. . J, (47) 
where bi (Ro + Lv) (Ro- Lv) I. (48) 
Here it is all finite and interpretable in finite time, save when 
R. L, making pi = +o. It depends on the sign of pi whether 
C mounts up positively or negatively, When R,> Lv, oi is +, and 
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1, so the reflection of C at v2 is negative, and C tends towards 
~œ. But if Ro Lu, p, is —, and C tends towards +a. The 
first wave is always finite; it is the sign of the second wave which 
determines the later tendency. 

There are corresponding peculiarities when R, is negative. It is 
necessary for p, and p, to have both the seame sign in the case of no 
total resistance. 

(14). The solutions (46) are remarkable in another way. If 
there is only one wave, or only two waves, the differential denomi- 
nator reduces to 1. Then the Fourier normal analysis completely 
fails. Except in these cases, we may apply the Normal Expansion 
Theorem, vol. 2, p. 127. It gives, immediately, since qv=p+p, 

e ie THO) 
Cc RL 2 ao erk, (49) 


where Co is the steady final current, and the summation ranges 
over the roots of 
67 pl, or gl=X\+nn1, (50) 


where A log V/p,p, when pop, is +, or else — log’ pot when 9001 
is —, if n receives all integral values, positive and negative, and 
zero, This makes 8 
C=C,+ es Pe > On a 
Ro T L. 2091 pl /o) 
It is entirely real, because the n =0 term makes a solitary real term, 
and the term forn=-+m pairs with the term for n= — m to make a 
real compound term. It is, however, very complicated in circular 
functions, and need not be written out. 
Either 90 - 0 or p,=0 makes A=, and the series is uninterpret- 
able. But p00 1 makes A=0. This is when R,+R,=0. Then 
= D -xmrijl vt+rmTin 
S > F (52) 
(Ro Le) o nr] pijo 
If, further, we wish to abolish the resistance and leakance of the 
line, by p=0, we should take out the n=0 term and unite it with Co, 
and then put p=0. This makes 


(51) 


CRI -= Y- Let / e So — pit 00 
Ro? — Leo? 2(Ro＋ Le) nri 


without any zeroth term in the summation. Here the outside part 
shows the rise of C in time to — œ or +œ according as R,> or < Lv. 
What the outside part represents is the limit of 
e 1 pe „ ( ~pe =|, (54) 
Ry + Lv gPliv -Plv Zpljv 
when p=0, and p is defined by (48). 
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It may be said, and with reason, that the method of normal 
functions, even when assisted by the Normal Expansion Theorem, 
which cuts out a lot of needless work, is not suited for the investi- 
gation of wave problems; that the results are too complicated, and 
the final interpretation very difficult or impossible. Yet it remains 
true that the method of normal fanctions is sometimes the only 
known way, owing to the wave method not having been carried out. 
This remark does not apply in the present case, of course, or to the 
far more elaborate results relating to unbalanced circuits considered 
in vol. 2. But there is plenty of room for extension of the wave 
method in mathematical physics. In the above it is particularly 
easy, and though this is of principal importance physically, it also 
serves the purpose of interpreting the normal series. I wonder how 
long it will take before writers of books about Fourier series and 
other normal series will come to see the importance of doing the 
work in a way suited to practical physics. At present they seem 
to be too much occupied with questions of convergency, and with 
logical difficulties to which there is no end, because they can be 
manufactured interminably. But there are much more important 
matters than these; for instance, the promotion of natural know- 
ledge. 

(15). On p. 357 we saw that when plane waves are traversing a 
non-conducting dielectric, say the ether, the effect of doing away with 
the elastic yielding in a portion of finite depth is to produce merely 
inertial retardation in the transmission of H from one side to the 
other, although this comes about, when the permittivity is reduced 
continuously to zero, by the dense compression, finally to instanta- 
neity, of an infinite series of to and fro waves. If, however, the 
slab of zero permittivity is of unlimited depth, then we do away 
witb the reflection from the distant boundary. There is left only 
the initial wave to deal with. But this is reduced to zero along with 
c. Sothere is no H at all transmitted. From another point of 
view, the inertia is made æ by the rigid connection. So the medium 
of finite n and zero c, with a plane boundary cn one side and un- 
limited on the other, acts as a perfect reflector to incident radiation, 
producing the condition H=0 at the boundary. Bvt E passes 
through, though this has no energetic significance. 

We may expect something similar with cylindrical waves, though 
it is needful to be careful, because they are very peculiar sometimes. 
Say that such waves are emitted from a wire, due to impressed force 
in it. If we abolish c in a finite portion of the medium outside it, 
say from r a to b, there should be free transmission of H through 
this portion to the outer ether, only modified by inertial retardation. 
But if c=0 all the way outside the wire, then there can be no H at 
all, From the wave point of view, the initial wave is made zero, 
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and there is no infinite series of instantaneous reflections to counter- 
act that. From the other point of view, the inductance becomes o. 
That is, uniform longitudinal e in an infinitely long straight wire can 
produce no current in it when the elastic yielding outside it is done 
away with. This is like an extreme case of Helmholtz’s coil theory. 
The cylindrical equations ars not wanted to prove the above, but 
there are other results which cannot be foreseen in this way. 

(16). If there is longitudinal impressed electric force e= f(z, t) 
acting uniformly over the section of a wire of radius a, with con- 
stants ui, Cy x, surrounded by a medium of constants po, c, ko, then 
H is circular, but E in general has an outward or radial component 
F as well as a longitudinal component E. By inspection of small 
areas bounded by lines parallel to z, r, and the line e to 
both, a circuital ee are reduced to 


dE dF 


> l trH=(k+cp)E, — 55 H (＋ op) F, ar, ap H, (15) 
in either medium, with the proper values of , c and x. So 
1 d% E „ „ Pr 4 
ca dr tt 2E, where g- Ap T, 1 (16) 
The E / H operators may therefore be of Besselian type, 
EI ii Tor Ez. 42 Kor . J Lor. (17) 
Hi k+ep L H. FT p Ky—yly, 


No y is put in the wire operator, it being assumed that there is no 
internal boundary. The y in the outer operator must be found by 
some external condition, say at r=b. 

The conditions imposed by the source of disturbance (curl e) on 
the surface of the wire make H,=H,, and Ei - Ee, at r=a. 
Applying these to (17), the results are 


dı Iv zor Ur, l I, de 
E Help Tia H. = Tu F. = IIa dz 
: Zt 22 1 Z,+Z, 17 (kitap (Z+ Z)’ 
(18) 
42. Kor-. Ia, Ky — Ir, K- Lir de 
kat eap Kia—Ylia” Kia - yla Ša a—Ylig de 
0 .. Boe! 1 F. 
E,= Zit +Z 2 Z 722 9 27 tapt +2, 
(19) 
es. | ee oa Z = 92 Koat / L. 
ky +p Tia * kat cop Kia - yla 7114 (20) 


In these use 91 for the wire and g, for the outer medium. These 
are ihe complete results for reference, from which special resulte 
may be got in the manner of my papers on cylindrical waves (El. 
Pa., vol. 2, p. 448). If equations of this sort, which are really 
differential or operational solutions, are apparently unintelligible; 
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they have the advantage of being very readily converted to functional 
forms in particular cases. 

The meaning of Z, and Z, may be seen thus. Let O be the total 
current in the wire. It is 

C:=27aH,=2ra(Z, + Zz) e. (21) 

So 2Z1/ 2a is the resistance operator of the wire per unit length, and 
22/2 a that of the surrounding medium. 2 is indefinite as regards 
y. If there is no outer boundary, y=0. The form of y may, how - 
ever, be determined to suit the case of any number of coaxial 
different media, by simply equating the E/H operator on one side 
of a boundary to that on the other side, since there is continuity in 
both E and H. If, for instance, at r=b, the medium changes its 
constants to uz, kz, cs, then by (17) we have the condition 


42 Ko Kop + yloo _ As Kot Loe, (22) 

12 Ky—ylp Tel step Kio — 9 II 
using q, on the left and g, on the right side. This finds y in 
terms of the third medium, in which y, is to be found by a further 
boundary condition, if there is another boundary, or by y,=0 if there 
is not. In the last case, of a wire, with only two differing media 

outside it, the value of y is 

y= — (e Koro — 92 Eis) (K. Joe 5 q3 ny 
Eco Koos ka + C3.) KIDS Nx ep Kn kz + cp — % 


where the third suffix refers to q, or g; as the case may be. 

(17). Now to see the effect of abolishing the elastic yielding in the 
medium just outside the wire, say from r=a up to b, put k,=0, c.=0 
in (28), and let 92 be finite. Then is reduced to y= K05/ Io 2, and 
Za becomes œ , by (20). So, by (18) and (19), Ei, Fi, Hi are zero. 
Also H, But 

Kor L Ia. _ _K,,— Iz, 1 de 

E, A E FFB (24) 
So E, falls from the value -e at r=a to O at r=), whilst F, is finite 
throughout, including r=). It follows by continuity of E and H 
at 6 that there is no E, or F, or H in the outer medium. The 
intermediate medium is apparently impermeable to H, although u 
is finite, and the electric force stops dead at the outer boundary. To 
understand, we must remember the circumstance that q, is finite, 
although c, and k, are zero. This makes 972 == d*/dz*. So, to be 
explicit, if the type of e is e=f(t) cos mz, we have g= m, and the 
sole result of this distribution of e, when m is finite, is the electric 
field (24) outside the wire, without energy. It accompanies the 
changes in ¢ with the time instantly, and is the reaction against ¢ 
under circumstances which do not permit magnetic force being pro- 
duced. But still the tube of zero permittivity is of finite depth. On 
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the other hand it is infinitely long, and is compelled by c.=0 to be 
everywhere in the same phase as regards H at the same distance 
from the axis in passing along 3. It follows that to have any H, or 
current in the wire, the total e in the wire must be infinite, or the 
mean value must be finite. But the mean value of the chosen ¢ is 
zero. So there is no current in the wire, even though the tube of 
no elastic yielding is of finite depth. 

But it is different when m=0, say e=f(t). There is now current 
in the wire, and H in the wire, tube, and outer medium. The ex- 
pressions are to be found by the consideration that q, is zero, as well 
as I and c. The operator , / (* ＋ czp) is now the same as 12/92 
and the use of the convergent formule for the Bessel operators will 


reduce 22 to b a u Ky, 

Z,= apa log— +, 750 aie (25) 
That is, Z, has split into two parts. Dividing by 2a, it can be seen 
that the first part of the result is the same as Lap, where L, is the 
inductance (without yielding) of the tube per unit length of wire, 
and the second part is the resistance operator of the outer medium 
per unit length. Now, of course, electromagnetic waves are sent 
through to the outer medium. 

It comes to this. Given any distribution of e along the wire. 
Only its mean value is effective in producing H, and sending electro- 
magnetic wa ves through. All the rest is ineffective, and is statically 
balanced. But if the outer medium does not exist, or the unyielding 
medium exists everywhere outside tne wire, then there can be no 
H, and no current in the wire, even from the finite mean value of e. 

(18). Now do away with the unyielding tube altogether. This 
means y=0 in equations (18), (19), (20), and a simplification. 
Another one is produced by supposing the constants of the wire and 
of the single outer medium are the same. We then have a uniform 
conducting medium, in a part of which, the wire, e acts. Boundary 
reflections are done away with too, viz., at r=a, and the conjugate 
property comes into play, and reduces the solutions to 

E, =$7qalo-K ae, H, = (k+cp)$7al,,Kyge, (26 
Ez — $77qaKy,L ae, H,= —(k+cp)$7aKj,I1¢, ) 


Fi = Aral, Kiudeſda, 2 in P.. @ 
Fa- raKir Iiadeſde. TOUP dn der (27) 


When e is of the type eo cos mz cos nt, the only trouble in develop- 
ment is due to the presence of k. There are two wave trains pro- 
ceeding from the source at r=a, inward and outward, and then 
secondarily outward from the axis. But the practical significance 
will largely depend upon the size of k, as well as the frequency and 
wave length. The waves may at one extreme closely resemble 
diffusion waves, and at the other elastic inertial waves. 
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If »=0, the existence of H depends on that of x. With k=O, 
there is no steady H, and the stored energy due to steady e is entirely 
electric. Say e eo cos mz, then gm in the E and F formule 
makes (26), (27) express the steady result. But if m=0, and ee, 
all along, then the radial F disappears, and also E,. There is 
nothing left but E,=e in the region of e. To find the electromag- 
netic waves leading up to this final state. Use (26) with k=0, and 
q=p/v; and suppose e starts when ¢=0. Comparing with (36), on 
p. 262, we see that the results here for E can be derived from those 
there for H by differentiation with respect to æ and a time integra- 
tion. Thus, comparing (179), (180), p. 266, with (159), (160), p. 260, 
and then with (26) above, we see that the present solutions are 


(Em -at toig e. (a-r)? 
Aar 4ar 


d 1 Aar 
or else, 9E ea = Joh a r A* YP — viar)? ) | (28) 
where F is as on p. 254. The other way of solution, using the 
divergent operators, was done in El. Pa., vol. 2, p. 462. Or we may 
use the solutions (177), (178), p. 265, and then differentiate, as in 
(28) above. 

(19). If the conductivities k, and k, are unequal, then we return 
to (18), (19), of course. The results are finite in the wire and out- 
side for E, F, and H, for the steady e= e, cos mz. But if we abolish 
the external conductivity, and have a real wire surrounded by ether, 
then q./k.=a ; the magnetic force is zero all over, also E and Fi 
in the wire. There is nothing left but 


Ke Ki 1 de 

Ez Eo Fa Kana (29) 
in which g= m. The wire is, of course, electrified, and this external 
field may be regarded as due to the electrification and to the inter- 
nal impressed force, though, of course, the impressed force has caused 
the electrification. If, further, m = O, then F,=0, and E= —e. This 
is a remarkable extreme result. Although there is finite impressed 
force associated with finite resistance in any finite length, the final 
result which is tended to is zero current, though it is never quite 
reached, of course. Here there is elastic yielding, but the magnetic 
effect passes away. 

(20). If the wire has no resistance, then it conducts plane waves 
of radial F and circular H, connected by F=vH, in the distortion- 
less manner. But when the wire has finite resistance, there is a 
continuous reflection in transit going on, causing distortion. How 
shall we abolish this distortion, using only the means allowed above? 
Very simply, by making the impressed force travel with the outer 
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wave. Thus, let ¢,=0, and xk. -O. Then d?/dz?=p?/v,%. To be 
definite, let e=e,f(¢—2/v,). Then 


E,=0, HH., F; = mv Hy (80) 

represent the outer state, and 
I xi Teip Lir 1 I,, de 

Ei =e, HI IEE Ee, F ly 81 

1 104 1 91 i 1 ( ) 

represent the state in the wire. In the wire formulæ gq; is to be 

used, not the vanishing . Suppose H, determined by (81), then 


(80) shows distortionless transmission of plane waves in spite of the 
resistance of the wire. Here the internal q, is given by 
2 Ap u , (82) 
so, by varying m, kı c, in the wire, we have various sorts of 
results in the wire. A remarkable case occurs when 1 = and 
01-0, making the speed of propagation the same in the wire as 
outside it. Then vi- vz, and q, reduces to u,4,p. 
Since the constants n and c are the same in and out, the suffixes 
may be omitted from them. Then we find the whole system thus. 


Divide H, into the two parts H,, and Hie, depending on k and c 
respectively. Then 


= Lor =k Iir F- 3 
6I! oo eee 
F a 
E asl), —2 = Z 2 A 
220 av H, Has, 47 pkp (84) 


If we find E, and H,,, all the rest follows. The other part of H, 
pairs with Fi to make an electromagnetic wave travelling along the 
wire inside, in company with another one outside whose size depends 
on the boundary value H, of both H, and H,. But the density of 
electrification is not to be found in the usual way, by o = Fs, but by 
| o=c(F;,— F, )=cuv(Ha = Hi) =H fv. (85) 
It is remarkable that E, and Hi, are to be calculated in the diffusion 
manner, although the wire is fully permittive. Thus, if e=f(t —z/v} 
Neft), then Rt) is the value of e at z=0. If this is e, constant 
for positive t, then the Normal Expansion theorem gives immediately 
E, m?” Ire eg Vel (a + Iorevt 
= Ion N 2 $qulia 
= = Jo(sr) At- /) / uk 
ef 2 $8aJ,(8a) j } (B6) 
where g? becomes —s?, and the summation ranges over the positive 
roots of J,(sa)=0. In a similar manner 


2-105) l 
H a= hkre,— koai am (37) 
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This completes the solution in convergent terms. With an exception, 
the series are quite practical for calculation, because the exponential 
factors decay rapidly as f- 2/ increases, leaving only a few, and, 
finally only one significant term in the series. The exception is 
when t—z/v is small, that is, in the region near the wave front in 
the wire. Then the expansions are entirely unpractical, and require 
the substitution of equivalent divergent series. How to find these 
will come a little later. By differentiation to t we obtain the results 
for a travelling pulse of e, These do not want separate writing out. 

The travelling e must have been travelling already for some time 
before the above quasi-steady state is settled down to. In time it 
tends to be practically true right up to the wave front in the wire. 
Think of a travelling disc or pulse of eo, and the result on the axis, 
at the wave front. The diffusion formule indicate that E, is zero 
there, but that it is finite at a point close behind, even though it is 
too far away from the true source to have had time to receive any 
disturbance direct from it. And it would be true that there would 
be no disturbance there if the circle of curl e were only just started 
in motion. But when it has been moving fo. some time, as is sup 
posed in the formula, then.the point in question is receiving disturb 
ance from the adjacent points around and behind it, though not from 
the front, which points received their disturbances from others 
around, and so back to the real source on the surface at previous 
moments. So the use ef diffusion formule is notin real conflict 
with the finite speed of propagation. Thera is no disturbance at all 
in advance of the wave tront. 

(21). In the above example e was given, and tbe electromagnetic 
wave, which is spread out, is determined tc correspond. But it may 
be more convenient to make a given cuter wave be the datum, and 
then determine the state of the wire, and e, to suit it. Then we can 
make the outer wave be a mere pulse, for example Since the value 
of H, fixes the nature cf the outer wave, the results (83), (84) may 
be expreseed in terms of H,.. Thus, 


I I. -I ir dE de 
E, = ox. „ Hi EH, F= ir 
ble fe i krop’ =) 
give the internal state, ahd e is the boundary a of EI. Now let 


Ha be zero when t—2/v is negative, and constant when it is positive. 
The Normal ä theorem makes 


J e 
H, = =H,- “+H, 17 
1 2 ade. (89) 
subject to di (sa) = O, not santas the zero or negative roots, and 
p=—@)/pk in the summation, And by same method, 


E =| 3 - Jo(g) ¿—k(t-zjv)jc pian] 
1 Bex og) J109) +— 4411 Ca , (40) 
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where g=uvka, and sa is as before. The variable outside term 
arises from the root of k+cy=0. The quantity g varies from 
0 to ©, as we pass from a non-conducting to a perfectly conducting 
wire. 

What is highly exceptional here is that the variable outside term 
may be infinite for any number of special values of g. But there 
is a compensation, for he same values of g each make one term ot 
the following summation in (40) be infinite. This will be found to 
depend upon the expansion 

Jol q) 2 27 
Jig) ie u 
where g, is the uth root of J,( nan or the sa in the previous, 

The constancy of H, behind the wave front is the easy explana- 
tion of why Ei and e tend to constancy as we recede from the wave 
front. But if H, is a pulse, say =e,p1, then e tails off to nothing 
behind the pulse. It is given > 

e 9 g Tol) P Pt- —2/ r) 

„„ (12) 
where p= —s*/uk. This e is required to prevent the pulse wave out- 
side the wire tailing off itself by the resistance of the wire. 

(22). Closely connected with the above is the problem of the tra- 
velling of a distribution of longitudinal h, impressed magnetic force, 
along the wire at speed v. If it is a disc of N, then the problem 
becomes the interesting one of the effects produced by sliding a 
single circular current along the wire closely embracing it. The 
work is rather easier than for the travelling e, because in making the 
changes from E to H, etc., we do not have to alter electric conduc- 
tivity to magnetic, but keep it the same. 

Let H be now the longitudinal and G the radial component ot 
magnetic force, whilst E specifies the circular electric force. The 
circuital equations are 


(41) 


__ 7. - ld h dE 
„ ae (k+cp)E, Geet pH, d pQ, (43) 
and the solutions due to J (subject to p?/v?= d‘/d:?, as before) are 
Tor > II ; 
Hi- ja. FEI 401 = pe (n) (44) 
H,=0, E,= Adv E.. (out) (45) 


Here H, is distributed in the wire in the same way that E, was with 
travelling e. In other respects it is simpler. As before, g?=ukp in 
the wire. 

If i =e~?* "ph,, then it is a disc of %, or it may be a circular our- 
rent, whose time integral in passing any point is %. Now consider. 
The induction must all pass through the current, and there is none 
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in advance of the current. Also H,=0. So the induction enters the 
wire perpendicularly behind the current at the wave front in a 
spread-out fashion, accumulates in the wire, and turns round towards 
the current. But on nearing the current it must concentrate itself 
towards the boundary of the wire so as to slip out round the square 
corner into the plane of the wave front outside the wire. The 
result is a pulse of outward G, at the wave front, followed by a dis- 
tributed tail of inward G,, connected together through the wire in a 
way to be found by expanding (44). 
With 2 constant, the results are 
ah > Jir f= 2/v) = Jar tere) 

E, a J. A H,=h bers 15 - (46) 
subject to J,(sa)=0, p= —8?/uk. For the pulse, turn h to hy, mul- 
tiply by p, and destroy the outside term. 

(23). In the inverse problem, when we want to specify the outside 
wave to be of a given type, we have 

Ei- IE, H- I PrE, 4=Hy. (47) 
Te q lye 
where E, defines the outside wave. If it is a pulse, and Es 
=P: gf, where o is constant, then the normal expansions are 
vlt n / v 


= Nirpe 27 Jor vlt -e) 
E- J H,= 4115 23% } (48) 


subject to J,(sa)=0 in the summations. No zero root. 

But if Eu is constant behind the wave front, the zero root comes 
into force if the normal expansion theorem is used to find Hl. Or 
we may perform a time integration on (48) from 0 to f. Either 
way, the result is 


2. pka) Way Type?) 
H, e(t- zw+t 8 40 2 eg (49) 
But in finding E, ae is no zero root, and the result is 
J.. PEE 
E, = Ea Ea r . 5 
＋ EA 2 OR (50) 


The reason of the unlimited increase of Hi behind the wave front 
is to be seen in the E, formula. Ei tends to the value (r/a)E, in 
the wire. Remember that the electric force is circular, and is con- 
tinuous at the boundary. The existence of this circular electric 
force implies continuous increase in the internal Hi at a uniform rate. 

We may also see the meaning of the value H, = 2/ ua tended 
to in (48). It makes the induction along the wire amount to 
ra, that is, the time integral of the circuitation of —E,, or the 
time integral of 21H, or the length integral (along the wire) of 
Ha * 213. But this is the amount of induction leaving the wire 

vol. 111. BB 


370 ELECTROMAGNETIC THEORY. CH. X. 


radially in the pulse. There is no induction outside the wire any- 
where else. So the induction in the wire, which is uniform in dis- 
tribution a long way behind the pulse, gradually condenses towards 
the surface, and is wholly condensed there when it reaches the pulse, 
where it turns round the square corner into the pulse wave outside. 


(24). As before remarked, these normal expansions are, on account 
of the rapid convergency produced by the time factors, thoroughly 
practical for calculation save near the wave front, where they are, 
on the contrary, quite the reverse. But in every such case there 
is a Providence in the form of an equivalent divergent formula, 
which is exactly suitable just when the convergent formula is of 
impossible utility practically. And the Providence is so good as to 
arrange matters secretly so that there is an overlapping region in 
which either formula may be employed, so that we may test that 
the one curve joins on properly to the other. It is wonderful that 
things should work out in this way. Logic has nothing to do with it, 
either with the fact, its discovery, or its use. At the same time it 
must be said that a sufficiently profound study of the subject would 
ultimately lead to the logic of its laws, as a final result. What I do 
strongly object to is the idea that the logic should come first, or else 
you prove nothing, Yet perhaps the majority of academical 
mathematical works are written under this idea. In reality the 
logic is the very last thing, and that is not final. 

Physically, it is quite easy to see that in general all expansions 
in normal series of functions must have a second form of expression. 
Consider, for example, the diffusion of heat in a conductor of any 
shape of boundary due to surface sources. According to the shape 
of the boundary, there is some particular sort of normal functions 
concerned, and the solutions can be expressed in terms of them. 
But we may also express our results in terms of the waves of 
diffusion emanating from the individual sources themselves, which 
are of an entirely different type from the normal distributions. So 
there you are, with an equivalence between one type of formula 
and another. That one of these should be sometimes divergent is 
an observational fact; that it should be numerically equivalent to 
the other when calculated in a certain way is an experimental 
fact; so is the different range of the practicability of the two 
solutions in general, and the overlapping region. And no doubt 
the logic of it all will have to be found out experimentally. And 
then, finally, I suppose rigorous” mathematicians will put the logic 


at the beginning, and pretend they knew all about it before they 
began. 


(25). Let us try for a few divergent solutions of the preceding. 
First, to find the % needed to keep a pulse wave outside the wire 
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from tailing behind. In (47), substitute the divergent operators for 
the convergent. Then 
h= — fy ble How (51) 
Hrtlia 
Expand by division. Then, writing the coefficients only, 
Hon 1.3 8 68 54 949} 


3 9493, 52 
His 17137187187 128 64 5122 6 


where the ntt number is the factor of (I/ ga). Use this in (51), 
then multegration makes, it P is the differentiator with respect to 
(t - 2/v)/pka?=T, 


h=- h| 675 P- IF P21 13 Pa 
h 1 8T! 8 a Tu 949} Tu 
a omtatsytatt 128 4 764 28512 at | (58) 


So, Pus T is small the practical result is given by the first term 
only, and is very large. After that, as the first term becomes 
smaller, additional terms must be added, taking care, however, to 
stop at the point of initial convergence, for it is a divergent series. 
But as with increase of T the point of convergence moves in to the 
beginning, we should have recourse to the other or convergent 
formula. This is, by (48), 


h= 0 1 nT 3 +], (54) 
pa 


when 91, 92, etc., are the roots of J,(g)=0, of which the first three 
are roughly, by inspection of a graph, 3°85, 7°0, 10°15. It is when 
T is less than 1 that the divergent series is usable, and the smallec 
T the more useful is this series, because the convergent one becomes 
impracticable. 

When T=7/9, the fifth term of the divergent series equals the 
sixth. So stop at end of fifth term. The total is 1:946. The real 
result is a little over 2. This is, however, nearly at the end of the 
range of use of the divergent series, and the convergent has not be- 
come troublesome. 

(26). For a second example, find the divergent formula for the 
wave due to a disc of h. We have, by (44), 


E, = - liah a b Hia, 
J 103 q Hy.’ (55) 
by substituting the divergent operators. Expand by division. 
H 1 1 1 25 13 69 
h Cc Oe 
* H. 2 8 8 128 32 64 (56) 


where the nm number is the factor of (ga)-*. So, by multegration, 
if h=constant, 
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2 _1 175 25 13 69 
Ea ace 87 8 1281 „ 64 (67 


a 1 55 1T 5 13 T. 60 T3 7] (39 
(I). 8 * 8 128 (1 32 2 64 un 


This is suitable for use near the wave front, and further, until the 
point of convergence comes too near the beginning. The equivalent 
convergent formula is 


. — -2t „ T] (59) 
u 


where the 9's are the roots of J (g)=0, that is, 2°40, 5°52, 8°65, eto. 
Differentiate (58) and (59) to t and turn / to Mo to get the results for 
a pulse hp. 

As a numerical test of the error when T is large enough to reduce 
the convergent series to its first term nearly, say T = 5022, then the 
convergent first term comes to 2:8 111. The corresponding 
divergent series makes 

7815 - 071 — °0627 0512 = 096. 
The error is less than one-third of the ].c.t. This will pass, but 
should be less still. It isto be noted that if we carry on the divergent 
series further, and use it for smaller values of T, it becomes practi- 


cally a convergent series. 
Now as regards the pulse wave. The formulw are 


1 (60) 
1 14 
11 5 T oe 4 


255 


1425 tl ert 8 j$ ptT 4 411 11 8 2 
If we use the same value of T as before to test the fit, it goes all 
wrong, because the point of convergence is brought right up to the 
beginning. A smaller value of T must be used, say T 02941, 
which makes the fourth and fifth terms of the divergent series equal. 
Then the true value, by the first term of the convergent series, is 
2°12, leaving out the factor h,/ka, whilst the divergent series makes 

1:04 x (1°699 + · 125 ＋ · 122 ＋ 114) = 2˙15. 

The error is now one-fourth of the l. o. t. 

The above divergent solutions were obtained easily. Others, in- 
volving variable distance from the axis, are too complicated for 
present treatment. 

(27). Returning to (30), (81), relating to an impressed force 
travelling along a wire at speed v, if we make k=0, we do away 
with the back effects due to a pulse of e, or with the back e required 


(61) 
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to maintain an external electromagnetic pulse, The reduced 
equations are simply 

E, =e E,=0, 

F,- rde Hse; p. ade Hz he; (62 

795 as a 2= r 

subject to e = f(t —=/v), or any other arrangement making p?/v? = d?/dz3. 
The meaning can be seen at once by letting e be in a mere disc, and 
constant therein. There are just two external plane pulses, one at 
the front, the other at the back of the disc, together with supple- 
mentary internal pulses also on the back and front. The displace- 
ment converges to the back of the disc radially from outside, then 
goes straight through the disc uniformly to the front, from which it 
diverges radially in the front plane. The whole is in motion along 
z at speed v. The magnetic force is as usual in plane waves. 

For the travelling e we may substitute equivalent travelling elec- 
trification, namely, the convergence of ce. We do away with E, 
also in this way. Else it is the same. In the example of a disc of 
e, this is replaced by positive electrification on its front, and nega- 
tive on its back. 

(28). If, still keeping k= O, we alter the speed of e from v to u, we 
come to the case of impressed e travelling through a uniform non- 
conducting ether at a speed which may be either greater or less 
than the natural speed of propagation. The equations are now 
subject to d?/dz?=p*/u?, so that e may be Nt g, and 92 == pꝰ/vꝛ 
-/, or g p where A= V1 —v*/u*, which is real positive if 
uv, and unreal ifw<v. In the case «<v, the wave accompany- 
ing e extends over all space. If r, it will only do so if the region 
of e does so. If e has a front, then the disturbance is non-existent 
in advance of it, and also outside the cone of semi - vertical angle 
given by O sin-i( vu), with axis coincident with the axis of z, and 
touching the circular boundary of the front of e. The equations are 

Ei = brgalo-K ae, HIS AracpIi-Kldae =cuF,, (68) 
a= -NTC⁰ K, II, Hy=dracpKirlie=cuFky. (64) 


Particular cases were considered before, p. 81, relating, however, 
to a travelling line of e or of electrification. Here the extension is 
made to a cylinder. 

Say that eee 7P (t), then the simply periodic case is easily 
treatable by the transformation p ni, remembering that g is a 
simple multiple of p, and is real when u >v, and unreal when u cv. 
For example, if f(t)= cos nt, 


n- uv, ( ). (“*)- a(s Tra- Ju), (65) 


where t means dd (ent), is the result when w>v, making X positive 


374 ELECTROMAGNETIC THEORY. CH. X° 


real. In the other case, put X si, then s is real positive and 
g=sn/v, with the result 

E= Hra” I. (25) K. () cos n(t —2/1). (66) 
Similarly for the others. Observe that the external travelling field 
of E and H may disappear only when u >», at particular frequencies, 
but not when u <v. 

(29). If we take Ft) = pl, it means a disc or pulse of e. For this 
we may substitute adisc positively electrified on one side, negatively 
on the other, bearing in mind the equivalence pu=cpe of electrifica- 
tion density p in motion at speed u, and impressed force e in pro- 
ducing the same electromagdetic effects. Or, if we take f(t)= to, or 
positive 1 when tis positive, and zero when ! is negative, then e is 
uniform from z=— © up to z= wt, and zero beyond. So here we may 
substitute a single disc of electrification, travelling at speed u perpen- 
dicular to its plane. Then 

2/u de 


E, = —graege PME Te Kon ApvH, = — reo 4 ae dad lor Kon, (67) 
E, — 3 333ãBõ3 Ion Kor ApvH, ꝶ44½ 34 Ioa Nor. (68) 


This being for e constant as described, we see that the internal and 
external E are determined when e is impulsive by a single differ- 
entiation upon the known function Io Noa, the double branched 
first elliptic curve, with the further change of f to (¢—z/u)/A, or, 
which is the same, of vt to (ut—z) tan 9, So this result is known 
in all respects, and is the electric force for a double sheet of electrifi- 
cation. But a time integration is required as well to functionize 
H, together with a double differentiation. As the differentiations 
complicate the formule, it will be as well to modify the problem in 
such a way that we can use the first elliptic function unchanged, 
and then we can obtain easily an expression for the force required 
to drive a cylindrical surface distribution of electrification through 
the ether. 
(30). Let there be surface electrification, density o, on the cylin- 
der r=a, moving at speed u along its axis. The equations are 
EB, = —ġrqapvI o Kocu, H, = —$7qal,,Ky 02, (69) 
Ez = — ArgNA a Kors t, H,= + 4rjal,glty,cu, (70) 
together with H,=cwF,, H,=cuF,, to find the radial component of 
the electric force. To prove, test that E. =E., and H,—H,=ow at 
r=a, and that the circuital equations are satisfied in the manner of 
(15), subject to g=Ap/v. The surface density e may be any func- 
tion of z—ut. We now see at once that the E results are of the 
first elliptic type without any differentiations or integrations, when 
we make o be constant. That is, in general, = bu f(t), and we 
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now make ma be zero before and constant after ¢=0. Thus, 


_aAouny 1? (wt— z)? tan?0—(a—r)? 
= Ss OS +... ], (71) 
when the fraction after 12/2? is <1. Or else, if it is >1, then 
E= —Ad\cuUpv E 13 4ar 3. 472 
V (ut—z)* tan? 0 = (a-) 2?(ut —2)* tan? 6 — Ce J } 


The same formula is valid for E, and E,. 

To interpret, a diagram will assist. We have sin0=v/u, and 
cosO=), This @ is the semi-vertical angle of the cones in the 
figure. The electrified cylinder itself is shown, in section, by the 
horizontal lines AB, AB. The motion is from left to right. The 
wave front is shown by EACAE. It consists of a big cone from 
which a little cone has been cut straight off its tip, and then another 


little cone ACA cut out of the remainder. There is no disturbance 
inside the little cone ACA. The large internal cone DCD bounded 
by the dotted lines is the region in which the formula (72) is valid. 
Outside it, beyond the dotted lines, and up to the wave fronts, the 
other formula (71) is valid. 

Now as regards the magnitude of E It is finite on the wave 
fronts and everywhere else, save onthe conical surface dotted, which 
is the boundary between the outer and inner regions occupied by 
the conico-elliptic waves. On this surface E is everywhere infinite. 
This infiniteness does not interfere with the propagation according 
to the circuital laws, and has no energetic significance. If we sub- 
stitute a thin layer of volume electrification for the surface electri- 
fication, the infinity will be replaced by a finite rounded peak. Now 
see the diagram on p 260. If we pass from M to N in the present 
figure, E varies in size like the ordinate of the curve $,4 in the 
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former figure. It rises from a finite value at M to a greater finite 
value at N. This is true all the way between A and the line LC. 
The rise is then from finitenoss at L to infinity at C. After that, 
going further to the left, the second or inner branch of the elliptic 
curve on p. 260 comes into existence. On HK for example, E rises 
from finiteness at H to infinity at the dotted line, and then falls to 
finiteness on the other side, the least value being on the axis. 

(31). The quantity - Eo, if Ea is the value of E at ra, is the 
impressed force on ø in the direction of its motion needed to main- 
tain the motion. By integrating this from A to B we obtain the 
force on a strip of length AB, and of unit breadth. Multiply by 
27a to get the total force on the cylinder AB. It is the same when 
the continuation of the cylinder to the left is removed. That will 
muke no difference to the force on AB, though it will alter the dis- 
tribution of E and H behind. So we can readily calculate the im- 
pressed force upon any piece, long or short An important quantity 
in this connection is = (ut - 2) tan 0. It is the distance from the 
axis to midway between the dotted line and the wave front, say 
from F to G; or from the axis to the continuation of this median 
line in the region ACA, because uf - z is measured from the point Z, 
in the centre of the terminal plane. 

Put 27ac=Q, and let / be the length of the cylinder. Then, if 
b< 2a, we use the formula (71), and the total force on the cylinder 


comes to 
Q?uvu IA ap 1412 5) * 41 123 
X= Zr ul 3 (240 5 2545 20) (78) 


In this, b=} tan 0. As b increases from 0 to 22, the e, base] 
does not vary much. Beginning at 1, it ends at about 1°15 or 1-2, 
by rough calculation. 

But after this, if ö 2a, we must add on the force on the excess 
length calculated by the other formula (72). The total force becomes 


y-2 OH cot [1 2+ log 2. 1 20 0 4 sia) 


22 5 4 224 \ b 
1 1 , 1128? 1 128252 J. 

22˙ 424 6274761 . (74) 
Here the series in the second line comes to about 25. So, if lis 
very great, the 3 force is 


1 


provided 2a/b is small. The outer factor varies as the square of 
the speed when w/v is large But this must not be pushed too far, 
because by sufficient increase of u/v, 2a/b will cease to be a small 
_ quantity. 


-+ 
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It is always possible. with any length of cylinder, to make w/v be 
go little over 1 that 6/2a is a large number. Then Y is the proper for - 
mula, and it mak es Y=O when u = v. That is to say, when the speed 
of motion is made to exceed that of light, the resisting force comes 
on gradually. Under any circumstances the resistance is finite, 
provided the electrification remains a surface distribution. But if 
it is condensed to a linear distribution, by shortening l to 0, keeping 
QZ finite, then the X formula shows that the force becomes infinite. 

What is striking, and interesting, is the wide range within which 
the resisting force can be proportional to the speed x cos 9. Here 
we use the X formula. Make 6/2a small. Then 


X= eS Xu= lls (Qu uv. Aral (La) A (76) 


Here the cylinder is a ring of depth ? and length 27a, and surface 
Qral, whilst Qu/27a is the convection current per unit surface. 
Comparing with Joule’s law, and with Ohm’s law, we see that the 


46 resistance per unit surface is uv, which is 15 K ohms. We may 
also write 


8 e —RC?, (77) 


Here C is the total convection current, and R=}uvd/2ral is the 
total resistance. It varies inversely as the area. Though not 
exactly true, the formula is nearly trne within wide limits for the 
speed and the size of the cylinder. 

The meaning of 4uv\ may be seen in the calculation on p. 17, 
relating to a plane strip of electrification moving in its own plane. 
The resistance per unit area comes out the same, as an exact result 
in that case. There is also another calculation, on p. 64, of the 
force needed to drive an electrified line in its own line. The result 
there, equation (17), comes from the present formula (72) by turn- 
ing the present c to 0 2 (because the present o is surface density), 
and then putting a=0, r=0. 

(32). It is much simpler when a plane sheet of electrification 
moves perpendicularly to its plane. Let it have any shape of boun- 
dary, and let o be the uniform surface density, and Q the total 
charge. Then the driving force per unit area is simply =the elec- 
tric tension behind the sheet, or $cE?, or Eo, or 30% . This makes 

Xu=4(ou)*uv(v/w)-= RC? (78) 
Therefore, R uv sin . Multiply by the area to obtain the total 
driving force. Or divide by the area to obtain the equivalent resis- 
tance to suit the total current. But it will be seen that the results 
are simpler in terms of the driving force itself. 

The proof of this general result will be found by inspecting fig. 19 
on p. 22, relating to the motion of a plane strip, and thinking about 
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it. In the overlap there is no magnetic force, and the electric force 
is perpendicular to the strip. This makes X = 10% per unit area, 
obviously. Now transfer attention to a plane shoet of any shape. 
From any point of the boundary draw a cone back ward, of tho semi - 
vertical angle given by sin @=¥v/u. Move this cone all round the 
boundary, keeping its axis parallel to itself. It will in its motion 
touch the boundary of a region behind the plane sheet which may 
be of various shapes, but always such that one side thereof is the 
plane sheet itself. Any point P within this region is so situated 
that if it be the apex of a similar secondary cone pointing the other 
way, the base of this cone will be fully upon the plane sheet. The 
disturbance at P is, therefore, due to the o on the base of this 
secondary cone only. It is, therefore, the same for all points within 
the region of overlap already described. It has beon calculated to 
be a state of uniform electric force in a particular case, and by the 
present argument itis the same in all cases, or is independent of the 
shape of the boundary. Even when w/v is very slightly over unity 
the overlap exists, close to the plane sheet, and tho proporty is true. 

But it is also true when the speed w varies, provided it is not 
allowed to become smaller than v. For I have shown (p. 120) that 
the sudden starting of a point charge instantly establishes the steady 
conical state close to the charge. This being truo for evory element 
of charge on the plane shoet, it follows that immediately behind the 
sheet the electric force is always perpendicular to it. The state of 
things further away behind will vary in all sorts of ways, when w 
varies, but the sheet itself is the only place where the driving force 
is required, and there is no alteration there. When u is allowed to 
fall exactly to v, the driving force ceases. The slightest increaso in 
w will bring it on again. 

In the above the sheet always moves perpendicularly to itself, and 
the force is constant, however u varies, provided it is not <v. It is 
clear also that the straight path of the centre of the sheet might be 
curved considerably without producing a very great difference. But 
if the sheet also rotates, then obviously there will be important 
changes in the phenomena. 

If the sheet has holes in it, the overlap is reduced in size. This 
makes no difference in the driving force on the rest. Now, a hole 
means that c=0 over a part of the sheet. It follows that o may 
vary anybow over the sheet without altering the driving force on 
any particular ø, and the displacement will always be Do, at the 
place of o, and perpendicular to the sheet. But it will be only at 
the sheet itself, in general, that this is true. The mixing up will 
begin close behind it, when o varies. 


(33). In the above the expressions for the driving force on a plane 
sheet of electrification moving either in its own plane, or else 
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perpendicular to the same, have turned up. But we cannot derive 
from them the driving force when the plane sheet slants. This re- 
quires separate doing, and is worth it, on account of a striking 
peculiarity. Let ø be the angle of slant, meaning the angle the 
plane electrified strip makes with the direction of motion. The 
theory changes somewhat when the slant passes through the value 
6. When there is no slant, the diverging plane slab waves are in 
every way similar, and one is on each side of the strip. Now in- 
crease Ø to the value 6. One of the slab waves gets thinner, 
and becomes ultimateiy of no depth at all. It is then a condensed 
pulse wave. Further increase of slant makes this wave pass over to 
the other side of the strip, and increase in depth. Both slab waves 
being now upon one side of the strip, one thin and the other thick, 
further increase of slant brings them to equality again, when the 
strip moves perpendicularly to its plane. The figure here will illus- 


trate the two cases. At the critical angle H=, the driving force 
becomes infinite. Besides the driving force in the direction of 
motion, there is also usually transverse force needed to prevent 
deflection of the strip up or down. It is not necessary to consider 
this specially. 

To calculate the straightforward driving force it is only necessary 
to find the rate of increase of energy in the two slab waves. Let 
Di and D, be the displacements in the waves, U, and U, the densities 
of electric energy, b, and b, the depths of the waves, X the driving 
force on the strip per unit length perpendicular to the paper, and u 
the speed. Then 

Xu=(2U,b,+2U,6,)u cos 6=(D,2b,/c+D,2b,/c)u cos? (79, 
expresses the activity of the driving force. Let =, then 
b,=a sin (d), D. to 


b,= a sin ( G), din (O) D. ein (-=) (80) 
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where a is the breadth of the strip, and o the surface density of elec- 
trification, counting both sides. Using these in (79) we come to 
o 1 1 
N (= (649) | sin (o =) ). (61) 
when G =. But when >), 5 - a sin (G- 6), and the result is to 
interchange 0 and @ in the second fraction in (81), so that it con- 
tinues positive. It is easily seen that X increases infinitely at the 
critical angle. It is also verifiable that the values assumed by X in 
the extreme cases GO, and Ø= z, agree with those already found. 

This infinite driving force at a certain speed may be reduced to 
finiteness by substituting a thin layer of volume electrification for 
the surface distribution. The same remark applies to the motion 
of a surface charge of any shape, if at a particular speed, or more 
than one, or at any speed >v, there should be a similar local or 
general intensification of force. Substitute finite volume density 
where it may be required. 

(34). Now consider briefly the waste of energy from a wire sub- 
jected to the impressed force e- e, sin (nt—mz), or similar, making 
21 =- n, d?/dz2=—m?. This is sufficiently done through the resis- 
tance operators, equation (20). The waste is partly internal, in the 
wire itself, and partly external, by out ward flux of energy without 
return, which occurs sometimes, though the energy may be kept in 
connection with the wire without waste in this way. It will be 
convenient to refer the external and internal resistance operators to 
unit length of wire instead of unit surface, as in (20). Thus changed, 


= 2racp Ki( 4a) oda 72 (82) 


is the external resistance operator. Here we see immediately that 
if me nv, q is real, so there is no external waste at all. The wave 
speed of e along the wire is n/m=w. So the condition of no waste 
is that u cu. This may be compared with the steady straight 
motion of a charge. If u <v, there is no waste, but if u>v, there 
is. The form of Z, shows that it represents negative effective in- 
ductance, or equivalent positive permittance. That is, 


if 22 Rz Lzp, then R.=0, and 


Koda) 
mn Zracn K;(qa)’ 


g= mi- Nb. (88) 
When ga is very large, this reduces to L.n=—y/2racn. When qa 
is small, it makes 
2 
Lan z log 3a. (84) 


C 


The case q=0 means R. O, Lz O. 
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(35). Passing next to the more interesting case u v, we should 
use s instead of g. This makes 


| 8 aise) elt) . 2/rsa+i(J Ji +G G) (85) 
2racn i (G (sa) - i)]! Aran Ji +G, 

of which the real part is the value of Ra, and the rest the value of 
Lani. 

When sa is large (nto mi 
neci (86) 
which approximates to uv / z Vd when mv is small compared with n. 
That is, the tendency is towards external resistance pv per unit 
area when the frequency is very great, unless counteracted by 
large m. 


But when sa is ae 


Z= — Ll 1. 2/ . log $a}. (87) 
This makes 8 
R= galam). 6 


independent of a, and an important special case is N= zun, when 
mo / n is small. Compare with p. 90, where the same result was 
found for an infinitely fine line of electrification. The correspond - 
ing induotance formula is 


2 na 
Lzn - zun. = log Jy’ (89) 


which is, of course, very far from being independent of the radius. 
If m=0, the external resistance R, passes from the value dun at 
moderate frequencies to the large value ven at excessive fre- 
quencies. 


(36). The corresponding internal resistance operator is 
q Lla) a 2 

21 Falk rop) Id) g=m Uni. (90) 

Here, in q, allowance is made for the permittivity of the wire, 

using the proper value of v, in order to compare with the external 

results in certain cases. For instance, may be so large as to 

swamp the effects of k and m. Then Zi will reduce to Z;=,v/2ma, 

using the proper value of v. This is similar to the external be- 

haviour. But there is likely to be a want of accordance with fact 

if we use the value of v appropriate to low frequency, for pulses and 

very short waves go through a material dielectric at the etherial 

speed. That, however, belongs to the subject of dispersion. 
When qa is large enough, 

Z,= (m3 —n?/v? uni) 


2ra( x + cp) (91) 
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Here we can see that m may be so great as to be paramount in the 
numerator. Then Z, tends to become Z,—m/2ra(k-+ep), or to the 
resistance m/2wak, if cn/k is small. 

If m=n/v in (91), then n must be large in general to make ga be 
large. We now have 


1 (D li 1 () e (92) 


ral 2 ent 27a 2 * 2 ＋ cn? 


On the other hand, if qa is sufficiently small 
22 oat 
1 rank cp) ra- f en) 
to the first approximation. 

In the usual estimation of the resistance and inductance of a 
round straight wire subjected to simply periodic impressed voltage, 
we make m=0, and c=, or v= œ, so that the conductivity is 
the controlling factor, as it certainly is, in metals. Then 2. = bp, 
and ¢=(4jukn)#(1+4). The use of this q in (90), and reduction to the 
form R. Lip will lead to the known formule in different forms 
(which are, however, not always attributed to their first authors), 
showing increased resistance and reduced inductance as the fre- 
quency increases. 

It will be of interest to see how the external resistance R,=jun 
behavesin relation to the internal resistance. Say n=2,000, then 
R,= 500 per om., or 5X 107 per kilom. Now this is only a small 
fraction of an ohm, whereas the resistance of a practical telephonic 
‘wire would be several ohms per kilom. So the external resistance 
is not of any importance in telephony, even with much larger 
values of n. 

If, however, we pass to such frequencies as are concerned in long 
Hertzian waves the external resistance mounts up rapidly, and 
far faster than the internal resistance. The external may become 
a considerable multiple of the internal resistance. But it has to be 
remembered here that the calculations apply to a solitary wire in 
the ether. If there is a pair of wires the case is different. The 
possible great external waste of energy is abolished. One wire tends 
to neutralise the other in external radiative power, and the energy 
is kept in their neighbourhood. The same property is true in a 
lesser degree when the second conductor is the earth, whether the 
wire is horizontal or vertical. There is practically the waste in the 
wire, and the waste in the earth, but no important radiative waste 
in addition. By “ earth,” we should understand, in the present 
application, not only the real earth, but any other conductors that 
may be present. The radiative resistance B,, on the other hand, is 
purely an etherial matter. 


(98) 
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Plane Waves in a Dielectric Loaded in a Certain Way. 


§ 530. (1). In my discussion of some features of Helmholtz's 
theory of dispersion, (vol. 2, p 507), these forms of the circuital 
equations were arrived at, 


dH 1 dE 

dr fep+ „» | ae PPE. (1) 
Here E and H are the electric and magnetic forces, e and u the per- 
mittivity and inductivity of the ether. The second law is as usual, 
but in the expression of the first law occurs an extra term contain- 
ing an inverse operator. It may be interpreted as the extra current 
density due to electricity moved under the action of E, when its 
motion is resisted elastically, frictionally, and inertially. Of the 
three constants 3, r, and m, if a alone is finite, its action is to in- 
crease the permittivity toc+s. If v alone is finite, its reciprocal is 
electric conductivity. In the case of s alone the speed of propaga. 
tion is reduced from the v in pcv?=I to the v, in w(e+s)v,2=1. In 
the case of r alone, the speed of propagation is still the v of ether, 
but there is distortion of a known kind due to the conductivity. 

The inverse operator may also be interpreted in terms of the 
electrons in atoms, their free periods and effective masses, as in 
Drude’s theory. Put 1 =, and let there be any number of inverse 
operators of the same type with different constants. But one will 
be enough here, for the purpose of considering some special cases. 
Let r=0. Then the characteristic of propagation is 

CH sp? 

aa 2H. r- IA (2) 
and we have also l 
if Eo, H, are the values atz=0. Carrying out the operations will 
show how E and H are propagated, in a pulse, for example. 

If we put p= œ, we obtain E=szvH. This shows that a discon- 
tinuity, say the wave front due to a sudden change in Ho, is propa- 
gated at the etherial speed v, and unattenuated. But it does not 
follow that there is no tailing after a pulse, even though there is no 
conductivity. It is the presence of the inertia embodied in m that 
allows full etherial speed of a wave front. 


(2). The speed of a train of simply periodic waves is something 
very different. It is the resultant of actions proceeding both ways, 
after the wave train has been established. Say Ho sin nt is impressed 
atz=0. Then put p?=—n? in g, and we obtain g =bp/v, and 


= 2 4% 
HH, in at, 5-[1＋ E7], (4) 
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where b is real positive when n lies between 0 and ni, or between n, 
and œ, given by 
2 
l=ysn,?, 12 ee, (5) 
monz:— 1 

Under these circumstances, 

H= H. sinn [t—zxb/v]=bE]uv. (6) 
This b is also the index of refraction in optical applications, and 
the wavo speed is w=v/b. 


But when n lies between n, and n,, then 


na iz 7 
. a= ( yo), (7) 

where a is real positive ; so 
H= He wa sin nt, E=(uv/a)Hy:~"**” os nt, (8) 


which represent standing vibrations, attenvated along ~. 

Now consider how w, b, and a, vary with n. At zero frequency, 
w is the same as uz, the speed of long waves. the same as if n=. 
As n increases to 7,, w falls to zero, whilst L rises to œ. So we 
see by (6), that E gets smaller relatively to H, and ultimately 
vanishes. At the same time the wave-length in the material gets 
shorter and ultimately vanishes. So the remanent vibrating H 
counts for nothing over any small finite depth of the material. 

Next jump to the frequency nz, and then increase n too. The 
wave speed falls from © at 7, to v at n=. Or 5 rises from 0 tol. 
At the lower limit uz, the infinite w means infinite wave-length. 
Also it is now H that vanishes relatively to E. This shows that 
the impressed datum H, requires emendation. There is no dis- 
continuity in passing through u, to the lower frequency, however. 
What happens is that a change of phase begins as the vanished H 
comes on again. Also the attenuation comes on gradually. But 
when n falls to ni, the attenuation increases to œ ; so, in a sense, 
there is no discontinuity at n, either. 

(3). But it is neccessary to revise the terminal datum for a better 
understanding. Let x=0 be the plane face of the dispersive material, 
ether being on the other side. Let radiation specified by % sin nt 
be incident upon the boundary. Find the transmitted wave. By 
continuity of electric and magnetic force at the boundary, it is easily 
found that 

H 2w 


7 Zu H 5 (9) 
E and H being the values in the material, and / the incident mag- 
netic force, all being boundary values. So we now have 


“i = ade bao) == (10) 
when b is real, and this shows that H vanishes at n. 
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We may eonclude that there is total reflection of the incident 
radiation at both limits, though of different sorts. But the reflec- 
tion is total all the way between as well. Thus, if & is the reflected 
magnetic force corresponding to the incident h, we have 

k Z 21 24 —1 (11) 

h poe 5＋1 Tunti 
At the n, end of the band, b=, and h'/h=1= —e'je, ife and e are 
the incident and reflected electric forces. This is like reflection 
from the surface of a perfect electric conductor. And at the other 
n, end, b=0, making i’ /: = —e'/e = —1, which is like reflection from 
a perfect magnetic conductor. Between the limits, the size (or 
modulus) of h’/h is always 1, so the reflection is always total, with 
change of phase, which varies continuously between n, and ne. After 
that, from n, to œ , there is again no change of phase in reflection. 

As for the absorption in the band, there is not any. The incident 
energy is returned on reaching the boundary. The existence of in- 
ternal vibration does not contradict this. It implies a preliminary 
entry of energy to set up the standing vibration ; but that ceases (in 
the average), andthe permanent state at any frequency in the band 
is then associated with total reflection in a time average. It is not 
possible to change suddenly from the permanent state of one fre- 
quency to that of another, whether in the band or outside it. 

The above rudimentary system furnishes a rough imitation of 
ordinary dispersion in glass, &c., as well as of some cases of anoma- 
lous dispersion. For let there be a band of total reflection with n, 
beyond the detectable ultra-violet, Then from red to violet the 
wave speed will fall continuously, and will fall faster the higher 
the frequency. On the other hand, let the band n, to n, be in the 
green. Then the same tbing will happen from red to near the 
green with a great spreading out and fading away of the spectrum. 
The green will be absent. As for the blue and violet, they will be 
deviated the other way, and be in the infra-red region. This 
roughly imitates the behaviour of fuchsine in alcohol, except that 
the index of refraction is then not less than unity for the blue and 
violet. 

Now it may perhaps not be difficult to change the form of the 
inverse operator so as to make b be greater than 1 beyond na, or in 
a suitable portion of the region. But it does not seem possible to 
make the operator of the above type, or a succession of the same, 
represent the state of things when there are bands of total reflection 
in the visible spectrum. For since w goes down to O at the begin- 
ning of the first band, the deviation becomes unlimited in nearing it, 
whereas the state of things referred to only indicates an abnormally 
increased deviation on one side of the band, followed on the other 
side by abnormally reduced deviation. 
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(4). To find the way of propagation of a pulse through the 
medium requires that the functionization of «~¢* 1 shall be done. 
It can be done in a power series, but as that is of a very complicated 
form, its interpretation is not easy. Conversion toa series of func- 
tions of x and t is desirable. There is one case in which the mean- 
ing of er can be readily determined by a slight modification 
of the analysis in the telegraph theory. This case is s =œ ,m finite. 
The elastic resistance to the motion of the auxiliary charges is done 


away with, leaving them free to move except as regards their inertia. 
The equations are 


—“ slept 15) K uH, q 2 4 2 


Now in the development of my 3 theory, re 1 
of e was done for 


q’=[(p +p)? - 07/2, (18) 
when p was a positive constant, and o either positive or negative. 
To meet the present case we want p=0, o? = —xv?/m= —1/cm. The 
negativity of e? shows that the present case does not belong to the 
telegraph theory at all. It is an impossible application. But since 
q? in (13) is a function of o, and the corresponding development of 
«797 is also, as in equation (57), vol. 2, p. 887, we may use the same 
formule precisely, with the sign of o? changed and p=0. This done, 
we have j ai 195 

; -( P-2 Pat P2 Pot 00. (14) 
where P. (z) is I, (z) divided by its first term, and 
702 f- / v), zeo -rj o= —1/me. 16) 
Consequently, if Ho constant is impressed at x=0 from the left side, 
beginning ¢=0, the resulting H at x, ¢ is 


B. ) 207i) 20% fe) Tale) (16) 


from z = O0 up to x=vt, and zero beyond. Here z 3 
The value of H is Ho at the wave front as well as at the origin. The 


same formula also expresses the value of E/ Eo, when Eo is impressed 
at the origin. 


To find the formula for E to * oe we have 
„„ 


H, q4 (bea. —0² . (v2) (17) 


— = — — 2 0. 

Hy igs l +a? ee (18) 
The complete solution for E is therefore 

| E/ Ho =pvP (2) ] (19) 
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consisting of a single term. At the wave front, E=s”vH,=yvH. 

Behind the wave front E is wavy and oscillatory. At the origin, 

Eo -H Halt / em) i]. It is satisfactory to obtain so simple a result 

as (19). But when it is E, that is impressed, the result is an 
ERA series. Thus, 

evHo _ 1—a? 1—a? 

E, =] a“ lru u- 


vH vt -N vt - N 
therefore E. (04 reneis) JC Z) T. .. (20) 


The formule for impulsive impressed H, or E, follow by a time 
differentiation. Consideriag the simplest case, which is (19), it is 
readily seen that the E due to impressed ph, consists of a pulse at 
distance vt followed by a hed tail. Thus, ho being constant, 

E (a/ mjtvat 

poly (vꝛtꝛ — x2)? 

The pulse, of the type E=pvH, does not attenuate, but the ampli- 

tude of the tail does to any extent if we allow ¢ to increase whilst 

keeping x constant. But if we keep at a constant distance y from 
the head, so that vt=x+ y, then 


E (em AY. . 27 yyt 22 


which, when z is very large, tends to constancy of amplitude. 

(5). The speed of propagation is v in the above, and remains 
v if we increase m to œ, when of course the theory reduces to that 
of plane waves in the ether. But the speed is also v when s is 
finite, provided m is finite, too. Yet if we now make m=0, the 
speed is reduced to the smaller value vi. The only way I can think 
of for this to occur is by supposing that when m is decreased, the 
portion of the wave (due to impressed Ho, say) between <= vt and 
z=vt gets smaller, and in the limit, when m=O, vanishes alto- 
gether, leaving only the part up to z=v,¢. It would be interesting 
to have the full theory worked out to show the two wave fronts 
when mis small, and the ultimate disappearance of the forward 
portion of the complete wave. The beginning of the theory is the 
determination of E or H at æ = O due to H, or Eo impressed there. 


7 —— + 1 — 4a° , 8at— 12a®+..., 


J,(2’), in the tail. (21) 


Thus, l 
En i p?+ ljm 3) -(2 — 02 
uvHo pT (I TA /in = 88. (28) 
Here p? >o*, Or E, 
1-—)I 
2115 =( 5) (ot). (24) 


It is also quite easy, by the use or the a differentiator, to con- 
vert (28) or (24) to the sum of the form ZA I. (ot), or the same 
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with o instead of p, having the even values. But we do not 
obtain the proper generalisation by turning t? to t? - 22 / v: in the 
formula for x=0. It remains to discover the proper functions to 
employ at a distance from the origin. The direct application of 
the «—%* operator gives a series in powers of c, with complicated 
functions of ¢ for coefficients. 


The Generation of Spherical Pulses in an Elastic Solid. 


§ 531. (1). The investigation of the manner of generation and 
progression of spherical electromagnetic pulses in the ether will be 
found in my Electrical Papers, vol. 2, p. 409 and after. Only one 
speed of propagation is concerned. But in the elastic solid there 
are two speeds of propagation. No essential change in the analysis 
there used, viz., the multegrational process, is required to adapt it 
to two speeds, but only an extension. It will be found to greatly 
simplify the subject, by enabling us to represent results by a single 
equation, containing in itself all the various discontinuous details. 

The well-known equation of motion may be written in the form 

F/p+ (vz: v) y div d viv dd. (1) 
where G is the displacement, p the density, and vs, vz the two speeds, 
of which, in the elastic solid, v, is the greater, being the speed of 
condensational waves. Also, F is impressed force per unit volume, 
and is the source of the disturbances to be found. If we write 
pet? =l, pve =] then c, and c, are the elastic compliancies con- 
cerned in the two sorts of waves. 

Dividing (1) into circuital and divergent parts, we obtain, if 
q=4aldv,t, q= d / dvat, 

cF, = (412 -Vv)G, ’ CF, == q? = v*)G,, (2) 
where Pi, Gi are circuital, and F, G, divergent. The separate 
solutions are, therefore, by p. 165 above, or p. 256, 


G= pan, ci = pF, d- pana cz F: pecz Fs, (8) 


e Jr 6 92 
= = S 4 
where A r .- Ar (4) 
Also 
curl G=pan, curl c F, div G pan div cz F, (5) 


where pan and curl or pan and div may be interchanged if desired. 
The distinction between pan, and pan, is only in the use of 91 or ga. 
Thus,-the curl and div of G are given directly in terms of the curl 
and div of F. 


(2). But for G itself we need to make the separation of F into 
Fi + F,, or do something equivalent. Thus, 


F. -y pot div Pv div pot -r, (6) 
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where pot is the instantaneous potential, whereas pan is the pro- 
gressive potential. So we come to 


G=c, pan, F (cz pan.—c, pan,)F 2 
Sci pan, F+ (c, pan: — ei pan,) VIF. (7) 
Thus if we find pan F, the rest follows by introducing ei and c, and 
doing V.V pot. 


But by using (2) above, it can be shown that (7) is also repre- 
sented by 


G=c, pan, F+ (pan, - pan, weve. yE, i (8) 
where p=d]dt. Thus, 
(21 V°) pan, f=f, (22 - V?) pan, f=f, 


are identical relations. Pot both of them. Then 

(q2 pot +1) pan, f= (42: pot+1) pan, f; 
therefore, (pan,—pan,) f= (Zi? pan — 92 pan.) pot f, 
or, aa e AN1 f= (c, pan, - cz pan.) pot f. (9) 
Now use this in (7) and we obtain (8), without the pot. The special 
f is to be v.vF. 

There is more in this transformation than may appear at first 
sight. For we may obtain (8) from (7) by simply putting 
v æg? in the pan, term, and y~?=9,~? in the pan, term. But 
these substitutions are not true, although, by (2), v?=g,? or q? out- 
side the region of F, or of F.. Equation (8) is nevertheless true 
everywhere, whether inside or outside the region of F. 

(3). Inthe above F is any distribution. For the examination of 
pulses of course specially simple distributions are taken. The 
most instructive is when F is unidirectional, and is confined to a 
spherical space. Then there are two distinct solutions, one inside, 
the other outside the sphere of F, because the waves come from its 
boundary, and progress both inwardly and outwardly. But if we 
condense the sphere to a point, the internal solution goes out of 
existence. Let then / be the volume integral of F, the direction of 
F being parallel to z. Then (8) becomes 


d 
G =), fo V aes 7), (10) 


outside the point r=0, where pi and p, are as above defined. Or, if 
Jp is steady, beginning ¢=0, 


G= (ei -er) v mone”, from r=0 to vt, (11) 
G= - evi Ea cos 0 ＋ c v Jo a, . from 1 vit to vat. (12) 
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Here 0 is the angle between z and r. Outside r=v,¢ is no dis- 
turbance. Inside vit, the displacement is steady. At these two 
places are condensed pulses, the outer being condensational, the 
inner rotational. These will be noticed later. 

(4). Now take the case of a solid sphere of impressed force. The 
forms of pan F for a spherical surface (r =a) distribution of unidireo- 
tional force must be of the types A “ar outside =, and 
Ber / 4 rr Ce-ar / aur inside. At r=a these must be equal, and at 
r=0 finite. So B= -C. It follows that the forms of pan F are 

shin qa = ; shin qr e714% 
(out) fy 5 (in) fo 5 (18) 
where fọ=4ra?f, and F is the force per unit area. To check, 40 
makes the inside value be 5/4 a. 

By insertion of these values of pan F in (8), we obtain the internal 
and external solutions in all their details, and the algebrisation is 
quite easy. For greater comprehensiveness pass to the more de- 
veloped case of F uniform throughout the sphere r=a. We must 
then integrate (13) throughout the sphere. This is the usual drud- 
gery, and details need not be given. The results are, if F is now the 
force per unit volume, and fo its volume integral, 


ear 8 d shin qa 
pan f= fo Arr qu da a (ou (14) 
a d . da „ ; 
and pan fa, AE Ea 175 shin qr. (in) (15) 


Using these in (8), we oe first that the external solution is 
d- ifa. 8 4 chin ga 
si ag da a 
d U 3 d shing,a zf ~%" 8 d shin 222 (16) 


~ Vaz pp 417 agi da 4 0 Aer ag da a 
a Cfo 8 d Aerem EY 1 
Arr a da 2a qè 
d 8 fy d [0na e-) gl Er) 
2 ap der V (17) 


By immediate multegration, f, being steady after t=0, this is 
turned to 
cf, 8 d 7715 —7 2 d 370 d 7716 225 


— — —— D 


G= jira da 2a 8 Vaz 4rra dal" 245 2a 5 - 5, 28651 18) 


where 1 vit d= t, = bf = a-, 21 uz +a r, 22 vat a- r. (19) 
This equation (18) gives G explicitly from r=a to œ, and ¢=0 
to O. The quantities y,, Yp 21, 23 ate, by construction, positive 
only. For instance, y, is zero when vif (ra), and similarly for the 
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others. So we obtain several different solutions in different parts 
of space at different times. 

(5). We can now give a general description of the different 
stages. At the moment ¢=0, two waves of displacement start from 
the surface of the sphere of f, progressing outward at speeds v, and 
vz. At the same time two similar waves progress inward to the 
centre of the sphere. The time taken by the faster wave to traverse 
the sphere is 2% %. At any moment t not exceeding 2a/v,, the outer 
displacement is given by term No. 5 in (18) for points between the 
front of the condensational wave and the front of the rotational wave, 
and by the sum of Nos. 5, 3, and 1 for points between the front of 
the rotational wave and the surface of the sphere. There are 6 
terms in (18), which are referred to as No. 1, etc., in the order they 
occur. The first region is entirely occupied by the condensational 
wa ve, the second by both the condensational and rotational, superposed. 

Now, to be distinct, suppose v,=2v,. This will allow us to say 
definitely when the rotational shell ceases to overlap the condensa- 
tional shell. It will be at the moment 1v,/=4a. Between vf = 20 
and 4a, there are three regions to be considered. From r dT vet 
down to ra vi, the formula for the displacement is No. 5. From 
r=a+v,t down to r=v,f—a it is the sum of Nos. 5, 3, and 1. From 
r=v.t—a down to r=a it is the sum of Nos. 5, 3, 1, and 6. 

This is the state up to the moment r, - 4a, and vit 24. The 
back of the condensational shell then coincides with the front of the 
rotational shell, and the two shells are beginning to get clear of one 
another. For larger values of f, the formula is No. 5 for the com- 
plete condensational shell, that is, from r=v,f+a down to 
r=v,t—a. From the latter place (the back of the condensational 
shell) down to r=v,t+a@ (the front of the rotational shell), the 
formula is the sum of Nos. 5 and 6. In the rotational shell itself, 
from r=v1,t-+ a down to vit a, the formula is the sum of Nos. 5, 6, 3, 
and 1. And between the back of the rotational shell (which is, like 
the other, of depth 2a), and the surface of the sphere, the formula 
for the displacement is complete, the sum of all terms in (18). The 
displacement is here steady, as also in the interior of the sphere. 
The two shells then go out to infinity, leaving behind the steady state. 

In this last stage, when the two shells do not overlap, and the 
rotational shell is clear of the sphere of impressed force, there are 
five formule for the displacement. Thus, from r=0 to a, 


G= af (8a? — 72 — — 19 (ur — ar Joos 6. (20) 


This is not contained in (18), of course, but being steady, is easily 
got from the internal solution. Then from r=a to v,t—a, 


Ga" -oV gases (1-5 (21) 


Er 5727 
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Next, from r=v,t—a to vit +a, that is, in the rotational shell, 
dae cifo y,°(8a—y)) 7 Sivet* cos 6 
og 4a’ a Sr. 
Ja c08 0 
101 faces’ Braid iar e 40]. oy Í (1 =). (22) 
Then from r=v,'+a to ine that is, between ae shells, 
Jorg f cos 6 Fn 008 8 1 a? ) 


Gay gern 0 575 28) 
Finally, in the condensational shell, or a r=v,t—a to vt ra, 
cos 0 21 Vat 
Q= -0V 16 To 00 Tare 21 ar (ü 4) ) (24) 


The last four cenit come from (18) by carrying out the d/da and 
a/dz differentiations and reducing. 

(6). The internal operational soiution corresponding to (18) is 
got by using (15) in (8), and then, by multegrating it, we get the 
algebraical solution. a is 


v? 
G=ct| 2275 77 P Gaty) +ga? (oa C0 
= cosh [C/A NA Yi ] 
“WV Tar ef ay’ { (+36) - 2140 4 
Up 
tavir ays Me . 1) 


cos ô jl 21 2)] 
PN 12r¢ mH ( 42050 Fia 
-en 27 faz; [ (2+ to az) +a * * 7) ' (25) 


where y,=¥,6—a+r=distance behind first front of rotational wave 
when going in; / = ut - = = distance behind second front of rota- 
tional wave when going out, after centre has been reached; 81 = vat 
-a Tr distance behind first front of condensational wave when 
going in; 22 ut AY = distance behind second front of condensa- 
tional wave when going out after centre has been reached. The two y's 
and the two zs being essentially positive, otherwise zero, make (25) 
complete in all the stages, if it has been properly worked out. But 
it is not necessary to elaborate the various separate formulas, be- 
cause the variable internal state is of little importance compared 
with the corresponding external state which has been done. It is 
ratl er more complicated in detail than the external state, because 
there are additional stages due to the fact that when the front of 
the condensational wave has reached and passed the centre, there 
is a crossing of the second or return front going out and the first 
front of the rotational wave going in. What is of importance is the 
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steady state of displacement which begins at r=0 and spreads out- 
ward, beginning at the moment the front of the rotational wave 
reaches the centre. It is given by (20) above, and its range is from 
r=0 up to the second front of the rotational wave, which is the 
same as the back of the rotational shell which goes out to infinity. 
It is also to be noticed that displacement begins at the centre, 
and throughout the sphere of impressed force not yet occupied by 
the fastest wave, instantly, being given by G=4c,fv,?¢?, the first 
term in (25). It is the same as od Ift, or pG=ft, and pG=f 
simply for the acceleration of momentum. That is, the elastic forces 
of the solid are quite inoperative until the wave disturbance arrives. 
(7). The activity of f is fü, and ceases when G becomes steady 
at the moment = 2/1. The total work done by the impressed 
force is therefore È fG, orf G,, throughout the sphere. The value 
of G: may be derived from (20). The result of the integration is 
Work = f,2(2c, +¢,)/107a. (26) 
One half of this remains as the stored energy of the steady dis- 
placement, ignoring the shells altogether. The other half is wasted, 
or radiated away in the two shells. To see how it divides between 
the shells (which may be guessed from (26) itself), find the simpli- 
fied forms assumed by the displacement, velocity, &c., when the 
shells are at a great distance. In the outer condensational shell, 
it will be found that when vrt / a is very large, the tangential velocity 
tends to become infinitesimal compared with the normal velocity, 
say uz, which is given by, PN 
— VC W2] n COB mn 
= plo 102 - 2), (27) 
where 27,=v,t+a-—r. It will also be found that the expression for 
the condensation tends to be given by 
U, vf X condensation; (28) 
the same as in a simple plane wave of sound, in fact, by reason of 
the very small curvature. The distribution of intensity through 
the depth of the shell is parabolic, zero at both boundaries, maximal 
in the middle. In reality it is not quite zero on the inner side, 
though zero on the outer side. 
The kinetic energy is, by volume integration throughout the shell, 
T =È our U, (29) 
and the energy of condensation U, has the same value. The energy 
wasted in the condensational shell is therefore c, 70? / 201. 
Similarly, the velocity in the rotational shell tends to become 
tangential, the normal component becoming relatively insensible. 
Let u, be the tangential velocity. It is given by 


Bcw f : 
u,= 18 y,(2a—y,) sin 6, (80) 


Us 
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where 1 vit Ta-, when vitja is very large. It will also be 
found that the rotation is given by 
u; =v, {curl G], (81) 

which is analogous to (28). Now in integrating the square of (80) 
throughout the volume of the shell, it will be observed that (27) has 
the factor cos @, whilst (30) has sin 0. But the integral of sin? 0 is 
twice that of cos? . So the result is that 

T,=2 Jou = 201 70% 40 α = Ui (82) 
is the kinetic energy in the rotational shell. The potential energy 
U, has the same value, so the total energy in this shell is 2c, f,2/20ru. 
The energy in the two shells is thus verified to be one half of the 
work done by the impressed force, as in (26). 

(8). We may next calculate how the momentum ig disposed of. 
First, observe that f is generating momentum (or transferring it 
to the body) at uniform rate, so that the amount taken in is Sot at the 
time t. Now this goes on when the body comes to rest. There is 
then no place for the steadily increasing momentum save the two 
shells, or else between them. But it is easily found that the 
momentum between them (like the energy) becomes insensible. 
How then is fọt of momentum divided between the shells ? 

If we use (27) for the normal speed, then the momentum in the 
condensational shell is | 

M,=2 pu, cos 0=} fot, (83) 


by integration throughout the shell. Similarly, in the rotational 
hell, it is, using (30), 
n N M,=2 pui gin 0=3 fit. (84) 
Space is too valuable for any details concerning these and various 
other integrations in the present article. So the rotational shell 
carries twice as much momentum as the condensational, and both 
amounts increase at uniform rate. A comparison with the energies 
is interesting. The energy in the rotational shell divided by c, is 
twice the energy in the condensational shell divided by c}. 

If the force ceases atthe moment i, two new shells are generated 
which follow the first pair. The first pair has steadily increasing 
momentum ju-t as before, but the new condensational shell has 
momentum 3 fi(t— t). and the new rotational shell has momentum 
—$fo(t—t;). The total momentum in the four shells is therefore 
finito and constant, namely fot. It is assumed here that ti is long 
enough (at least 2a / oi) to allow of the full formation of the shells. 
As for the energies in the two new shells, they are, when a long 
way out, the same as the energies in the two old shells. The new 
shells pick up the static energy as they expand, leaving a state of 
no displacement behind them. 
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(9). There are two prinċipal interpretations of a physical nature 
of the above theory. The medium in question may be the ordinary 
elastic solid possessing rigidity. Or this rigidity may be done away 
with and an equivalent amount of rotational elasticity put in its 
place. Then the medium is what Lord Kelvin at one time called 
Ether, save that it is compressible as well. Lord Kelvin’s Ether 
was incompressible. But the results are the same whether the 
elasticity is rigidity or is rotational. There is, however, a notable 
difference in the distribution of stored potential energy, other than 
that due to the condensation, in which there is no change. The rest of 
the stored potential energy is (per unit volume) proportional to the 
square of the rotation in the rotational ether, whereas it has a 
different distribution, of a more complicated expression, in the 
elastic solid. Correspondingly, the stress is different. So, if we 
enter into further detail regarding the distribution of energy, the 
rotational ether is much more manageable than the elastic solid. 
Nevertheless, no difference is made in the above energetic results 
relating to the total energy, because the total stored energy other 
than condensational in the elastic solid, either steady, or in the 
rotational shell when far out, may be precisely calculated by the 
same formula as in the case of the rotational ether. 

Although the rotational ether is an admirable mechanical con- 
trivance, yet, as regards its suitability for representing Maxwell’s 
electromagnetic ether, I think it really never had a proper chance. 
For at the very beginning, as pointed out in vol. 1, p. 131, it fails to 
account for the mechanical forces concerned in electromagnetics. 
There are other objections, but that one is fatal. Owing to the very 
abstract nature of the electric and magnetic quantities, not one of 
which has been identified mechanically as Lord Kelvin understood 
a mechanical medium, there is a natural tendency to overlook the 
fact that the foundations of electromagnetics are purely dynamical, 
in terms of really observed mechanical forces of the Newtonian kind. 

(10). The incompressible case deserves notice. Here v=% , 
because c= O. The outer shell goes out to infinity instantly when 
the impressed force is suddenly put on. It is then of zero energy. 
But its momentum is not zero, but is 4/,¢ as before. That is, there 
is an instantaneous (kinematic) transference of momentum to an 
infinite distance (in aa unbounded medium), always going on when 
the medium is incompressible, and is subjected to impressed force 
anywhere. The reduced formulas are, from r=0 to a, 

gef (2a?@— r? + 327] + PST. (35) 
From r=a to vit - a, 


Gai ay As (1-558). (86) 


Br 
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From r- vit a to vit Ta, 


ci y,?(8a — y,) vt? cos 0 
G= 41 da’ Tes 4 0 Bar? 


t 
rewe Ivar warty (H- )] . en 
From vit a to œ, 


v fet co e ta ; 
G= Vesa avr ’ (38) 
where P= f, cos /47r? is the pressure, and — y P= pQ. 

The displacement outside the rotational shell is now entirely irro. 
tational, and is like the induction outside a spherical uniform 
magnet. It begins instantly, at r -a, and at any fixed point varies 
as ¢? until the rotational shell arrives. 

The kinetic energy outside the sphere r (greater than the outer 
radius of the shell) comes to 


T. f,22/120rp. (89) 


It is not accompanied by any potential energy. This energy comes 
through the shell. It may be easily verified that the value of T, is 
also the value of 2 PGN, where PG is the flux of energy, and N is 
unit normal outward, the summation extending over the surface r. 
But the moment the shell arrives at r, then 1 = vit a, and T, stops 
increasing. In fact, the values of T and T become 


Jet 7 Jet 2a—v,t 

= IZxo(vit Ta T=: l2rp(vt +a) [ Utru ] i (40) 
So the total T outside the shell decreases all the time, after vit =2u. 
This is the moment the shell is clear of the sphere of force, and ex- 
tends from rd to 3a, and is also the moment the force ceases to 
work. The kinetic energy of the irrotational motion is then at its 
greatest, and equals c, /,?/81 xa. 

(11). At the other extreme we have the case v,=0, c=, or no 
elastic resistance to compression. This is best understood by making 
v, very small first, though finite. Then the rotational shell is on the 
outside, and beyond it is no disturbance, whilst the condensational 
shell is, if formed, close to the sphere of force, and is expanding 
very slowly. The formulas (16) and (17) are still valid, though the 
order of commencement of some of the terms is changed. But it 
will be found that the displacement, velocity, condensation, kinetic 
energy and potential energy in the condensational shell all increase 
without limit as v, gets smaller. In the limit, with v,-:0, they are 
infinite. Of course a medium of this sort, when subjected to the 
simple impressed force employed above to move it, is out of all 
question for practical consideration. The remedy is to do away 
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with the divergent part of the impressed force, and employ only 
circuital distributions. Then the infinite condensational results do 
not occur, because the displacement is circuital. But then the same 
result is attained with finite or zero compressibility. Let the force 
be circuital, then the displacement is also circuital. So it looks as 
though the case v,=0 were of no special use. 

I should remark that it simplifies matters somewhat to do away 
with the rigidity altogether: (as in vol. 1, p. 244), so that the con- 
densational shell may be inside the rotational naturally, before 
making v,=0. 

(12). Returning now to the general case of finite vz and vi, what 
happens when momentum is given to the medium when it is un- 
bounded is, after preliminary irregularity, & state of rest everywhere 
save in the two shells. But let the medium be of fimte size. Then 
its boundary is the place of origin of reflected waves. A part of 
the motion which arrives there may escape outside, into the air, 
for example. Ignoring that, the shells will be reflected to and fro 
any number of times, crossing and recrossing it may be in an in- 
creasingly distorted and mixed up manner, depending upon the 
shape of the boundary and the situation of the seat of impressed 
force. Moreover, every time a shell crosses the impressed force, 
more work is done; so the tendency is for the impressed force to 
get into a state of continuous, though fluctuating activity, whilst 
motion parallel to the force tends to cover the whole medium, 
though again in a fluctuating manner. What will be the ultimate 
result? Will the final result be in accordance with f,=Mu, where 
M is the total mass of the body, and u its velocity, the elementary 
law for a perfectly rigid body, with appropriate rotation as well 
should that be necessary? It daes not seem likely that this result will 
be reached precisely. There is nothing to show that the vibrations 
will wholly disappear, unless of course we introduce internal fric- 
tional forces, which are not considered in the above. Another way 
of doing away with, or greatly reducing the importance of the 
tibrations is to distribute the impressed force uniformly over the 
whole body, as in the action of gravity. 


(13). It may be useful to add the complete formulas for the con- 
Jensation and rotation. The axes of rotation make circles round 
the z axis, that is, the circles of latitude. When the rotational 
shell has left the sphere of force, then there are three formulas for - 
curl G. The tensors are 

xc yr sin 6, pa sin 6, —sin 645 — ah, (41) 


1 O toa, r=a to vit - &, r=v,t—a to vit Ta. 
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The total of | curl G | in the shell, got by integration to r through- 
put its depth, y=2a to 0, makes 
cih sin O , (42) 
47r(v,t—u) 
Put a=0 to make the value when the source is condensed to a 
point. This may also be reckoned by the discontinuity in the tan- 
gential & which occurs then, the shell becoming condensed to a 
surface. The value in (80) is zero at the outside of the shell, and 
there is no discontinuity at the inside of the shell when the full 
formula is used. 
The corresponding condensation formulas are, if z, vit Ta- Er, 


l c d 21034 — 2) 6 
tc,fr cos 9, Safe cos , —cos 8 647 e ah, (48) 
r=0toa, r=atov,t—a, r vt - a to vt Ta. 
The total condensation in the depth ol the shell comes to 


cofo cos O | 
A* (bat — a) (44) 

(14). When the impressed force is simply periodic, put g =si in 
the operational solutions, and f= F sin svt, to obtain the wave trains. 
At a set of particular frequencies either of the two trains may 
vanish. Thus, the relation tansa=sa makes pan 7-0. This 
applies to either train, using vi or vg respectively. The correspond- 
ing vibrations are then confined to the sphere of force. But in the 
incompressible case, with c,=0, then the whole external disturbance 
will vanish. 

(15). Lastly, a few words on the doni separately for G, and 
Gz. Inasmuch as the impressed forces fi and f, extend over all 
space, the separate solutions cannot be obtained so directly and 
with so little work as when they act together. Some kind of further 
integration is required. Here is one way. I give the steps and the 
results only. First find pot pan 7. Keeping to the case of com- 
plete formation of the shells, there are four results, 


5 1 
(a). pot pan 78804 a 25 724.207 +2 zta), (45) 
2 f f? Jfa . fyvt 
G). on 715 + 8rr Sortan (46) 
„Ë fayt 
e). „ » dar 64rd 3). (47) 
Sov? 


y=v+a-r. (48) 


(d). 9 » = Kar? 


Here y is the distance inward of r from outer boundary of either 
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shell, whilst (a) applies from r=0 to a, (b) from r=a to vi - a, (c) 
from r=vt - a to vt+a, and (d) from r=vi+a to Y. 
Now d/dz these results. Thus, 


(a). pot pan f= (T —a*r) cos Ô, | (49) 

Oy „ „ =- (1-85 85 (50) 
1 5 _ fa? cos 0 

(Che „ T = eras Ae r 10 ser re ae (51) 

(d). 9 77 Ae cos 0. N (52) 


These apply to either f, or fz, with the proper value of v. 
Now G, c the last four expressions, using va. So 


(a). G. = 90 — ar) cos 0, (53) 
0, 2 
Or „ say 88 (1-57). (54) 
J cos 4 2 Ft? cos 6 
(Clo „» —C2V loraz (ar- gu- -lvi)) 1 S790 »(55) 
2 
(d) a. 97 v 81 vt TA -r. (56) 
Trip 


These are the displacements over all space at the moment ¢ due to 
f.. Similarly, we have 
d 
G, ei pan f vg oi pot pan f, (57) 


so we use the last set again, but with the factor — e: turned to 
+c¢,V, and v, turned to vi, and then with the auxiliary values of 
cı pan f added. So the Gi set is represented by 


(a) -G 750 v cos 6 (r- air), (58) 
cfa n CORO a? 
(b) „ = n ewe Q- pA (59) 
(e) = Cito 21084 — y.) v cos 0 
ge 77 iar 40³ Sarip 
oe 6 cos 95 
+a Virar {arty (F wh (60) 
vl cos 0 cos 0 as 

(d)3. 99 Sri Yt v +ta— r. (61) 


These are the displacements due to f,, with the ranges, (o from 
r=0 to a, (b), from r=a to vif - a, (c), from 1 vit -a to vit Ta, (d), 
from r=v,t+a to o. 

As acheck upon the accuracy of these results, we may combine 
the condensational with the rotational formulas to make up the 
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combinational, equations (20) to (24). But it must be remembered 
that the ranges of (b), (c),, (d): are not the same as those of (0)3, 
(c)s, (dH). The proper way of combining them is this :— 


From r=0 to a, G ⸗ (a) + (a), 

From r=a to vit - dc, G =(b). + (b); 

From r=v,t —a to vit +4, G= (b)+ (oi, (62) 
From r=vt+a to vt—a, G= (b)+ (Ùa, 

From = vt — d to vat Ta, G (o) t+ (d)z 

From r=r +a to , G =(d),+(d),. 


If the reader will take the trouble to make these combinations, 
then, after cancellations and reductions, the previous results (20) to 
(24) will be arrived at. 

(16). Another case which I can recommend for working out by a 
serious minded worker is that of a radial distribution of force in the 
sphere = a, or over its surface only to begin with. It is not diffi- 
cult. The seat of force may be condensed to a point. It is then an 
outward acting pressure. When this has been done, the results 
may be generalized to suit the case of a source of the same nature 
moving about anyhow, by employing the dopplerized potential.” 
Then there will be two Kinds of resultant formulas, corresponding 
to those I have found for the motion of electric charges through 
Maxwell's ether, according as the speed of motion of the source is 
less or greater than the speed of propagation. When that has been 
done, more advanced cases can be elaborated. 

(16A). When describing to Mr. Searle the nature of the pulses in 
the above investigation, and the waste of momentum therein, he 
called my attention to the elementary theoretical problem of a 
solid sphere moving in an unbounded incompressible liquid. The 
momentum of the liquid is zero, by calculation. My interpretation 
is that thcre is an instantaneous flux of momentum to infinity 
whenever the velocity of the sphere changes. The momentum is 
wasted. 

Thus, let M be the mass of the sphere of radius a, and density 
p, moving at speed u; and let o be the density of the liquid. The 
velocity potential is (2) cos 6, and it is well known that the 
kinetic energy of the system may be calculated to be 

T=}(M+m)u*, where in Mo / 20. 

But the visible momentum (as calculated) is only Mu, that of the 
sphere, whereas the true momentum is (M+). The amount 
mu is invisible. We might say that it did not exist at all, but the 
theory of pulses explains the discrepancy. Let the fluid be com- 
pressible; then any change of velocity of the sphere produced by 
impressed force acting upon it is propagated outward at finite speed. 
The energy and the momentum are then fully visible at a finite 
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distance, and may be calculated. Now gradually reduce the com- 
pressibility to zero. This will increase the speed of propagation 
infinitely. The energy in the condensational shell (due, say, to 
impulsive communication of velocity to the sphere) tends to zero, 
but its momentum does not. So the kinetic energy of the liquid is 
visible, no part being wasted, whilst the momentum of the liquid is 
wasted, by going out of range instantansously. 

Here we have a case of instantaneous flux of momentum through 
a moving medium. But in the above article, it takes place through 
a stationary medium. The velocity of the medium inside the inner 
shell becomes zero by the establishment of the appropriate stress 
to suit the impressed force, and thenafter the solid behaves as 
though it were infinitely rigid. 

A curious case in the hydrodynamic theory is got when p=0, 
meaning a rigid spherical shell of no mass. Then T=}mu?, where 
m is half the mass of liquid which would fill the sphere. The visible 
momentum is zero always. All the momentum produced by im- 
pressed force is wasted, but none of the energy. Stopping the 
sphere restore3 the kinetic energy to the sphere in effect, but at the 
same time momentum of amount — mu is sent out to infinity. The 
dynamical system appears to be at once conservative (for energy) 
and dissipative for momentum. It is remarkable that such ele- 
mentary cases of Newton’s dynamics should require abstruse con- 
siderations for their explanation. But it is far worse in the more 
modern dynamics, with ignoration of co-ordinates, and modified 
Lagrangean functions. Dynamics as visible to the naked eye seems 
to disappear altogether sometimes, leaving nothing but complicated 
algebra. 

The impressed souree need not be of momentum, that is, a 
moving force, as in the above. A source of matter, that is, of con- 
densation, has similar properties, varied in detail. For example, 
see vol. 2, p. 500. There is also an electromagnetic example in 
this volume. See p. 36, equations (9), (10), and remarks on p. 38. 
The source is a linear source of magnetic induction. This induc- 
tion is introduced at constant rate, and remains in the field. Yet 
the steady state tended to is one of zero induction and steady dis- 
placement. The increasing induction may then be looked for and 
found near the wave front. This is also the case when the source 
is stopped. The constancy of the total induction is then secured 
at a new wave front. 


Plane Waves in moving Mediums. The Energy and Forces. 


§ 532. (1). Some questions relating to the mechanical interaction 
of matter and ether are interestingly shown in the behaviour of plane 
waves. We also secure simplicity of treatment from the physical 

VOL. III. DD 
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point of view. On p. 190 of this volume some results were described 
which demand a fuller treatment Beginning, for comparison, with 
a single medium, say the ether, the circuital equations are 

curl(H-VDq)=D, —curl(E—VaB)=B; (1) 
where D=cE, BAH, and q is the velocity of the medium. For 
plane waves take E || y, Hz, and q x. Then we get 


A (H+Dz;)=pD, .—A(E+Bg)=pB; (2) 
or, if q is constant everywhere, 
—vH=(p+qA)cE, -AE=(p+qA)vH; (3) 


where p=d/di, and A=d/dz. 

Now let p= —wA when applied to E or H. This means a solitary 
wave moving at speed w referred to the (assumed) fixed space in 
which the ether is moving. Then (8) become 


H=(w-g)cK, E=(w—q)uH, (4) 
E TAR 1 — — eee) 
whence H q- w) 4 - w), (5) 


which give (w -q 2. v, and E?=(wH)}, if ucv?=1, This v is the 
wave speed when 9 = O. Two important quantities are determined, 
the ratio E / H and the speed w. In a positive wave E= HH., and 
201 = T2. In a negative wave E= —-uvH, and w,=v-q. It 
follows that 


EC 4 (Eo AuH o) L 10 (E. —AvH, 6) 


shows how an initial state of Eo, H, splits into two waves travelling 
in opposite directions. It is easy to see that the electric energy 
density = magnetic, in either wave, say U=T, and that the value 
of U or T is the same in the two waves. Also that when they are 
superposed, the sum of the energies in the two separate waves 
sum of the energies of E, and Hy. There is no gain or loss of 
energy when the waves cross one another. The impedance uv is 
independent of q. 

We see that everything goes on in the same way as if the 
uniformly moving ether were at rest. This is merely an example 
of the principle of relativity of motion. The motion of the ether 
merely carries forward the phenomena going on in it. 

(2). Now let there be two interpenetrating media, matter and 
ether; the ether to be at rest, the matter to move through it at 
speed w. Let DDT Di, where Do = for the ether, and 
D, ciEi for the matter, which is to be uninagnetisable in the first 
place. Di is the electric polarisation. E, need not be the same as 
E. The circuital equations are now (for a plane wave) 


—AH=pD,+p'D,, = - AE=pB, (7) 
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where the new y' is the moving time differentiator, or p'=p + uA, it 
being assumed that is uniform. 

If we assume that Ei is the same as E, then the polarisation 
varies as the etherial electric force, and so 


—AH=(cp+uc,A)E, —AE=ppH ; (8) 

which lead to A?=up(cp+c,uA), (9) 
P au a, ( ). 10 

aa N e). N 


Putting p=—waA, there are two values of w, possessing the pro- 
perty 101 v. Note that c= c ei, and pov?=1 defines v. The 
etherial speed by itself is the vo in uco” 1. As before shown, this 
system does not agree with optical results. The fault is in making 
E, be the same as E. 

(3). That the polarisation of the matter oonsists effectively in 
the separation of positive and negative charges is an old idea, 
independent of electronic hypotheses. But a change in this 
polarisation constitutes electric current, of the convectional kind. 
Then we must remember that the moving forca on a charge p 
moving at speed u is not Ep in the field B, but is(E+VuB)p. In 
the present case, this defines E, to be E+ VuB. That is, 


1 (H— =D 
um lars D,=0,B,=¢(E+VoB). (I)) 
Or, in a plane wave, 
—4H=cpE+(p+ud)e(E—upH),  —AE=upH. (12) 
The assumption p=—wA now leads to the quadratic 
1+-upe,(w—u)=pw(we—Uue,), (18) 


i 2. Cots f. /i o 
making w 8 ul + Jui utott bi! (14) 


We also find that E,=uw, H, in a positive wave, and E. = — 70H, 
in a negative wave. This new w does agree with a result of 
Fresnel, as shown by Lorentz. . 
Since w, and w, are tha speeds through the ether, the wave speeds 
through the matter are 
W,—U= /v*§—¢,¢,u8/c*—cou/e, (15) 
W+ .. e 0 0 e e e e + e © @ (16) 
The wave speed through the matter is greater against the motion 
than with it. 
(4). If an initial state is E, H,, then at time ¢ 
E= —wtA 201 wA w _ 
1 1 + bet Musi) +e TETI (Eo - Ab Ho), (17) 
H —1— 2. 
HUW, KW; (18) 
VOL. Ii. DD2 
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show E and H as the moment f, the exponential factors being the 
space shifters. 

It is easy to see that the above form of solution is not confined 
io the special values of 201, w, there concerned. For if 


H- A+ e BH. +H, (19) 
is given, and also that — AE = At, then it follows that 
E H- AH. (20) 


What determines the validity of (17), (18) is not the precise form 
of the first circuital law as modified, but that there is no change 
made in the second cireuital law. 

(5). A striking case is got by raising « to vi, the speed given by 
uc,v,2=1. Then 

w,=2v/v,, 26. 0, 201 21. 2 2/ v, — v, 7% Tt = v.. (21) 

Here the negative wave stands still in the ether, or moves back- 
ward in the matter at speed vi. But inspection of (17) shows that 
E,=0, or E: E, with a positive shift. Also that H. E, xuio, 
and H: --(E,—#w,H,)/H,=H,—E,/uw,. So we see that the full 
E, goes off positively, taking with it as much of H, as will make a 
positive wave; whilst the rest of H, without any of Eo, stands still 
in the ether. We may verify this simply by making the initial state 
be H, only. 

(6). Another striking case is u—vgv,/v. This destroys the radical. 
so that | 

W= V= — W; W f., /I bv) =— (w Tu). (22) 
Here the negativity of the negative wa ve speed means that the wave 
travels positively. So (22) alone shows that the positive and nega- 
tive waves, if existent, travel positively together without any split- 
ting. And, in fact, (17), (18) show that E= Eo with positive shift, 
and H= H, with the same shift, whatever E, and H, may be. So 
it is really a case of an undistorted electric wave without any H, 
or of an undistorted magnetic wave, without any E, or of any com- 
bination of the two, travelling at speed vv,/v, through the ether, in 
the same direction as the matter, whose speed is vori / v. 

Say c= 9, c,=16, then c=25. Also, v. = 3, vi- A, v=4. These 
make u= “4, W= És, %,—u=— 40, which are the speed of the mat- 
ter, and the wave speed through the ether and through the matter. 

(7). If the matter is magnetizable as well as electrizable, and 
we apply the same principles of modification to the second as was 
done to the first circuital law (to be done in three dimensions later), 
then the equations for plane waves are 


—AH=¢gpE+¢,(p+uA) (E un), (28) 
— SE=popH + n (p-+uA)(H—uc, 8), (24) 
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where u= u T AH; BO = AH for the ether, B,=m(H—uc,E) for the 
matter; B= BO Bi is the induction, B, the polarisation. 
Putting p=—wâ as before, we get 


—H=—c,wE+¢,(—w+u) (E un), (25) 
—E=—v,wH+4,(--2w+u) (H- ucE); 26) 

and these lead to j N l 
E _1+cumlw—u)_ My + wy (20 — u) (27) 


H  cow+cy(w—u) 1+ aycou(w— u) 
giving the two values of w, and the corresponding values of E/ H. 
The quadratic for 20 is 


ITG - u)? (potou, CU? fie Hoco) = fc, 28) 

aking =u( 1- - #0. ) 4 saN 
j 7 u( lie lo,]; uc My CofC, U?’ (29) 
= (1 — nye) (40 Hotta?) meit, (80) 


The first approximation is w,=v+u({1—v3/v,?). 

If either or both c)=0, m=0, then (w—u)?=v2. Here vo , and 
v= (uo) = (uc) or else (1% 

More practically, we have U-=T and E=wB in a solitary wave 
(either way, with the proper value of w), when either »,=0, or else 
¢,=0. Thus, the values of U and T are 


U=}$c E+ 4c,(E—uB,)*, = 4u,H?+- H- uD). (81) 
Taking »,—0 in these, the result is 
U/T == ug cgw*+c,(w—u)4], (82) 


and this reduces, by (27), to U/T=1 simply. Similarly, when c,=0. 
But this equality of the energies in a solitary wave does not mean 
in general that the energy densities of two oppositely travelling 
waves are equal, even though E,=—E,, or H. — H:. 

The arrangement is like two electric condensers put in parallel. 
Both are expused to the force E, but one of them in addition con- 
tains the force —wB,. Similarly as regards H and uD, applied to 
two magnetic condensers in parallel, 

(8). Now, keeping to an unmagnetizable moving matter, consider 
what happens when two waves travel in opposite directions and cross 
one another. First, let an initial state be EE, simply, and no H. 
The most convenient arrangement is a slab of unit depth. The two 
resulting waves are, by (17), (18), 

201 — = 702 
uro E,= Mns Teer Fo- (33) 
If these waves are going towards one another, they will at a cer- 
tain moment coincide. Then E Eo, H=0. This state, a slab 
containing a uniform Eo, but without any Ho, may be regarded as 
an initial state. It immediately splits into the two slabs separating 


E, =w, H, = 
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from one another. The equations serve equally well when they are 
advancing towards one another. It is not necessary to write the 
space shifters. 
Let U, be the density of the electric energy in the positive wave. 
Its amount is 
U,=4¢,E,?+ 3c,(E,—uB,)* 


E2 (701 — 20) Eo 84 
den 8 0 ＋ lc NEA (84) 

Putting in the values of w, and 202, this reduces to 
Ui IE cE? A (85) 


171 -＋ 20)? 8 v2 001% 


As already shown, this is also the value of Ti, and the form of (85) 
shows that it is the value of U,, and of T.. The total energy density 
of the waves when separate is 4U,. But when they coincide, the 
mutual energy must also be counted. This is 
2702 . 
Via eos Esto (E muB) (EuB y=" fg eis,, G0) 
making altogether 
U, + U+ U= AEO Uy, (87) 
Comparing with (35) and (86), we see that the excess of the wave 
energy over the energy when the waves coincide is 
U yceoe,11/c? 
Loss= Un- 20 „elfen (A) 
In old days, say 40 or 50 years ago, it might have been said that the 
theory was disproved by this result, because it was shown to violate 
the grand Principle of the Conservation of Energy and its Scholium. 
That way of talking has gone out of fashion. It is not done now in 
any respectable book. A better understanding of the grand Prin- 
ciple, as contained in Newton’s Third Law, has come about. The 
Principle cannot be violated. It conserves itself automatically in any 
self-consistent dynamical connections. The question nowadays is, 
How are we to account for the energy lost or gained ? What force 
is concerned? It must be implicitly contained in the connections 
already given, though it is not yet displayed. Reserving details, it 
may be said at once that the force concerned is that between the 
electromagnetic field and the matter. The ether rests, so there oan 
be no loss of energy in it. The matter moves, so any mechanical 
force brought into being may cause a lows or gain of energy. 
(9). Do the magnetic case similarly. Let there be an initial 
state Ho. Then 


He 
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Here note that Hy and H, are unequal, although E,=— E:, Also, 
= _ we T = 2 
T,=T)—+—, 755 555 T, Ty w+)” MHG, (89) 
where note that T, 3 om are unequal. 
As regards the electric energy, since 

Ei- uB. = (201 — u Bi, Ez— uB. = (702 T u) B,, (40) 

the value of U, is 
U=} E+ (w,—w)?B,?= $B,?/u=T, ; (41) 

and similarly, U. Tz. The total wave energy is therefore 


Q(T, +T 00 0 an, 42 

( it = wtw (w Fw) 0 ( ) 
and the excess of the wave energy over T, is 
201 202 NJ 2 012% 0 

To e ) Toa co (43) 


which is positive, and as before indicates a loss of energy in uniting. 

But there is another consideration. Although E. E,, which 
cancel when coincident, there is still electric energy during coinci- 
dence, namely U,=4c,(wBy)?. This could easily be overlooked. The 
energy when coincident is U To. This is also the energy of the 
initial state producing the two waves. We must therefore deduct 
U, from (43) to find the loss of energy in transit. We have 
U ,=uc,u?T,; and the real loss is 


Loss=2(T,+T,)—T,)— U)»=— 


3 ſc) (Pur fe) 

v— 1c (B) 
Taking the slabs to be of unit depth does away with a lot of need- 
less symbolism. 

Comparing (B) with (A), we see another diference. (A) is posi- 
tive, whilst (B) is negative. The same mechanical force must 
account for both results. Also remember that the energy lost on 
union equals the energy gained in separation, so that there is no 
permanent alteration of energy according to the data assumed. 

(10). Formulas (A) and (B) are both contained in 

Loss= — 2(c9c, u/c) BI By. (C) 
For, B,=—B, reduces (C) to (A), and E,=—E, reduces (C) to (B). 
Verify this. Space is too valuable for all the details. 

Now the time taken by the waves in crossing is 2(w,+-w,)—!, and 
the speed of motion is u. Therefore, since (C) Force x time x speed, 
the resultant force on the matter between first touch and coinci- 
dence is 

(Cx Bets = 0 2 _B By (44) 


408 ELECTROMAGNETIC THEORY. CH. X. 


But this by no means represents the real force either in time or 
space. 

(11). Only a simplified form of the general activity equation is 
needed, when plane disturbances are in question, to find the 
mechanical force. If W is the flux of energy, 


—W'=04+T+ Fu (45) 
is the activity equation. The convergence of W is the rate of loss 
of energy per unit volume, here employed in increasing the stored 
energy, and in working upon the mutter. Let the polarisation be 


now called I, to distimguish it from the D. in a negative wave. 
Thus, I= ci (E- uB). Then we have A 


H! DH (Lu) ,, -E. B. (46) 
Multiply the first by E, and the second by H, and add. Then 
—(EH)'=U+7T+ U- el=- E (Tu), (47) 


where Ui is the rate of increase as dependent upon variation of ci, 
since co is here constant, ande=—wB, Variability of u will also be 
allowed for in the first place. But the complete flux of energy con- 
sists of the electromagnetic EH, the convective flux Uru, and the 
stress flux, which is also Uu. So add — (20 ru)“ to both sides of 
(47). Then 


—W'=U+T+U,,,—el+ E (Tu) ( Ta), (48) 
which easily reduces to 
—W'=U4T—eJ—uU' + dU. /ét, (49) 


where J i qu) current density in the matter, with allowance 

made for its motion. Also & /òöt = uA, the moving time differen- 

tiation. Now the last term in (49) is zero, obviously. Therefore 
F=—eJ/u—U', (50) 


is the force required, the force acting on the matter. A more con- 
venient form is got by putting E+e for I/c,, and B for —E’, in 


F=B([I+ (Iu)']—uf(1/aq)'I+ Up], (51) 
which is merely an expansion of (50). Then (51) reduces to 
F=(6/6¢+ au!) BI Ui (52) 
So far u and c, may vary with z. Let them be constant, then we 
o 81 
get F= BI- Beg Ur (58) 


Of the two forms in (58) the first is the simpler, but the second may 
be more useful. It is equivalent to (50). Mark the difference 
between Ur, and Ui. 
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(12). Now apply (53) to a solitary wave, a slab. We have 
6/6t= — (w,—u)d/dz in a positive wave, 

or =(w,+u)d/dz in a negative wave. 

Also Ii Sci (toi — 20) Bi, I,=—c¢,(w,+ u) B.. (54) 
Further, A is negative at the front and positive at the back of a 
positive wave, whilst it is negative at the back and positive at the 
front of a negative wave. It follows that there is no bodily force in 
either wave when solitary, but only a surface force at its front and 
back, which is always outward from the wave to the undisturbed 
region, whether at front or back. This terminal force is of size 
[,?/c, in the positive wave, and I,2/c, in the negative wave. There 
is no change in the energy, because of the opposite directions of the 
two pulls on a wave. In reality this would somewhat distort the 
matter, but that is prevented here by the constancy of u. 


But when the waves cross, the forces at 6 and c do not cancel. 
Thus, at b, the front of the negative wave, IB jumps from II BI to 
IB, increasing by the amount I- B. ＋T I: Bi -＋ Ii B.. By (53), (54) the 

Iz Ba increment makes (20. L u) Iz: B. — I22/ ei, 
I Bi 9 ge (% u) IB =LI, (02 ＋ 20) / 0 — u), 
lB: "9 75 ( E 0) 1182 I, I,/e, 
their sum is the force (left to right) at b per unit area. 
Similarly, at c, there is a jump from I,B, to IB, and the 
II Bi increment makes I,?/c,. 
I2Bi 55 55 II Iz / oi, 
II Ba 55 T (III/ oi) C 20) / (20 T 20, 
and their sum is the force (left to right) at c. 

But the I: B. term at b is cancelled by its negative at d, and the 

Ii Bi term at c by its negative at a. The total force is therefore 


IT, w,—U 20 aara 
7 — | where w” N 2— cee cuje, (55) 
which makes 


F= —c,B,B, x 4000 / o y ae —c,B,B, x (4 /c) VA sn 7 (56) 
which is the complete force acting from the moment of first meet - 
ing up to the moment of coincidence of the waves. The distance 
through which it works=velocity x time 20% (70. T 202) %, V. 
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Maltiply (56) by this, and we get 
Loss= 2(co¢,/c)u?B, B,. (CC) 
This is the proof of (C), and therefore the results (A) and (B) are 
reconciled. But directly the waves bezin to emerge, the total force 
is reversed in direction, so the energy lost by the waves is restored 
to them in the same manner, and after emergence they are in the 
same state as before they met. It may be remarked that the initial 
calculation of the loss of energy from the waves was much simpler 
than the later work. On the other hand, it did not tell us the dis- 
tribation of the forces acting, but only the mean value of the total. 
(13). The crossing of waves in the above took place in the in- 
terior of a moving dielectric. It did not, therefore, involve any 
reflection. Reflection occurs when a wave passes from one medium 
to another. The transmitted wave differs from the incident, and 
there is in addition a reflected wave. In the figure XX is the inter- 


face of the two media, of which the one on the left is ether, at rest, 
and the other is material, and moves at speed w from left to right. 
Or, we may call them air and glass respectively. The arrows show 
the direction of motion of the waves, indicated by H, incident, H, 
reflected, and H, transmitted, the H, wave being put on top of the 
H, wave, because they are of the same sign, and H, +H,= Hs. 

Now E and H are continuous at the interface when it moves as 
well as when it rests, therefore 


E=E,+E,=Es, H= H- H: Hs, (57) 

E, = voi, gg Ez = uv Ha, Es=uwH;, (58) 

where vs belongs to the ether, and w is the wave speed in the glass. 
Let P,=2T,, P,=2T,, Ps=2Ts, 61659) 


be the longitudinal pressures in the incident, reflected, and trans- 
mitted waves. We know that UI ITI, U,=T, in the ether, and 
also Ts=Us in Lorentz’s modified form of theory of a moving 
dielectric, wherein the polarisation Is is given by Ia = ci Es B=), 
where ci =- c the excess of the permittivity of the glass over that 
of the ether. 
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It follows from (57) (58) that 
He vo 20 Hs 2v 
H. otw Hi vu . 
The rate of loss of energy from the waves, by consideration of 
their speeds, and lengths, is 
Waste P (vo- u) P,(v9+1+)— P3(w—w) 
=(P,—P,)vp— Psw+(Ps—P,— Pa) a. (61) 
But here it may be shown that (PI Pz) vo- Pszo, meaning the 
same as EH EH, so we have 
Waste (Ps— P,— Pa). (62) 
A remarkable thing about this formula is thai it is in form exactly 
the negative of what we would naturally expect from the pressures 
at the interface, that is, the resultant force P;— P,— P: in the posi- 
tive direction indicates that it acts in the direction of the rise of 
pressure. But, actually, (62) does not show tho distribution of the 
force. There is a force at the wave front of the Hs wave, and 
another at the interface, and (62) shows the resultant. 
Putting Ps and P, in terms of P, we can get various forms of 
expression. Thus, 


Waste=2Pyu = Puff = 2uuH,H, 
1 


=4Psu( 1— 607) (1I52/ ci) u. (63) 


The last form is noteworthy. The only convection of energy is 
that of the polarisation (electric), and the waste of energy from the 
wave=convection current of polarisation energy. The first form 
gives the waste in terms of the incident energy. Then the only 
trouble is with w. Its formula is 


w= V= c u]. (64) 

The distribution of force will be considered in the next section. 
(14). Consider tbe passage of a pulse from one medium to another, 
when both are polarisable, though to different extents, and both 
move together through the ether at the same speed. The same 


figure will do for reference, but we must modify the notation some - 
what. Thus, 


Hi H. = Hz. 201 Hi 20 Hz: = 03H, (65) 
express the continuity of H and E at the wave-front, combined with 
Ei = Aο⁰ HI, E,=—pw, Hz in the left medium, and Es = us Hs in the 
right medium. 
The rate of loss of energy from the waves may be estimated in 
the same way as before, with one change; namely, that in the 
region from b to c which is occupied by the incident and reflected, 
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the sum of the mutual electric and mutual magnetic energy of the 
two waves is no longer zero, as it was when the left medium was 
unpolarisable. The waste is now 
Waste= (w, +w) Pi — (w+ u) P,— (w— u)P 3 (66) 
where P,=0U,+T,=2T,, P= U. ＋ T. = 2T., 
P. = (Ui Ust Ui). (UI +0 3+ Ui ＋ (TI TT. T.). (67) 
The quantity with the suffix ¢ is the electric energy of the ether, and 
withthe suffix m that of the matter. Equation (66) is now reduced to 


Waste 2T, (% — u) 2T. (10, + u) 2T, (10 — u) 


—(w: +u) (U+ Tis), (68) 
and here the value of the mutual terms is 


Ti+ U,,=4H,H,+¢,E, E+ c,(E,—«B,) (E,—«B,), (69) 


which reduces to 
T 12+ Ui: uH, H, x ec. (70) 
The next question is the value of 2T,w,—2T,w,—2T,w,, which 
was zero when the left medium was unpolarisable. Examination 
shows that the value is now 


Pi (wy— We) (W3—W,) 


ua = — uH, H, (w, —w,). (71) 
Lastly, the remaining terms in (68) are 
—(2T,+2T,— IT, )u= WH, H. u- Pu, (72) 


Adding together (72), (71) and (70) multiplied by — (10, Tu), the 
result is 
Waste TI .(wco/e) [1—He, u(t, + u)] (78) 
== BT 12(ueo/¢) [1 —uco w8/e— hue, w(w, + ws)], (74) 
where Tia HH., and the three c’s and two wo's refer to the left 
medium. The right medium comes in through TI, involving the 
ratio Hi /H, given above, which contains ws. 

(15). If we make ci O, we come to Waste=2T,,.u, as before found, 
equation (68). We can now confirm (74) by examination of the 
distribution of force on the matter, and this will of course cover the 
simpler case. Use the force formula (52), or 

F= (8/8)[B—41%(de, dz), (75) 
which is valid because u does not vary with x. Here I is the 
polarisation, and c, the excess permittivity. The only place where 
c, varies is the interface. 

The force at (a) in the figure is 

—(w,—u)1,B,=—I,7/4, because II = (I- u) B.. (76) 

Similarly, the force at (d) is +1;?/c,s, where cis is the right hand 
c, At (e) the corresponding terma are zero. But the variation of 
ei gives the force 

4c, (E—uB)?— 4e19(Bg—uBg)?= (¢,/e12— 1) 413?/crs. (77) 
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Lastly, there is (b), where there is a jump from I. Bi to IB. Here 
6/6t=(w,+u)d/dz. So the I,B, part of the jump gives 


( 2 10) I. B:. 12 /i. (78) 
The J.B, part gives 
(Wau) IZB (wa T2) III: / Lei (01 )] (79) 
The Ii B. part gives 
(u. u) II I./ Lei ( )] = IIIz/ ci (80) 


Collecting all these partial forces, we get 
—2U, +2U:+ U, + Ur U,,—U,;—2U, 


+U,(w + 20) / (wi u) — Ui (81) 
on the temporary understanding that these U’s are all polarisation 
energies, 

=—U,—U,+U,+ U(w tu) (w — w). (82) 

This may be reduced to 
Tia LI T new w — nue (w: +%)?] (83) 
= T,.(2éq/c) [1— uueg, /c huuc (w,+w,)]. (84) 


This being the resultant force, agrees with the formula (74) for the 
waste. The reductions were rather troublesome, but the tribula- 
tion is at an end. 
We can check by the alternative formula (53), or, with u constant, 
F= Bél/dt—(d/dz)U,. (85) 
For the second term goes out by summation, so that the total force 
is T B(ôI/ôt). The term at (a) makes —I,?/2c,; and that at (d) 
makes ＋ 13/20. But there is nothing at the interface, whilst at 
(b), B jumps from B. to B,+B,, and d I/ qt (wd /d, where I 
jumps from I, toI,+I,. Now 


(w T | (B: T B77) I,dx=(w,+) (BiI:＋ BB. I.) 


EE wtu_ I’, (88) 
ci w—u 2c’ 
so the total comes to 
—I,9/2c, + 1,?/2c,,— 123/20 + (III: / oi) ( u (w, -u) l. (87) 
Compare with (81). They agree. Remember, however, that the 
distribution of force is not correctly given by the quantity summed 
up here. Only the total is correct. 

If we put c. O and destroy the polarisation on the left side, the 
matter on the left side becomes electrically non-existent; so, 
whether it moves with the polarisable matter on the right side or 
not is immaterial. This is, for the man in the street, the explana. 
tion why u=0 on the left side along with c,=0, gives the same re- 
sults as u constant on both sides. 


(16). A rather striking property appears when a plane pulse is 
sent through a moving dielectric, according to the above specifica- 
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tion, which is suitable for waves which are not too short. Let the 
“ glass be of finite depth, and the surrounding dielectric be ether on 
both sides. The to and fro reflections within the glass, combined 
with partial transmission at each boundary, make the incident 
pulse be the source of two trains of pulses outside the glass, one 
train transmitted in the further medium, the other reflected back 
into the first medium. If the depth of the pulse is less than the 
depth of the glass, the pulses in the two trains are separate from one 
another. The intensity of the pulses in either train decreases in 
geometrical progression. Now the striking thing is that if all the 
transmitted pulses were superposed, the result would be the original 
incident pulse. On the other hand, if the pulses in the train on the 
other side were superposed, the result would be zero. I have some 
vague recollection that this property is known when the glass is at 
rest. Itis also true when the glass moves, as may be easily shown. 

Let r be the coefficient of transmission of H from air to glass on 
the left side; s the coefficient of reflection from glass to glass on the 
right side; o the coefficient of reflection from glass to glass on the 
left side, r the coefficient of transmission from glass to air on 
the left side ; p the coefficient of transmission from glass to air on the 
right side; and q the coefficient of reflection from air to air on the 
left side. Here “air” represents ether, and the incident pulse 
comes from the left side. The wave speeds in the glass are w, to 
the right, and w, to the left. 

The fraction of the incident H, which is transmitted is 


ro+rsop+receop+ ...=rp(l—8c)—}; (88) 
and the fraction of the incident H, which is turned back is 
q-+rer+recsr+recsosr+ ...=G+rsr(1—ao)—}, (89) 


The six coefficients are to be found by the continuity of H and E at 
the two interfaces, together with E= Anwi H or —yw,H inside the 
glass, and E= + uH in the air. Thus, 


= 20 — 201 = n Vaw 90 
: wtw, 4 tw," vot w G00) 

_ __ Yo 2 — w+ w: WtW 91 
d vo 501 á Ut w, j vo w On 


From these values, the result in (88) comes to 1, and the result in 
(89) comes to 0, like life, as was remarked before. This proves the 
property described above. 

The pulses in the glass of course attenuate to 0, but the two 
trains of pulses in the air persist until some change of conditions 
occurs. We may also use the above coefficients to find in what 
ratio the energy of the incident pulse divides between the two 
trains. We must sum up the squares of the terms in (88) and (89). 
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(17). The moving force exerted by radiation on an interposed 
plate of glass requires the consideration of the to and fro reflections 
in the plate itself, and this means a study of the complete solutions 
on the left and right sides, A synthetical construction is the most 
thorough and illuminating, but the same effect is reached, in ex- 
plaining to others, by the shorter process of writing down the results 
obtained, and then examining their meaning, and testing that they 
satisfy all the conditions imposed. So let H, be the magnetic force 
in the radiation incident upon the left side of the glass, H, that in 
the retlected radiation, and H, in the transmitted radiation on the 
right side of the ae Then first, 

—pt 


Sry v, - 

z l 3 -(1_"% (201) (v 2702) 
ts „ fs (- 5 te s (v+w,) WF w) (28) 
give H, transmitted in terms of H, incident. Here lis the depth of 
the glass moving at speed u along æ with the incident wave HI, 
which is of the type Rt -/ v). Also v is the wave speed in the air, 
and w,, 202, the two speeds in the glass, with and against the direction 

of motion of the incident wave; and p is the time differentiator. 

To interpret, expand Hs. 

H,=(1—m) time .A.. f.. . mye 51g... HI. (94) 
Take H, to be a pulse which passes the origin of x at the moment 
t=0, when the left side of the glass is at distance. from the origin. 
Then (94) asserts that H, consists of an infinite series of pulses 
passing & on the right side of the glass at the moments ¢,, fi -+t 
t,+2¢,, eto.; and of the sizes |—m, m(1—m), m*(1—m), etc. This 
is correct, of course, provided that ti is the time of transit of a 
pulse from 0 to x direct, and that ¢, is the additional retardation 
due to one pair of internal reflections, 2t, that due to two pairs, and 
so on; and provided the sizes are correct. 

The sizes are verified by equations (91). It will be found that 
1—m is the product rp, showing the attenuation due to the passage 
from air to glass on the left side, followed by glass to air on the 
right side, and that m itself is the product sc, showing the attenua- 
tion due to reflection from glass to glass on the right side followed 
by glass to glass on the left side. 

As regards ti and ¢,, more consideration is required. Let A be 
the origin, 


(92) 


B the point of observation (x in the above), Ci Di the position of the 
glass at moment tO, and c,d,, c,d, later positions. 
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Now a pulse would take the time / to go from A to the glass 
if it were at rest, but its motion makes the pulse take the time 
y/(v—w), and in this time the glass advances to cd, by moving 
forward the distance / / (v— u), when its distance from A becomes 
yv/(u—u). The pulse then takes the time l/(w,—u) to traverse the 
glass, which has then the position cd, having moved through the 
distance Tu / (bi u). The time taken from A to the right side 
of the glass is therefore y/(v—u)+l/(w,—u), and the right side is 
then at distance yv/(v—u)+ lu / (01 - u) from A. Finally, if x is the 
distance AB, we have 


FFC t] 


x—l l u 
man) © 
This settles fi. But if there is a pair of internal reflections, the 
time becomes 

yey ty E E -( ) 


v— 2 201 — ½ Wath wu v - % 20 — ½ Wet 


-e -e 0 


yb 


where tg is as defined in (93), and i in (92). Similarly, if there are 
n, oscillations of the pulse in the glass, the time from A to B is 
ti Tnotz. Thus (94) is fully proved, so long as B is on the right 
side of the glass. It is most convenient to have the origin always 
on the left side, so that y is positive, and the disturbance at the 
origin, 7.6, H,= f(t), commences after the glass passes the origin. 

(18). The corresponding reflected wave is of the form H,=g(t+<2/v), 
so we need only find Ha, the value of the reflected disturbance at 
the origin itself, in terms of Hie, the incident disturbance at the 
origin. Thus, 


=U -t. I: . 
alae immer 4 vfu (97) 


Here ts is as before, and 3 in & is the distanco of the left side of the 
glass from the origin at the moment f. To prove, expand. Thus 

Ha- II- (mje? m1 —m)e 2042... ] Eu (98) 

v 201 i 

which means an infinite series of pulses, when H, is a pulse. The 
coefficients may be checked by equations (91). The Arst one is that 
of air to air on the left side, and the rest show the modifications 
made by the internal oscillations. 

As regards t; and t,, it may I think be confidently predicted that 
the present tz is the same as the former one, but both tg and & will 
come out in the following. The time a pulse takes to go from the 
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origin to the glass is y v—w)-', and when it is at once reflected it 
takes the same time to go back to the origin; so f,. 2% (v . But 
in this time the glass has moved on the distance 2yu(v—w)—!, there- 
fore z= y+ 2yu(v—w)-}=y(v+u)(v—u)—'; therefore the time from A 
to the glass and back to A is f. 22 (Cui. But suppose that x, 
internal oscillations of the pulse intervene between its first arrival 
at the glass and its final departure. In every oscillation the glass 
advances the distance wt., so that the time from A to A is 


W + mts (14%), (99) 
where the additional term nofzu / v is the extra retardation due to the 
increased distance the reflected pulse has to go. We must now put 
y in terms of z, which is the same for all the pulses, whereas y 
varies from pulse to pulse. We have 


iy YU Net. vty u 
g= (+ nuts) + (4+ not) =O mgt, 1+ 505 (100) 


v1 v 
therefore EE. (101) 
v—w v+u v 
Put this value of y in (99) and we get 
2z 
at | 1—5 )= t. T nots (102 


This completes the proof of (97). 

(19). The final simply periodic solutions are interesting. Take 
H,)=/ sin nt, then p ni in (92) and (97), using the condensed forms 
for H, and H, We get 


E= (Im) (I- cos nts; sin +(1—m) sin nt coe, 
OU wy j 1+ m?— 2m cos nt, [nc 1155 


H,=(1— m) (=m) cos nés ein m ein nts cos, fi), (104) 


1+m?*— 2m sos nt; 
of which the amplitudes are 


vw, 2(1 — cos né,) 
amp Ea T Aea 0 
8 (l—m)h (106) 


(1 +m?—2m cos nt)! 

By (105) we see that the reflected wave vanishes when nf, 
2x * integer, or 0. When this happens (106) shows, as it must, 
that amp H. =. At these frequencies, the transmitted wave copies 
the incident wave, unattenuated. The same is true for any periodic 
incident wave, when the period is 13, which is the time of a single 
oscillation in the glass, modified through its motion by the factor 
(1—w/v). 

This property is best understood by making the incident wave be 
a series of equal pulses of period t, The reflected wave due to the 

VOL, III. EE 
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first, or leading pulse, is a series of pulses of which the leader is 
positive, and all the rest are negative, the sum of their intensities 
equalling that of the leader. The same is true for all the following 
incident pulses. Superpose them. Then we have 


1, -—Q-—m), —m(l—m), —m2(1— in), —m\1l—m), ......... 
1, — (I- n), — ml— m), —mX(I—- m)) 

1. — (i- m), m- n ) . 

1. (i- m ) 

| ˖ö; . 8 


Add up the columne. The result is 
1, mn, ind, M, m. 

which, multiplied by (v—w,) (v+-w,)-!, show the intensities of the 

reflected pulses due to the incident pulses of unit intensity. Since 

m is less than 1, the final result is O. That is, any periodic incident 

wave of period ¢, produces a reflected wave which attenuates to 

zero, whilst the transmitted wave rises to full strength. 

It is not so simple when the period is not such as to make H,=0 
finally, but in any case the solutions (103), (104) are only what is 
tended to finally. The full history of the establishment of the 
periodic state is given by the expanded operational or differential 
solutions previously given, and may be followed term by term. 

The frequency of H, and H, is the same, viz., 7/27, but this is 
not the frequency of H,, and that in the glass itself is different 
again. Thus, for H,, let z=a-+ut, then 


7 
met y=n[ -u anf ee... ], ao 
showing that the frequency is lowered to (n/2x) (v—u) (v+wu)-}. 


But in the glass itself, first turn ¢ to fru, to make the reflected 
wave, and then give x the value z; this makes 


nf (ett — I 1-%)¢, (108) 


showing (n/27) (1—u/v) to be the frequency in the glass. This is to 
be confirmed by making x=z+} in the formula for Hs. Thus, 


n(t—t,)=n(t—2 +...) =n[ (15 +: —1 (109) 


It is curious to see how the change from n to n(1—w/v), and then 
again to n(1—u/v) (1-++-w/v)— takes place. 

(20). Now as regards the moving force on the glass. This is to be 
estimated by the rate of loss of energy from the waves. The value 
of (Ei- E:) (H,+H.)—E,Hs=«o(H,?—H,?— Hs“), (110) 
at the glass surfaces is the rate of supply of energy to the glass, to be 
accounted for electromagnetically and mechanically. But in the 
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final periodic state, the electromagnetic state of the glass becomes 
regular and periodic, so that the mean value of (110) then repre- 
sents the mean activity of the force on the glass. With frequency 
n/27r, the given formulas (105), (106) for the amplitudes, when 
squared, and divided by 2, make 


21 T-] 201 —cosntz ) (1 m) 
% [2 (ee) Im- 2m cos nt. In- 2m cos nts 


— pone TN Fu 151 1 cos nt, 
vu 5 v0 v 10 / 1＋ m- 2m cos nts 
2 U—w, 4% v2 — 202) 1 - cos nts 

(i)? ru In- 2m cos nt, 

where w is the speed in the glass at rest, or ucw?=1. Divide (111) 
by u to obtain the mean force. Owing to the syntonic factor, it 
varies widely with the frequency. It is zero when there is no 
reflected wave. 

When / is small enough, we may put i wu. Then 


Mean forde- 4% / N 1 - cos nts 
e (Er) I1＋ in- 2m cos nt, (112) 


Take cos nfs=0, and then again=—1. The results are 
| une (Vw)? (8 905 
67 ＋ (e+ wy: Fwi 
where $uh’=mean density of the incident energy, say P. The 
value of the force rises very fast as w falls off from v, when it is 
zero. When w=}v, the value of the second of (118) is 1-44P. It 
is less than P when w=3v. It is P when 8w?=v?, 
If, on the other hand, the glass is so deep that only the left side 


need be considered in estimating the energy, then the mean value 
of uv (Hi? H:) comes to 


Pof 3 P. Ary (114) 


uli (11 1) 


and = Quh? (118) 


V+W (+w, 

in which the value of w, may be inserted, and the result divided by 
u to give the mean force. When w, has its least value u, then the 
force is 4P. This may be contrasted with the result (11), p. 188. 

(21). It will also be of interest to find the total force on a glass 
plate of finite depth due to a single incident pulse of depth small 
enough not to cause any overlapping in the train of reflected pulses. 
If H, is the magnetic force in the incident pulse of unit depth, its 
energy is HH.“, and the energy in the transmitted train of pulses is 
the space integral 

TuHs = HI - % n + mt +...) = nH, 1—m)(1+m)- (115) 
But in the reflected train the pulses are of depth (v—u)(v+4u)-1. So 

VOL. In. E E2 
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the sum of the energy densities in the pulses must be multiplied by 
this factor. This makes 
TH, = Hz . 41) L+(1l—m)*?(L+m?+m'+.. 3} 


v—wu\v+w 
= 2 Ute 2 Ju- w.? l 11 
eH,’ 1 = Tem sa) ° (116) 
The loss of energy is the excess of AH? over the sum of (115) and 
(116). The result may be reduced to 


3 2 - 1 F - u v+ut—v, 
1+m arate Crag v-u v+u (117) 

It will be seen that the force exerted by radiation upon an inter- 
posed body cannot be definitely specified without a knowledge of the 
electrical properties of the body, and also the nature of the radiation. 
Moreover, it is not necessary for there to be any “ absorption“ of 
energy in the body, as ia black bodies. On the other hand, in 
Maxwell's electromagnetics, the pressure of radiation” is a quite 
distinct idea, being a particular form of the stress, namely, the 
eolotropic pressure which corresponds to the mechanical forces 
exerted upon electrification and electric current and magnetic 
current. 

(22). In connection with the above, the action of radiation upon 
electrons free to move in the ether is deserving of consideration 
briefly. When a plane pulse passes an electron which cannot move, 
nothing happens. The pulse goes on its way unchanged, and the 
electric field of the electron remains the same. But if the electron 
is free to move, move it will, and its field will be joined on to that 
of the plane pulse by a spherical pulse for ever after, and the electron 
iteelf will be in permanent motion. 

The force on the electron at first is Ep, if E is the electric force 
of the pulse, and p the charge of the electron. This force moves it 
in the plane of the pulse. But once in motion, it also represents an 
slectric current pu, if u is its velocity. So there is an additional 
force pVuB acting on the electron, if Bis the induction of the pulse. 
This new force is at first parallel to the direction of motion of the 
pulse. So the path becomes curved. The equation of motion being 

p(E+ VuB) = M. (118) 
where M is the “ momentum” of the electron, if we could write 
M- mu, with m a constant, we should have 

VB Y- u) = mum] v), (119) 
and by multiplying this by v—u, it would follow that }m(v—u)* 
was constant. So the speed of the electron referred to origin 
moving with the wave front of a very deep pulse would be constant, 


nH, 
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and the path would be a circle with centre at the moving origin. 
The speed would vary from 0 to 2v. But this would be electro- 
magnetic nonsense, because M=mu with m constant, is only 
approximately true when the velocity and the acceleration are both 
small. So only the beginning of the path is obtainable in this way, 
the first small arc of the circle, nearly a straight line. The solution 
from the moment ¢=0 when the pulse first reaches the electron 
is, if p=d/dt, a VoB/ 
Ve Vo B/ 

4 p+ Vg 14 VeBimpy = 
which, expanded by division, and noting that VBVB= - B? when 
the operand is v, makes 

u=Vv+(i, sin —iscos)(eBt/m), (121) 
if j, and i, are unit vectors parallel to E and v. The circular speed 
is Ep/m, but as before said, this only applies to the beginning of 
the first circle. 

But if the pulse is not deep, and has passed the electron before 
it has sensibly moved, the force-impulse on it is Epr, if 7 is the 


depth of the pulse. So 
Epr =M. (122) 


Given u, M can be calculated for the particular distribution of elec- 
trification assumed for the electron. Say M= mu results, then u/v 
may be about 0'9. If p/m=1°75 x 10’, the voltage in the pulse is 
923,000 volts. But calculations done this way are not complete, 
for the validity of the M formula depends upon smallness of 
acceleration, even when the restriction to small velocity has been 
removed, unless M is specially calculated for impulses or large 
acceleration. 
The force on an electron p in the progressive field E vB being 
VB(v - u)p =i, B(v— us) ＋ is Bui, (123) 
where , refers to the E axis, and s to the v axis, it is visible at once 
that if v=u, there is no force on the electron. This is a sort of 
dynamic equilibrium. It applies to any sort of one-way radiation. 
Swarms of electrons may be travelling with the radiation, and might 
indeed be regarded as a part thereof, only then we should have to 
distinguish between radiation without and with electrons. It may 
be inferred that electrons placed in radiation tend to assume the 
state v=u, by the action upon them of the radiation itself. But if 
u is made to exceed v, then, as shown before, a resisting force of a 
Gissipative nature comes into play, and sends u back to v again. 
Thus the equilibrium is of a peculiar nature. Note also that v= us 
makes the force Bu, in the direction of v. But this implies that 
«>v, if the transverse ui has any existence, and so there is a 
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resisting force again bringing u down to v. Also note that v=u, 
even momentarily, has the effect, through the is term, of making 
v—ws be negative, so that the supposed j, velocity falls. 


The Electromagnetic Circuital Equations and Connected 
Matter. 


§533. (1). By far the best way of treating the Faraday or second 
circuital law is to take it as an experimental fact, proved roughly by 
Faraday, and capable of much closer proof by telephones, induction 
balances, and general consistency of results. For a fixed medium 
the mathematical expression is —curl B= B for an infinitesimal 
circuit, and the meaning is quite simple, as explained in vol. 1. 
But it is by no means so clear when a circuit through which the 
induction varies is in motion. For in a comprehensive theory the 
ether must be taken into consideration as well as the moving matter, 
and the question at once presents itself what their connection is. 
The ether may rest or move, and so many different forms of resul- 
tant circuital equation may be imagined. By the construction, not 
of the circuital equation itself, but of the term VqB in Maxwell's 
equation of E. M. F., it may be inferred that he supposed the ether 
to move with the matter. At any rate, by curling his equation we 
remove the indistinctness and obtain the equation — curl (E—e)=B, 
in which e= Va, and this form does really express Faraday’s law 
for a single medium, meaning thereby that the ether and the matter 
go together. Along with this, there comes naturally a similar 
alteration in the first circuital law, curl H=D for rest becoming 
curl (H- h) = D, where h= VDgq, when there is motion with velocity 
q. This term was overlooked altogether in his treatise by Maxwell. 
More for the sake of definiteness than anything else, this system 
was followed in vol.1, having previously used the same definitions 
of e and h in 1885. 

(2). At the other extreme is the alteration in the motional mag- 
netic force h made by H. A. Lorentz. Assuming thai the ether is 
entirely at rest, he arrived at hi VDiu, if u is the velocity of the 
matter, and Di the polarisation, or that part of the displacement 
which depends on the matter only. This was done by reasoning 
relating to ions and their spacial displacement under the influence 
of electric force. At the present time electrons would be spoken 
of rather than ions. It is some sort of electric separation that is 
involved, at any rate. But if the electronic idea were really neces- 
sary in the argument, it would follow, since no magnetons to 
match have been found, that there would be no similar change in 
the first circuital law, and, in fact, the author of this revised h, 
(instead of h) made no such change. 
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But if we can clearly come to h,=VD,u without the electronic 
idea, but as a necessary term in the first circuital equation to 
express the Maxwell law if the ether rests, then the absence of mag- 
netons becomes of no importance in the argument, and the same 
reasoning applied to magnetic instead of to electric polarisation will 
show that e in the second circuital law must be altered from VqB 
to e,=VuB,, where Bi is that part of the inductioa which is asso- 
ciated with the moving matter. 

Moreover, the more general case of both ether and matter moving 
can then be treated on the same lines. This is convenient even if 
the ether does not move, on account of the convenience in theo- 
retical arguments sometimes due to the relativity of motion. But 
this more general case demands notice also because e, = VuB, would 
make ei O in an unmagnetisable medium. So there is room for 
some speculation here, and a closer examination of results is de- 
manded. 

(3). The most convenient way of making the transformations 
referred to above is the vectorial. Say that msn=1, where n is an 
infinitesimal area defined by its normal, and s an infinitesimal 
length, so that sn is the volume of tho element of space. As for 
m, it may be regarded as the density of matter in the space. 
Differentiate with respect to t, using the moving time-differentiator 
/t. Then 


on „om 8s 
80% tus mg , (1) 
or on „s. us m vd 9 
Bay ng e en ens, 2 
if q is the velocity of the matter. 
Now here 98 
de a (8) 


a proposition to be proved by inspection of a short line in motion. 
It follows by (2) that 


97 —n.va—v(ng)=V.Vvn.g | (4) 


where the under dots indicate the vectors on which v operates. 
The two equations (8) and (4), expressing the rates of time varia- 
tion of a moving linear and surface element, are very useful 
formulas. 

(4). Now let B, be the induction (density) in a medium, say the 
ether, supposed to be moving at velocity d. Then Bm is the in- 
duction through the area n, and its variation is given by 

29 Fo Bon. va- n. f. v. a- ad vB. na. v5. 
=n{B, + dv. B. VV VdB. l. ö (5) 
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So, starting from the fundamental VyE= Bi, if this is to hold good 
for a moving area, we come to 


-nVvE= nB = nl. . d. vB. Vov d. (6) 


or —Vv(E—VqB,)=B,+4.vB, (7, 
which is the transformed circuital. If a single medium is con- 
cerned, then we may put yB,=0. 

But suppose there are (effectively) two mediums, one carrying 
the induction Bo, the other B., and we apply the Faraday principle 
to both together. Let n, no, nr be identical at the moment t, but 
that n becomes n, for one moving medium, and n, for the other. 
Then 


—nVyE= Gln. B. . nB (8) 


expresses tho Faraday law, and is, by the above, the same as 


— Vy(E- VqB, - VuB,) - Bd. vB. u. vB., (9) 
which is the resultant circuital equation. To avoid magnetons, we 
also require VB,=0, vB,=0 separately, in general, to secure VB =0, 
if B is the actual induction. 

If there is a real convection current w.yB, we must add 
(w—@)VB,+(w—u)vB, to the right side of (9), making it become 
w. vx(B. T Bi) w. vB. 

It will be seen that (8), (9) may be extended to any number of 
interpenetrating mediums. The other circuital equation, derived 
from curl H= is obviously 


Vv(H—-VD.q— VD.u)- Bd. vD. A u. vo., (10) 
to match equation (9). 
(5). The motional electric and magnetic forces play the part of 
impressed forces in the primitive circuital equations. So let 
eo=VaB, e=VuB, by=VDa, hi- VDiu, (15 
D. Cok D,=¢,E,, Bo Hols B, = mH, (12) 
Here co and jig are the permittivity and inductivity of the ether, 01 
and mı the additions made when matter is present; and B and H are 
the electric and magnetic forces in the ether, according to 
BB. T B. HA; H., D- DoD. ET IE., (14) 


where B and D are the resultant induction and displacement. It 
is supposed that c) and u move with the ether at velocity q, whilst 
oi and m move with the matter at velocity u. A fixed reference 
space is implied, in which the ether and matter move. 
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The circuital equations are then 
VvH=D+Vyh+Vvh, (15) 
- VvVE=B—Vvye- Vve (16) 
where no convection term is added to represent electrification 


moving, which may be done separately. Multiply the first by E, 
the second by H and add. Then 


—VVBEH= ED+HB+-.. 
=U + T +Ua+Tn—eDi — hB, 
-vVEh + hoVVB— —yVE,h, + yVehb, +h, VvE 
+vVHe,-—e,VVH+VVHie.—VvVhe.—e,VVH. (17) 
By rearrangement this makes 


—vÍVEH + Vh,E + Vh, E, +V He, VH: ei] 
=U+T+U,,+1,,—eD, —hB, 
+ (hy +h, )VyE—(@)+0:) VVH +y(Veh, + Ve,h). (18) 
Here U and T are the electric and magnetic energy densities, and 
Ua: Ta are their time rates of increase so far as ci and vi are con- 
<erned, that is, for example, 
E,D,=E,¢,E, + E, E= Ù, + Üa $ (19) 
Uq=4E 2c, = U,0,/61. 
Now we have = ae 
VhoE =VEVqD, =a(EDo—E.D,) (C PO. 
Vh,E,= VE, VuD,=w(E,D, — Ei. Di) =u(U, + Pi), (20) 
VHe, = VHVaB, =q(HBo—H.B,) (To O00. 
VH,e,= VH. VuB,=u(H, B,— H, .B,)=u(T,+ Q,)- 
These represent convection of energy and activity of stresses, if 
= 4ED,, U,= 1 Ei Di, T= 4HB,, T,= 1H. B,, (21) 
are the energy densities, and 
Po U- E. Do, P,=U,—E,.D,, Q To- H. Bo, Qi T. — Hi. B., (22) 
are four eolotropic pressures, the negatives of eolotropic tensions. 
The left member of (18) is therefore the same as 
—V[VEH +q(U)+T)+Pot+Q.) +u(U,+T,+P,+Q,)J. (28) 
Since this is the convergence of the flux of energy made up of the 
Poynting flux, the convection of stored energy, and the activity of 
tha pressures, the right side of (18), after the U., and T ui terms, 
should be the mechanical activity, though a part may be involved in 
o and u, not at present in question. The remainder is the same as 
—eD,—hB,— (ho- hi) B - (ec ei D- (ho hi) VV +e) 
(ee ei) VV cho hi) v(Vehi Veb), 
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which may be written 
=- eD, —hB,— (eo e,)D— (ho- h, B 
+y[Veh, + Ve,h+ Vieo+e,)(hy+h,)]. (25) 


In this, put the e’s and h’s in terms of the fluxes and velocities, by 
(11) to (13). The first line easily reduces to 


VDB—VD,B,]+4VD,Bo. 26 
Similarly, using ul Bo] +4 V DOB (26) 
=V(u-q)By h=VD,(u—q), (27) 
the second line in (25) reduces to 

v[u.u: VDB— VD,By)] +v[a-4VD,Bo)- (28) 

So, finally, the mechanical activity is 

d ar. d . 

＋ (ug vn: j (M N10 E (ag: via.) My 29) 


where M= VDB, M,=VD,.B,. Here M is the complete quast- 
momentum, and M, the etherial part. Or, as on p. 191, 


=uF.+qF;,, (30) 
if F.=(2+uv+va+y.1)(M-M,) 
r- ( vv 4M. (81) 


These indicate the activity of the forces per unit volume ; on the 
moving matter and on the moving ether. Compare with p. 148, 
where a similar result is obtained for a singly moving medium. 
The extension to any number of mediums is obvicus, though the 
utility thereof is not. 

If q=0, the term Fod goes out of existence. But this is the limit- 
ing case of an ether kept rigid. It does not mean that Fo is zero. 

If u=q we have the extreme case of ether carried with matter, 
the velocity of the ether away from the matter being left arbitrary. 
In any case we require a standard fixed space for reference, not 
that actually defined by the configuration of the ether at a given 
moment, because it cannot be at rest in its innermot parts, even 
though stagnant on the whole. But the standard fixed space is 
only necessary for convenience and definiteness. 

(6). The above forces are not the same as the pressure-forces, 
meaning the forces derived from the four eolotropic pressures, two 
electric, two magnetic. For take the case of Qo. We have 

-vla(T.— H. Bo- H. Bov. - Toya 
+q(H.vBo+ V.VoH B. — vo To], (82) 
80 the activity of the pressure · foros is 
al v. VVE. D. V. VVEH. Bol ul V. VVB. Di V. VyHi.- Bi] 
＋ 4 — vn T0 — VoU ot E.vD,+ H.vBo} 
+ul—VviiT.—Va0.+E,.vD:+H,.vB,]. (38) 
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Disregarding the second and third lines, which ave concerned with 
variations in » and c and with divergences of D and B, the first line 
may be transformed to 

— (by +h,)B— (e. He) -h. Vye — e, Voh+vV (e+ ei cho: hi). (84) 

Taking this to be the complete pressure-force, deduct it from (25). 
The difference may be reduced to 

=—0(D, + Vvh,)—h(B, - Vve) - — (0J, t hGi, (85) 
where J, and Gi are the polarisation currents, with allowance made 
for the distortion due to the motion. 

The pressure-forces and the former forces are therefore the same 
ife=0, h=0. This would mean either u=q, or else that the polari- 
sations were exactly proportional to the etherial electric and mag- 
netic forces. 

With e and h left unstated in form in the equations (18) above, 
we may construct the activity equation 


eJ, ThG- W- U F Â Ue, + Uot Mgt Mal 


—q7(Po+Qo) - uy(P,+ Qi). (86) 

where W=VEH-+-4q(U,+7T,.+P,+Q,+10(U,+T,+P,4+Q,). (37) 
This is quite symmetrical, and if e andh are regarded as intrinsically 
impressed forces, is the standard form, e acting on J, only, and h 
on Gi only. Note that 0/d¢ is the moving time diferentiator, that 
is d/dt q or else ddt uv; and that only co, ci, Mos p, are 
differentiated. Also that the co-factors of d and u are the corre- 
sponding pressure forces. They are exhibited in (33). 

Reverting to Lorentz's form for e, and its magnetic analogue, 
we have ei Le- VuB, curl (H,—VDu)=D, (88) 

hoth,t+h=VDu, —curl (Ei- VuB) B; (89) 

which are rather neat, but need some expansion for practical use. 

(7). The electromagnetic equations of activity are very interesting 
to contemplate in relation to the similar equations in an elastic 
solid or fluid, especially in the obtrusion of the VEH term, of un- 
known meaning in E and H. 

In an isotropic solid or fluid without viscosity we have 
| vl UO TYP, al- UN T, (40) 
if U and T are the stored potential and kinetic energy, q the 
velocity, and P is the pressure, isotropic or eolotropic for a fluid or 
solid respectively. But if a fluid, then we may eliminate either U 
or P, when P is a function of the density m only. For then 


1 
* * (P-P)dV, it vm = vol. of unit mas; (41) 


» P—P . 
= m J n am, if Po and mo are standard. (42) 


428 ELECTROMAGNETIC THEORY. CH. X. 


By differentiation è 
d U P—P, dU _ 
da ae or a U+P, (43) 


throwing away P, as unnecessary. So (40) may be written 
du 4 _ vi m__ of (T, aU 
(dn a] U+T | (stam ma | ; (44) 
But in general P is too useful to be eliminated. 
The equation (40) splits into two. For 
oU Y em. aU 


oTi ae “OE mvq. an —(U+ P)vq, 
therefore Pv. g= Ù +v qU). (45) 
Sımilarly, —qy.P=T+y(qT). (46) 
Adding these two, equation (40) results, or an equivalent, namely, 
U 
rc - 9g (0 +T)vq. (47) 


In a solid, (40), (47), and the splits (45), (46) are just the same, with 
the notation for eolotropic linear transformers adopted in my Vector 
Algebra and Analysis. 


(8). Now pass to the etherial electromagnetic equations, with u, 
c, and m variable. They are 
29 B 
vo- -O-. va. —WE="2—(By—B.via, (48) 


from which comes the activity equation 
OD NB 
VH EH H q- E. Do. 4 H. Bv. q). 2 T) vd, (a0) 
which may be transformed to 
—yVEH=U+T+ vix UT T)] rv. -A 7 TIn (50) 
where U and T are now the electric and magnetic energies 4ED 
and HB, whilst P is the eolotropic pressure defined by 
P=U+T—E.D—H:B. (51) 
Noting the presence of Py.q in (50), we may convert it to 
—v[VEH+4q(U+T+P)}=U+T+Fa+— 987 97 (52) 
where F is the moving force —vP. (If the stress were rotational 
we should have to write — Py.) 
(9). The interpretation of the Oct and Qu/G¢ terms may be 
various. For example, if c and u do not vary intrinsically, these 
terms vanish. (But not in an eolotropic medium, even then.) Now 
c and u must, or nearly must, vary with m, the density of the ether. 
A very remarkable case is when they are both proportional to m. 
Then U dc, Tou_U+T dm 
o Ott wot m gt (U+T)va. (58) 
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Then (52) becomes 


—y[VEH+q(U+T+P)]=U+T+Fq—(U+T)vq; (654) 
and (50) becomes 


—vVEH= "0 Pv a. (55) 
Now comes a case of splitting. For if 
Py.q=(U+T)vq or E.Dv.q+H.Bv.q=0, (56) 
the electromagnetic equation of activity splits into two, namely, 


n ous : | 
=P. - eg. H- UF vf. (67) 

This is the case of plane waves in a compressible ether, in which 
the permittivity and inductivity vary as the density, as was dis- 
cussed before. But I do not see how to bring about the distortion- 
less state in general. Nor is there any apparent reason for the 
assumption (56) in the general case, though perhaps Professor 
Bjerknes may make something out of it. 

(10). The parallelism of Riemann’s solutions for fluid motion and 
the case at present in question, noticed on p. 158, is worth exhibiting 
here. The equations for plane waves are 


H. E- (gE), -E. HH), (58) 
where the and - stand for d/dx and d/dt, and g is the speed of the 
medium parallel to x. Or, 


—H’ =cE+gcE'+ E(e+ [cg] Js 
—E' HH; HGA lug]’). 
Now if m is the density, 
m-+-¥(qm)=0= (Ava) m, or m-+[mg]'=0; 160) 


the third form being for plane waves. If o and u vary as m, similar 
equations hold for them, so (59) become 


(59) 


Hadi Lei -e, wattage -u. 61) 


Further defining v by ucv?=1, the three quantities mv, cv, and uv 
are made to be constants. 
By adding and subtracting, we obtain 


(S . ) o. (Ae E). | (62) 


The speed of the positive wave E- ADH is v+q, that of the negative 
wave v—q, the g being contained in 0/¢t. 


(11). Now in the fluid theory, if v?=dP/dm, P being the pressure, 
vm. mg. =? (68) 
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are the equations of connection of m and q. If we make mv=con- 
stant, we have 

m'=(mv/v)'=—mv'/v, and m/ ot - (m/v)ov / ot; (64) 
s0 we can eliminate m, and get 


oq _ov, / „d 9 54 = 
err tq’= 9 (S 5) (e-), (5, v£ )(@+9)=0; (65) 


Compare with (62). Equations (65) are what Riemann’s solutions 
are when mv= constant, which requires 


3 const, or P= const— nt. (66) 
dm m 


A striking particular case is got by making v=gq in the first pair 
of (65). The members of the pair become identical. So vg =. 
when mv=const. is one solution. Similarly v=—q= ge) is another. 
In the first case, the waves are q,=4u at speed 2v, positive wave, 
and g,—q—}w at speed 0, negative wave. In the second case, 
qQı=ġu—q at speed 0, positive wave, and 9g. — zu, at speed 2v, 
negative wave. 

If we eliminate v' and v from (65) we obtain 


2191 oo, 
which looks well, but is not so workable as (65). 


(12). The operator 0/ot+vq. which occurs in fluid and solid 
theory, and in electromagnetics, when applied to a scalar or a 
vector, produces the strength of source of the operand. Denote the 
operator here by (s), and apply it to a few quantities. If m is the 
operand, then if it is scalar, 


(m= 0m. va m vnd). (68) 
This applies to the dady of moving matter, for example. If m is 
made a vector, both forms of expansion apply to the three scalar 
components, but only the first form to the complete vector. For 

example, the momentum mq, 
am = 294 magma dl max (69) 
If sn) =, as usual in hydrodynamics, this reduces to noa / ot. 

as usual also. 


Similarly, if U is the potential energy, 


00 = eO Ta m,) va (70) 


if U is a function of m only. It is sia — P.vq, quite independently, 
if desired, from the idea of pressure. So (70) gives P in terms of U 


by a differential process, instead of the former integrational and 
differential. 
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If T is the kinetic energy, z 
T e E T 2 oq __ = 71 
6 T=TT VAD) mz; a mae avP. (71) 
If ab is a scalar product, 
(s)ab = b(s)a-+-a/s)b—ab.vq, 2) 
and (71) may be done by (72) also, by T madd. 
Again, (s) P, by introducing U, leads to 
Ty 217 2 
(s)P= [ -U+ man mee l ] va, (s)(P+U)= -m7 va (73) 


m dm’ 


When there is impressed force f, it generates momentum and 
pressure. Thus, 


i aU, day UT 64 
fy min- U+ oma=m( vat )=—v va 4 (74) 


(13). In vortex motion (s)Vvq is important, and also (s) V vam. 


Thus, f 09 75) 
m ot’ 
by curling and writing q, for Vvq leads to 
vo- vr(A Vai) =q tarva + qv. qi div. ad⸗ (76) 
= (3) div. d (77) 
vy! m. N 
So (a= VV dd. 41 a (78) 


equivalent to Helmholtz and Nanson, with impressed force added. 
The interpretation is done by equation (8) above. Thus (78) and 


(8) are Iyf Oa. a uO gs 
aa AAT OE mae 0 ges SV. q. (79) 


If the curl of the impressed force per unit mass is zero, q,/m in the 
first equation becomes strictly comparable with s in the second, and 
this s may be taken to be an infinitesimal element of length upon 
a moving vortex line. l 

But I consider Kelvin’s way superior for simplicity and clearness 
physically. Then we take s to be element of length on any closed 
circuit of particles, and consider time variation of the circulation. 


Thus, 
9 2 0a, .08\ _3/,04 524 
2 as)=2 (595 ah (ö Las. 4) — eg, (80) 


t “ot 
by using (79), and then noting that vag? is polar, 
apg VES ts: (81) 
m m 


and the general theorem of curl makes 


(as)=Zan, so Tie-, Tas), Tam. (82 


— 82 — 
m 0 
The above equations contain the leading properties. 
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If we ask. apart from the mathematics, why rotation of the fluid 
elements is simply carried with the fluid, the answer of course is, 
because there is no tangential stress concerned. A wider view is 
obtained by considering waves in an elastic solid. There are two 
sorts, controlled by the normal and the tangential stresses, or by the 
compressibility and the rigidity, with different speeds. But besides 
these wave propagations of motion, there is convection. It is usual 
to disregard the convection in examining the wave propagation. 
This convection is analogous to the motion of vortex tubes in a 
fluid. In fact, if we do away with the rigidity, the corresponding 
speed of propagation is brought to zero, and there is only the con- 
vection of rotation left, that is, the motion of vortex tubes in a fluid. 

Carrying this further, it is natural to abolish the other wave, the 
compressional. To do this, dP/dm=0, or P is independent of m. 
Say, P=0. Now there is simply convection of the compression lefc, 
without wave propagation. In the absence of impressed force, we 
have ðq/ðt=0. Also U varies as m. And T or 4mq’is constant 
for the same group of particles, like U, and d. Also div q. More- 
over, (s) (OUT) = O. The vortex properties are unaffected, though 
of course the character of the motion is different. 


Theory of an Electric Charge in Variable Motion. 


§ 534. (1). On pp. 158 to 167 of this volume, I have given the lead - 
ing results concerning the motion of a point- charge, or very small 
spherical surface charge, when in any state of motion. All details 
of the mere working were omitted, for want of space. That was of 
little consequence to the experts who were the only persons likely 
to read the stuff, and who were. naturally fully competent to work 
out and verify the results. But it came to my knowledge that some 
readers had difficulty in working out the problems. Even making 
due allowance for the difference between working an original investi- 
gation in ignorance of the results, and a verification of the results 
given, there was, on- consideration, some difficulty in the working. 
I shall now, therefore, for the benefit of a larger number of readers, 
work out the problem practically in full, without attempting short 
cuts or making large omissions. 

The problem is this. A point-charge, which will be called an 
electron for convenience, moves about in the ether in any path at 
any speed. Find the accompanying electromagnetic phenomena. 
There are different ways, and the more the better, if they help one 
another. 

(2). The charge, say Q, in motion at velocity u, constitutes an 
impressed current element of moment Qu. Now the magnetic 
force is the curl of the potential of the current. Here, at the very 
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beginning, however, we meet a distinction between the potential 
of a current element at rest, and of the same in motion. It is not 
merely Q that moves through the ether, but the current Quas well. 
The simplest case is that of steady straight motion. This I did in 
1888 by one way, and by several other ways since. The potential 
P of is changed from Q/47R’c to 
= Re 
[1—(w2/v?) sing 
where 8 is the angle between R and u, R being the vector from Q 
to the point of observation, say N. In the figure, Q moves hori- 
zontally; its position momentarily determines the centre of a 
moving field of magnetic force, and also a moving field of electric 
foroe. They are quite symmetrical about the point Q; in fact they 
move with Q as though rigidly attached to it. The magnetic force 
is a new creation. The electric force is not. But it is not the 
same as if Q were at rest, The distribution of displacement is 
distorted. It is axially attenuated, and equatorially condensed. 
Full particulars have been previously given. 


(1) 


Now let z, be the position of Q on the line of motion at the 
moment ti such that 
R= vt fi), 2 
so that the disturbance leaving 2, at the moment ti reaches N when 
Q reaches z, at the moment t. Shift the origin to 21. We have 


R?=R?+R_2RR" 00s, R sin 0=R' sin, (8) 
R R” ; u? A 2 
BE, (- sint) =R(1—% oos 0) (4) 


by elementary geometry. So (1) becomes - 
2/4 Re 
1 (ujv) cos 0 
This looks simpler than (1), but would be less aasy to work with 
than (1) because it is not at the centre of symmetry, if steady 
straight motion is in question. 
Similarly, the H formula is given by the two forms 
„ Qu -u sin e Qu 1-1 / J sin 6 (48) 
4r RI - (//) sin? B]? 4rR II- (/) cos 0)" 
VOL, III. F? 


(4a) 
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(3). If these formulas are to be valid over all space, it is evident 
that Q must have been in straight steady motion for all past time. 
If the charge began to move only from z, at the moment ti, then 
the region of disturbance is confined to the sphere of radius R, and 
outside this sphere is the original stationary electric force. This 
becomes clear when the finiteness of v is remembered. But inside 
this sphere, the new distorted and progressive state of electric force, 
accompanied by magnetic force, is f.lly established. If then, we 
make Q move along a path consisting of a series of straight lines of 
any lengths and directions, the speed being constant in each piece, 
though variable from piece to piece, the state of electric and mag- 
netic force set up becomes fully known by the above in all the 
regions between the spherical surfaces whose centres are at the 
junctions of the separate pieces. Moreover, since the state of 
electric disolacement changes in crossing any one of these spherical 
surfaces, whilst the displacement itself is perfectly continuous, in 
the general sense of no divergence, we can, by taking differences, 
find the electromagnetic state in the surfaces themselves. Every 
one of them const.tutes an electromagnetic pulse, which is a pheno- 
menon of radiation. This will come later in more detail. 

(4). Another way is to derive resalts from the fully worked out 
problem of a growing line of electric current, as done before, pp. 102 
to 117. The results for an element of moving current then follow 
by a terminal differentiation. 

Let dz, be an element of length traversed by Q from the moment 
ti to ti T dei, and let ¢ and ¢+dé be the corresponding moments at 
N, the point of observa'ion. Then the relation between P the 
potential at N when Q moves, and P, the potential when it is at 
rest, is š 

Pdt=P,dt, or P=Pyt,. (5) 


This important quantity ti is the dopplerizer of the potential 
function. It should be noted that the speed s is not 27, but is 
dæi/dti. To find ti, we have, if r is the distance of N from the line 


of motion, 
R?=v2(t—t,)2=72+ (2-21), (6) 
oXt—t,)(1— &)= —(z— #,)%,= a (2—#,)ut,, 
R(1—t,) = — (2-210 ut /v, 
therefore A Si A. 0 


u 1-6 ſ/u) cos ô u 
So the scalar and vector potentials are 


Qt Qui _ Q B 
Ar Re A= ArR Ax R' G0 
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from which the electric and magnetic forces follow by 

E=—vP-,A, H=VvA, (9) 
formally in Maxwell’s manner, but with specially defined potentials. 
The auxiliary conditions are ,-D=0 except at Q itself, where the 
total divergence must be Q, and H= O everywhere. These may 
be tested separately. 

(6. The disturbance leaving Q at zi at moment ti reaches N at 
moment f. Describe a sphere through N, with centre at Q. Then, 
a little later, when Q has reached 3, ＋ di, describe about Q another 
sphere of radius sufficient to reach N. Now at the moment this 
sphere reaches N, the first sphere has expanded, and is wholly out- 
side the second. The space between is bounded by two spherical 
surfaces with different centres. So the shell varies in its depth, 


which is v dt, li (uJ) oos o =v dt, /t v dt. (10) 
Useful subsidiary formulas are 
R=(1— f), R= T vin, R= —ut,, = —ut,—ut,. (11) 
Ad- lip —fi H- Ri]. (12) 
Ru; 2 5 20 (1 — 6) 
R= 448; R= R. bB art 0. (18) 
R R RI ¢ 11 
R. Rö R. R R (14) 
du tp du Riu 
= Us? = op ZU Eu 
ue dt,” a Rae! v» (15) 


Except in the last set, I have not given the working, which is 
plain enough by vector analysis. Note that the acceleration is not u, 
but du/dt,. The symbol Ri means unit vector R. 

(7). Here is one derivation of the H formula, using some of the 
subsidiary results: 


veß- Rü ve R) Ray A h- f 


f R dt 

= t, 1 d VRÈ i, 

= K n R ER 5 4, K R N 
=-3(- VRR 1 


1 49% , A VR uj 
5 art VBui,+5VB(—ut,—w Dt + FEU, 


nu VE af Gui fart ¶H Ri Ruh a1) 


= Ru H r Bu Late a (16) 


VOL. III. 272 


486 ELECTROMAGNETIC THEORY. CH. X. 


So H= VVA makes, if 2=1—w?/v?, 
Q . piz 1f yp: , But, ] 
85 en i VRu u „(VRT RVR) „ aD 
showing one term depending on u, and two more upon u and u. 
The interpretation will oome presently. As a check upon the 
accuracy of the result, do it by a different way, and come to the 


same result. Only by that means does a feeling of confidence in 
fallible working arise, in complicated work. 


d u d 3 u R R du 
5 R? \ dt v de v dz 


a inp i- nis (AR li- (%R i Nei. Rii}. (18) 
So, operating by Vi, 
Vi g. * m. VIU 


=f ivi Mt ag Bi.) BR.). a9 


This being the vector i, component of the curl, add on the i, and 
is components symmetrically, making 


ee t A 2 Ru 
v -B Ro - (% 4) VBa (%0) 
Therefore, r 
A 1 R ut, 
AE VR u+- VR u+ 
A- vo Ra l u. VRT AVR u]. 


This will be seen to be the same as (17), since R= a 
(8). Now to find the electric force due to the moving Q. First, 


the —A part. 
kou Q d u __ Qué, , Qui? 2 R- Ru Ru 
7a dt R—Ru/v 4 R 41 HR. v =) 


_Qui, , Qui? Ru 
=- Feit apa dt A sa} 
Qut , Qué,? ( 3 Ru 
=— ArR trki h +o- 2 22) 
Next the —vP = We have, by differentiation, 
on I- Ru]. (23) 


„% Ler- {Rie Baral. o 
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The electric force being —uA—vP, we now add (22) * u to (24). 
Observe that the middle term of (24) cancels the v in { } term of 


(22). What is a SON 
nQe, | = ＋ Buf, 
“ante GB} een 


Here it will be 1 that the first part, which does not con- 
tain u, represents the steady progressive field due to Q moving 
straight at steady velocity u; or rather, a part of the same con- 
tained in a shell between two spherical surfaces. Theee are infinitely 
close together when u varies. But when u is steady for a time, 
then so is E, except for the progressive motion and the expansion 
of the two shell skins. When wu varies, again, the centre of 
symmetry of the quasi-steady field in the infinitely thin shell is at 
the point which Q would occupy at the moment ¢ if the velocity u 
were maintained steady from the moment t If u is not steady, 
this centre of symmetry moves, usually in a curve, also uusteadily. 
A diagram will make plain better than the mathematical formulas, 
though I do not see how the true results could be got without 
mathematics, not even by Faraday. 

(9). If we put E=E,+E., and H=H,+H,, where Ei, H, do not 
contain the acceleration, and B., H. do, then we have these simple 


relations, 
H,= VuD,, H. VVDe, (28) 


where v is the velocity of the expanding shell, that is, radial from 
the point 21, and of size v. So only Ei and E, need be specified, 
and may be written 


° 2 ° 

Es- z E. Qh w- nb. Ew). (27) 
where 8 R uR / v, the vector from Q in the figure above to N, 
the point of observation, when u is steady. As this vector is not 
in general drawn from the real position of the charge at time t, the 
new symbol § is introduced. These are the formulas given on 
p. 162, where however the acceleration was denoted by A. To 
avoid the double use of A, which is now the vector-potential, the 
acceleration is now called w. It is given by u= wi. 

If we multiply E, by R, we get O, because RSI R. So E, is 
perpendicular to R, and therefore lies in the shell, or is tangential. 
Its direction in the shell is perpendicular to VwS, because if we 
multiply E, by this vector, we get O again. In fact, we may write 


.- VR vs, (28) 


showing the two perpendicularities at a glance. 
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Also, H. cvVRI B.: so H, is also entirely in the shell, and is 
perpendicular to E., and E., H, together constitute a simple electro- 
magnetic spherical pulse, in which E= AH. But it requires to be 
supplemented by the quasi-static Ei, H, in the shell, to produce 
complete satisfaction as regards divergence of D. 

Since VuD,= VvD,, we may also write H= VvD complete, by (26). 

(10). Another ne of exhibiting the E result is got thus. 


KQ Ř— 12. fa R VR 1 
B ir 4 K w. R RI a Rt R * „on. (29) 
Here È= a and YR=R,Ż, 80 
dtS 2 
Be ai 1 - W-vvRH) AI K „vn. 0 
where 8 R Ru/v and R/i,=B,8. Also, 
1 ° * 
K- (Rh+ E= R ÈH- ÈR) 
is i (81) 
So (i RR RR) 
(RME. zRR Lek) (82) 
as on p. 174. From ne 
H=VvD= VRE- 7; , ve,(i,+ ee 


In these, remember ne R, is unit eae 
(11). At a great distance we may write approximately 


EH. (34) 


which is strikingly simple, but needs some development for use, 
Thus, 


» k R d RR? RR 
Ri= q R dt R- b RÈ) -K =R R BR, RR R. R. (844) 
From this the R—? terms should be rejected again, making 
9 R- RR). (85) 


Now suppose an 8 is revolving in an orbit whose vector 
radius from a fixed origin is 8, whilst r is the vector from the origin 
to the observing point. Then by differentiations, 


R=r-s, K=-—s; R= Le- ars. RR—ss—sr, 


84.8813 (ss—sr)? 


Ha. RR=s?+ 88— T8, R= R R 


(86) 
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So, at a distance, when r and R are practically the same, 
R=~sr,, = 45 =X u R( sri. 1.) (87) 


That is, if we describe a sphere 5 ates r, the tangential com- 
ponent on its surface of the vector — (u / 4xR)s is the electric force 
due to Q moving in any small orbit s. But the formula will fail 
when s / R is not very small. Electronic orbits may be imagined to 
be excessively small, but R may be so too. 


(12). Let the path be elliptic, with velocity of the spring kind. 
Say, : 


8 = HEA cos ui: ein] nt, 45 — = S — ui sin ti, COS } nt. (88) 
Then 
n 1(1— Ti r 8= i u, cos+i.u, sin r 1 Ue cost Yu, an) Int, (89) 


=i, U cos— (Eu cos = Yu, sin) . 


2 
Tus sin ( ls cost “u, sin) t 


e J XZ 72 2 
—is{%u, cos+ zu sin) nt,, (40) 
where x sin 0 cos G, /r sin sin SG, 2 r cos 0. (41) 
8 A 
Also, 80= T 8p= 8 CO8 P—8, sin G. (42) 


The components of the projection of s/n on the spherical surface 
are therefore 
n—lsg= cos C(u, cos nt, cos G+ u sin nt, sin Ø), (43) 
1 16% (ui sin nt, cos - u cos nt, sin G); (44) 
and the components of the electric force at a distance due to the 
orbitally revolving Q are 


E= uvH = Ak a cos 0 (ua cos nt, cos P+ wu, sin nt, sin Ø), (45) 

Eo = —uvHo= re 42 1 = tt cos nt, sin G- u, sin né, cos P). (46) 
(13). In case of ine motion u = U= U. Then 

E;=— — on cos 0 5 cos (nt,—9), (47) 

E. 55 sin (nti— ). (48) 


But a linear oscillator had better be done with different coordi- 
nates. Let Q be the angle between r and the y axis, supposed to 
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be the axis of vibration. The projection of s on the sphere is simply 
nu sin Q sin ni. Lines cf longitude. So 


„e uQu d 
E=pvH= — Se ae sin Q. sin mti. (49) 


These formulas are deceptively simple. The developments arising from 
dydt will follow. They are closely related to the old theory of the 
mean and eccentric anomalies in planetary motion. Also, the more 
general developments, including the state of B and H right up to 
the electron itself, will come in due course. 

(14). To obtain the exact formulas for a circular orbit, at any 
distance therefrom, use the ordinary spherical coordinates. The 
circle is of radius a, in the plane z, y, whilst z is the axis of revolu- 
tion; 0 is measured from the -z axis, and ¢ from the z axis. The 
charge Q revolves positively in the circle, at speed u, and angular 
speed n=u/a, and p=0 when ¢,=0 fixes the epoch. So 


a ali cos+i,sin)né,, u- u(- ii sin+i, cos)nt, (50) 
R-=r—a, Ru- ru, du/dt,-=-—n’a, Si- nt, (51) 
Ru vu sin 6 sin (o- nt) ru sin 8 sin Gi, (52) 


R?=a?+r?—?2ar sin & cos Ø, ra ra sin 0 cos G1. (58) 
From these, the formula for the vector potential is 
Qi: cos —i, sin) nt 


44 4 LHA Nur sin & cos 8 $1} - (uro) sin O sin 91 (54) 
Now find the radiational part of H, or H. It is, by (17), 
H. Qh 2 du Aut 1 Bu ‘en 


| A R du * Ro dt, 
By the preceding formulas (50) to (53), we find 
VRu=i,(—2u cos nt,)+1.(—zu sin nt,)+i,[(cu cos+ yu sin)nt, —au] 

( 


56) 
vn nuſiis sin nt,— iz cos nt, +i3(y co - sin) nt J. (57) 


Insert these in (55), and we get, after F 


H. Rot ifi dos 8 sin ntt H CO8 6 cos né,(sin 6 cos bar)) 


+i,{—cos 0 cos ais eee BIN. eie. * 


ene sin ¢,— urts (sin gos 651 — 7 3 (58) 


This is exact, but requires the value of ti and of #,? to be put in. 
We have ö 
ty ———— 69) 
NR eÍ (145-2 sin 0 cos 61 —5 —“ sin 0 sin 61] 
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The first approximation is 
g= [1+ sin 0 cos 92 A sin 0 sin 921 (60) 


Now a/r at a distance from the orbit may be a very small fraction 
of u/v. If so, we oe by (59), 


R= (1— “ein b sin * (61) 


This dismissal of a/r from (59) produces great simplification. Px 
a/r=0 and r/R=1 in (58). It reduces to 


22 oui (Leos 0 sin nt tor, , c08 Ô cos nt, sin 6 cos du} 
Anr 


+i, {— cos 0 cos ni BIN ni... . 
+i, sin 6 sin ¢,— i sin? 0 costs} | f (62) 
in which pa ( 1—* sin @ sin t) E (68) 
Divide into 9 and ¢ components. 
H: . {sin 1 sin 6 cost, | ’ (64) 
H: (1A sin ô sin $, cos 0 CO8 gi. (65) 
But here . r 
ina CDan ee a 
and 1+- uh ai sin 0 sin ¢, = te (67) 
So (64), (65) are EE to 
r: Auel (ain qi sino), (68) 
H= cos 0 CO8 G1. (69) 
Now here comes a very curious phenomenon. The value of ¢, is 
G1 nf =- (t- R/ v). (70) 


In my first working out of this problem, I naturally substituted 7 
for R in (70) to suit the formulas (62), and later forms. That it 
could be otherwise never occurred tome. Yet it led to results 
which were physically wrong. The explanation found was this. 
Although a/r is negligible compared with w/v, we must not turn R 
torind,. Thus, 


2a. ag te J /- 4 gin 6 
R=r{1— ＋ sin 0 cos ati} 1 ¢ = sin ĉ cos A) 
-to the first power of a/r. It makes 
ġı=¢—n{ t+ sin 0 cos t}=o-n(t-2)—© sin 0 c08 g. (71) 
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So we may write 

90-61 5 sin 6 cos 1 $—n(t—7) (72) 
as the equation of condition to which (68), (69) are subject, along 
with (63). The may-be excessively small difference between R and 


r turns out to be quite important enough to be counted in. 
Observe that 


a u a 2114 ` l 
2 8 
pty * a ECES =*(1 tar) (78) 
if = wave length. So if a/27r is large, it is ujv that is relatively 


negligible. But if à/ 2 rr is small, it is a/r that is negligible (as 
above) in the value of ¢,. 


(15). To analyse (68), (69) into circular functions. Let 


61 0 — B cos Qı. (74) 
Then dh 1 +2 sin o sin 9225 — — s fs (75) 
dho df, 1—8 sin 91 
d : a 
doo 91 sin Pitis Ac a COS p= COB 951 · t? ’ (76) 
d d? 
Th, ein ¢,=C08 61. “i, -Tpi sin ¢,=(sin 91 Gti. (77) 


Since d/d@)= —d/d(nt) at a fixed point, the use of differentiations to 
$y is obviously appropriate. Equations (68), (69) are the same as 
* -Qen 008 0 6 cos 6 — 4 Run v CO8 0 cos G.. 175 » (78) 
un ad, Qun 
+H= _ oun e de, ein h= ye iD fA. (79) 


Now expand by trigonometry (theorem due to Lagrange) sin ¢, and 
cos ¢, in series of sines and cosines of a of dy. Thus, first, 


br= by B 008 gy +5 (o0s" w- (cos G., G00) 
sin $= sin gy— Bot poH o 00 5 (costo) (81) 
cos S1 cos hot B cos G0 cin hy (con dy sin G0) 
15 (cos ? posin G0)“ — ..., (82) 
£,3(sin 61-6) = (cos ) ＋ (Oos: 0“ — bos po)” 


+& 3 (cost p —. . (83) 
ta 


where the accent means d/d¢). Now put the powers of cos 50 in 
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terms of multiples. For convenience in printing, let 7 mean 
cos 7¢,, and s5 mean sin 5%. 
Then 


l 1 s1 i 
sin 6620.0 4 C568 Heh-+-402-+8) 


3*1 777 pe R vi 
+ T es + 58-1001) 25 8les + 84+ 1502+10) 


2 


+g T+T ales B51)" = gy (Bt 808428044 56c2+-35)"! 
+ 5 (c+ 9e1 + 8605+ 84¢8-+-126c1)"" —.... (84) 
. 


Carrying out the differentiations, we come to 


ain = 515024. 1 — L? e —88—381)—; £ (—4%4— 1602) 
1 2 272 208 


5 es ; 55 
taal 25-+4+5.8%s8+ 1081) 55+ 6.4%c4-+ 15.252) 


+ © (1587 —7.5%5—21.8%s8— 8501). (85) 
2,6 p 


Here notice that the expansion of cos ¢, may be got from that of 
sin ¢, by differentiating to p, and dividing by 1, 2, 8,... all along 
And the same applies to (cos Gi) by doing the same to (sin G1)“. 
So we need only develop (sin Gi)“, and this is facilitated by doing 
the double differentiation to Go required in (76), (77) along with the 
others. Thus, observing (77), we have 


sein pı- A (eos $y)’ + P(008* G.). —fg (008 po)” + 0 (cos go)" —. 


— — (008 $4) + (008 24 +1)’— (008 80 f S 008 hs)” 
+5 (008 thtt cos 2% ＋ 8) v... (86) 
e J. C. gef 100, L. G. 7.6.5 — 
Here c 72 angle 12% 1.2.80 nee 
J 8 a, 10 5 7.6.5 6 \ od 
- 14 .) % O 
if, for the moment c= (oos Co“. 38 sin do. 
The next gives —2(d/df)J,(28); the next —2(d/dp)J (88), and so 
on. So the final result is 
t,°(sin badge po- J1(5) — cos 2000 J2(28)— sin 8¢,.J3 (88) 
＋ cos 450 J {48)-+ sin 5py.d (58) — eco . . 7 gli (88) 
and the other one, by the process described just after (85), comes to 
tis 008 C1 loos $y.J (8) —8 cos 3050 Ja 38) + 5 cos 59o. J (58) — 
+2 sin 200. J. (28) 4 sin 400 -J4( 48) -P... J. (89) 
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These results, (88), (89), used in (78), (79), complete the explicit 
solutions. 

(16). This brings us to Bessel's expansions of the formulas for 
the mean and eccentric anomaly in a planetary orbit. Very few 
electronic investigators know much about this old subject, so for 
comparison with the electromagnetic problem, I add a few notes 
thereon. The figure shows part of the elliptic orbit, and part of a 


. concentric circle. The polar co-ordinates of a point on the ellipse 
are 7, 6, with the focus as origin; the circle has radius a, the major 
semi-axis. The minor one is b. Then 


all—e b2 

r=a(l - e cos ġ,)= 1 it P ==) onl, (90) 
is the polar equation referred to focus. Draw a perpendicular 
from the end of r to the circle at ¢,, and let count. Then the angle 
Go is called the mean anomally, ¢, the eccentric anomaly, and 6 
the true anomaly, when a planet is at P, and the sun at S. Let 
dy revolve uniformly in the circle. We have, by dynamics of 
particles, 


= +e ein 9 tan 30= 1 


1 
tey tan 301. (01) 
The uniform revolution of po is accompanied by a continuously 
variable revolution of ¢,. Bessel showed that 

$,=Got 2 (Ji(e) sin 40 (20) sin 20 f $5,(Be) sin 30 . .. 
cos 1 Je (Jo— J) (e cos 60 20 J1— Je) (2e) cos 200 

+$(J2—J,)(8e) cos 390 

sin 1 Jo J 2) e) sin G 4 Ji Jg) (25%) cos 200 JC: ＋ J) (8e) sin Boob oes 
If in these, we put e=my £, and reduce Fo and ¢, by $4 each, we 
make G = Gi EB cos Fi, and the results will correspond to some in 
my electromagnetic problem above, although there is no dynamical 
resemblance between the two problems. 

(17). But it is not from these expansions, however useful for 
minute calculation, that we can see what the resultant effect is, 
For that we should examine the unexpanded H formulas them. 
selves, giving special values to ¢, and ¢, in a complete revolution. 


WAVES IN THE ETHER. 445 


There is a great difference batween the results on the axis and in 
the equatorial plane, where the Doppler effect is fully developed. In 
speaking of dopplerisation, it should be understood in a wider sense 
than in the old Doppler effect. The distortional effects due to the 
motion of a source of disturbance should be understood. In the 
uniform straight motion of a charge, for instance, the effect is equa- 
torial compression of the tubes of displacement, and this is the 
same fore and aft. This is different from the old Doppler effect, 
which is a compression in front of the moving source of light, 
causing an increase of frequency in light of any one sort. Behind 
effects are ignored; but in plane waves the effect is the opposite, a 
lengthening of the waves and a lowering of frequency. 

Now when a charge revolves in a fixed circle, and the point of 
observation is in its plane, the charge is sometimes moving towards, 
and sometimes moving away from the observing point. There is 
compression and increase of intensity in the first case, and expan- 
sion and decrease of intensity in the second case. So the sine wave 
is distorted, with a shifting closer of the nodes, an increase of intensity. 


between them, and a decrease outside. The main effect at the 
observing point of increasing the speed gradually from 0 up to v is 
to gradually squeeze the nodes together once per revolution, with 
a great concentration of the disturbance. During the rest of the 
revolution, the disturbance, of the opposite sign, is widespread and 
weak. The final result at «/v=1, is mere pulses, one per revolu- 
tion, together with the spread weak disturbance of the opposite sign. 
The figure will show the beginning of this process. 
In the plane of the orbit, O = Ar, H,g=0, and 


H= Qnu sin Ne , 61 11 
The position of the nodes is given by 
ein „, r- (1-2) (98) 


Say w/v=4, then ¢,=7/6; and = s £ 100. 
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Next carry ¢, through a cycle. Let k be the second fractional 
factor in (92). 


?,=0, 61 = Ir, 61 = r, 61 =, 
o U, "y ee (9 


Note the change from 1—u/v to 1+u/v in the second and fourth 
results for H. 

If u/v= J, the variation of intensity is from —4 to +4. 

If u/v= fz, the variation is from —49? to +100. 

So u/v=9/10 makes strongly marked pulses in the equatorial 
plane. 

We always have go bi, when the charge is nearest to or furthest 
from the observing point, and is therefore moving perpendicularly 
to R. In the first quadrant, ¢, leads, and in the second it lags. ¢ 
may be regarded as the real revolving charge, and ¢, as a fictitious 
effective charge, nearly the same as the real when w/v is very small, 
but in spasmodic motion when it is large. 

(18). It is now desirable to give the fully expanded formulas for 
the complete H, and so remove the previous restriction to the 
electromagnetic part, and allow of approach to the centre of the 
orbit. The same coordinates æ, y, z, and r, o, ¢ will be used. The 
quasi-static Hi or VuD,, is represented thus. 


a 
-- cos 0 
ee ös —8 
4 2a. au. : : 
{ A. z sin 0 cos titas sin d sin ¢, } 
sin , cos 0 


Hi...... ——, (095) 


Here Hir is the radial component out from centre of circular orbit. 
If a/r is very small, Hir varies as 7—3, and then also 


— gi 0 
Hie Gee e ee, His 08 9 (90) 
7 (15 sin 0 sin $i) 652 2 2 2 6 6 0660 


Comparing with the corresponding H, formulas, we see that c/n 
is the multiplying factor, not counting phase change. Or 
(10% / (Ar). So if 2r / A is large, the quasi-static H, is corre- 
spondingly small. 

It may also be asked whether the quasi-static part can be sensible 
at a distance when « is nearly equal to v. The answer is that the 
R component of H, tends to œ /R? when the corresponding part of 


Hz tends to œ / R. 
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In vector-cartesian form (85) is the same as 
1 Qu i, cos 0 cos nt, +i. cos ¢ sin nt, —i,(sin 0 cos 91 ajr) (97) 
1 Jwr /r — (u/v) sin o sin ; 2 
the denominator being the same as in (95). At the centre of the 
orbit r=0, and H, reduces to the axial component only, say 
A 
Hi ie (98) 


a 
It varies as the speed at first, but then comes « into play and shuts 
it off eventually. But this is not the complete magnetic force at 
the centre. We must add on the electromagnetic part. Put r=0 
in the formula (58) for H,. It reduces to 
jp ee u? 
54 45 b (99) 
So the complete H at the centre is H=i,(Qu/4ra?) at any speed. 
The complete electromagnetic H, may also be written thus, 


Toe N 
Arro Rjr—{ujv)sin 0 cos ¢,|° 


x| idin 161. 5 sin o cos 7— 57 cos nt, | eos 6 


H. 


R uw... , ua, : 
+f 7 cos nt,+ 5 sin sin ¢—— sin né, cos 


R 2 
+is| Fein 6 sin g- y sint 6-5 r un econ J] « (100) 


If to this we add the quasi-static H,, equation (97), we obtain the 
complete H. 


H= ___ Qu V: 
Aare Ryr— (ujv) sin 0 cos 4, 


2 ] u R.. U » 
x E con |= con nt a 5 sin nt, + oo 0 cos *)} 


+i, cos 0 bein nt,— (eos nit” sin ô sin 6) 


5 18 Lein 6008 br + ein osin d+ satiate} |; 


(101) 
from which come the polar formulas 


H. AIR „ 00) fn Sou TP (Nn 9 cosg) |, 
(102) 
N „DC ). doc 


a, nN R. u. 
e- ee gef us 
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At a great distance the terms which tend to be negligible are the 
whole of H,, the first term in Hy, and the first and second in Ho. 
Remember in all these that ¢,=9¢—nt,, and R vlt — ti). 
In the 3 of the p the formula is 


The ee formulas from ns to (102), (108), (104) 
cannot be remembered, so are here inserted for reference. Say for 
the moment that Hi, H., H, are the three scalar rectangular com- 
ponents of H, then 
He = H, sin ¢+H, cos ¢, H, sin 0+H cos 0= H, cos f H, sin o, 
Ho- (H. cos p+ H, sin ¢) cos 0— H, sin 9, H, cos 0— H, sin = H, 
H,= (H, cos ¢+ H, sin ¢) sin 0+ H, cos o, (106) 

(19). Now smilarly for the spring elliptic orbit. Semi-axes a 
and b, along i, andi,. Let 

8= dib cos+i,asin)nt,, u=n(—i,bsin+i,acos)nt,, (107) 


where s is the path, u the velocity, and w=du/dt,—=—n% the 
acceleration. Then in 


H= - 08 1 { VBw+ a É gw. nu, (108) 
we have 
=T—s=i,(7—5 cos nt,)+i,(y—a sin nt, + i, (109) 
Ru ( — b sina: cos) n- (-b a) sin nt, cos nt, (110) 
Rw=—n*bz cos-+ay sin — b? cos?—a? sin )nt, (111) 
VBu=n((—i,za cos—i,sd sin) nt - is (ca cos+-ybsin)nt,—ab}], (112) 
VRw = N IHiisa sini. zb oos - is( a sin 0 cos) Int. (118) 
Using these in (108) we come to 
H. 4B Qn%, L {isa sin—i,b cos-+is(yb cos—zxa sin)} nt, 


+ 565 cos + ay sin—b? cos?— d sin?)nt, 


x {(i,za cos+i,sb sin) nt. — ia (xa cos+-yb sin) nt, — ab} |, (114) 
which may be more conveniently transformed to 


Ro 
+isbr 008 6{ — oos nt, + Mir ain o Rein ni } 


H. 47 Qn? 25 Po har 0080 fain nip — inaina. X cos nh) 


Tin sin 0{ Y- Bor ein 0X2} |, (115) 
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where, for convenience in composing, X, Y Z are defined by 
(b? cos? +a? ein mti (116) 


X d cos ¢ cos nt, +a sin sin nt, — 
rsin 0 


b. : 
b ab 
Z=% 5 
7 008 & cos nb, + — sin ¢ sin nt, ain ö 
No 8 about ee have been made, so (115) is com- 


plete, up to w=v, after which a wider theory is necessary. But we 


still require an expression for ¢,/R. This is given in the general 
case by 


I C n be 
(E) L asint cost) 


, 1 
—2 sin (Los $ cos+* sin ¢ sin ) . 


(118) 


a? 
sin nt, cos nt, 


nr. 5 j a b? — 
. -L i t + -si 
= sin ( . ain & cas nt + ag 5 


(119) 
But here, for distant application, we may of course first neglect 
a?|r? and b?/r?. This reduces (119) to 


ho [1- —sin Ile cos C. T. ein # eos nt, 


nb p 
+ ( sin ¢—~ — 008 9 sin 14) 420) 


If we further neglect a/r and b /r against na/v and ub /v, which are 
201 / v and / v, we come to 


rey _ Lan ul; _ Uy ; * 
R a sin * sin ꝙ cos Nt, 7 cos pain nt) . (121) 


The quasi-static part H, must be counted along with (115) near 
the orbit, and up to the centre, if desired. Its expression is 


je 
Hu- Je. (H) a. [cos 0 (ii a cos nt, +ib sin ti) 


is sin ofa cos ꝙ cos nt, +b sin ¢ sin nh ET -}] ; (122) 
and the components for spherioal coordinates are 


HI = EGY nr(b cos & sin nt, —a sin & cos nt) oos 0, 


H= eo 9 * fa COS & COS nt, +6 sin $ sin nh- ein a ; (128) 
Hir ‚—UU— Zoos 0 
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The dotted lines mean what is over them, from =, to and with nr. 
It will, of course, be remembered that there are circumstances 
under which the radiational part is insignificant. Then only the 
quasi-static magnetic force counts. There is then no sensible 
waste of energy by radiation. The estimates of the waste of energy 
and momentum will follow. 

(20). In order to verify that the general solutions (115), (122) 
above, correctly reduce at a distance to the much simpler ones 
(45), (46) previously obtained hy a vectorial process, we may employ 
the transformation formulas (106). By neglecting a?/r? and b?/r?, 
and also making R/r=1, and disregarding the quasi-static part, we 
come after some complicated reductions to 


; 3 
H= Qni. cos ou, cos ¢ cos Nt, A ui sin ꝙ sin né], 
4nrv 
Hy= ee * sin ¢ cos Nt, — u, COB sinni — zu ein a |, (124) 
417. v 


in which (121) must be used, with r=R on the left side. It may 
also be derived from 
nt,=n(t—R/v)=n(t—7/0) —n'R--r)/v 
=n(t—r[v)+v—! sin & u, cos $ cos nt, + ty singsinnt,). (125) 


We should now, by analogy with the circular orbit, bring in dꝰ/ dis. 
This means more complicated work, though it is only to test the 
accuracy of the results, We come to 


2 
H= -Qr in cos & cos NE, +u, sin ꝙ sin nt,) cos d, (126) 
He- E (u, sin $ cos nh u Cos & sin ti), (127) 
subject to (121) with r=R on the left side. 

This peculiarity of the elliptic formulas should be borne in mind, 
which does not present itself in the circular formulas. It may be 
that L/R is negligible, but that a/R isnot. Then we should go back 
to the general formulas, and use the appropriate reduced forms. 
Then again one of these ratios may be actually zero, namely, in the 
case of a linear vib rator, whilst the other may be either negligible 
or not, according to the position ‘of the point of observation. If 
this is at such a distance.as to make r and R practically identical, 
thon, if u, = O, we have 


7. 3 mn d : : 
= th U cos 6 sin & sin Ati Q ui sin ꝙ sin ne, COB 6, 
wry 


Aru dent). 128) 
Hoa q . (cos sin 1 — . .. . . . . (-u cos ꝙ sin mti), 
subject to nty=n(t— r, v) + (ui / v) sin sin ¢ sin 7,. (129) 


The velocity is u- iz CO8 Niz, and the path is s- izd sin tz. 
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But in the general case, to allow of approach of the point of 
observation right up to the vibrating charge, we should put b=0 in 
(114) and (119), and not forget to include the quasi-static part (122) 
of the magnetic force. 

At the centre itself where r=0, in the case of an elliptic orbit, 

ti 1 
R R (n/v)(b? — a?) sin nt, cos nt, 
__ Qnit,3ab Qrt abn 
H= Rr ack N 


The first part of H is electromagnetic, the second part quasi- 
static. The direction is axial. When a=b, we reduce to Qu/4xa?, 
as was before verified. 


» R2= b? cos? nt, +a? sin! nt,, (180) 


(21). No formal proof is needed that the induction in the above 
solutions has no divergence, because that is secured by the mag- 
netic force being the curl of a vector. But a proof is, perhaps, 
needed that the displacement has no divergence outside the moving 
charge, that is, that | 

div E= - div(uA +yP)=0=—42 div (a+ut—y . (182) 

4x dt R 

This leads to a few remarks on the potentials in electromagnetics. 
Maxwell’s potentials were of the instantaneous kind appropriate to 
steady states. They can, and have been, used in electromagnetic 
investigations, Yet the progressive scalar potential was well-known 
in investigations of sound vibrations. Why then was it so slow in 
getting into electromagnetics? It arose from the presence of two 
potentials. First A, and then P as an auxiliary to make the diver. 
gence of E come right. This gave trouble, and sometimes con. 
fusion and error arose even when these potentials were of the in- 
stantaneous sort. In my investigations of plane, spherical, and 
cylindrical waves published in 1888 I used no potentials, but the 
electric and magnetic forces themselves, connected together in 
differential equations by differential operators analogous to the 
resistance operator Z in V=ZC, of which a good deal was said in 
vol. 2. Now this work was entirely of the progressive kind, and if 
translated into potentials would involve the use of progressive 
potentials. There would be no advantage in the translation in 
general, in fact, the reverse ; though in some special cases relating 
to point sources the potentials might be useful. The Z operators 
are more advanced. In the article in this volume on the two sorts 
of pulses in an elastic solid, there is a transition by integration 
from the operators for points to those for surfaces and solids. This 
rounds off the treatment, and harmonises diverse ways of working. 

VOL. III. 082 


452 ELECTROMAGNETIC THEORY. CH. X. 


I think it was G. F. FitzGerald who first brought the progres- 
sive A and P into electromagnetics, There is an account of his 
investigation in Gray's Electricity and Magnetism,” vol. 1, near 
the end. But his potentials were not dopplerized, and were only 
suitable for continuous distributions of sources. Now it is possible, 
by elaborate integrational expedients, to use the undistorted poten- 
tials when the sources are discontinuous. But it is much better to 
use the distorted potentials at once. We should then show that 
the distorted A and P used above fit together properly. I should 
be satisfied myself by the general fitness of results, and only forced 
myself to do the following :— 


t? Ru uz, 
(G- „-R H 
* 3 ? . 
(- )( 
1.5 . s 
(R- ) (suwi, -R.) 
R 7.4/7 
-( A- G- Bw jeji (ne 5. b. Bi) 
<4 87% u Ri R t uu, Ru Ru e 
taime- Ha Ba) B (— Tet He- H A-) 
4f guu R Ru R Ru / p, > aa Rū 
AI -s lr) 

1.5 Ru 
+p- ut+Rw)(8+ 7) 

370 R. Ru Rut 
H -u+ Bw) {Ret = eS} 
8 1 
i? (Rut,«? uu (Ru? 4 uu, Ru Ru Rug 
1. R. R E- Ret Hö R. . 
15 Ru 95 (R RRA) 58 
rb r RA ) e, 

p i Ea An EN iti 20, En) 


Rs i v7 BEO © () 
(3) (5) C (1), EN 
TR. Bun Ruy 
(2) vi, v' 
e ee a (3) () 
43/_ ua, Ru Bu_Be) o, ED. 188 
-e KR 2 [N. E. D.] (188) 


(3) (5) (4) (6) 
Several of the before given subsidiary formulas have been used, 
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and, to ease matters finally, undersigns, like (2), are used. All the 
(1)’s come to 0, and so do all the (2)’s, and so on to all the (6)’s. 
So all comes to nought. I dare say, and should think likely, that a 
much simpler proof can be given. 

As regards the total divergence at Q itself coming to Q, I think 
this is sufficient. Start the charge from rest or steady straight 
motion at a certain moment, then let it be in variable motion for a 
certain interval, and finally bring it to steady straight motion again. 
Space will then be divided into three regions. In the inner and in 
the outer regions are quasi-static states of displacement, whilst in 
the middle region is electromagnetic disturbance as well. It has 
been proved for the quasi-static states that the total displacement 
outward is Q (in previous work). So Q of displacement enters the 
middle region from inside and leaves it on the outside, without (as 
just proved) any divergence in the middle region itself. Since this 
middle region may be extended inward and outward, the proof 
covers all space, and any sort of variable motion of Q, with this 
caution, that should u change quite suddenly, there is an electro- | 
magnetic pulse generated requiring special reckoning. 

It will be noted that the terms «A and yP in (182) are not free 
from divergence separately. 

(22). The following figure will serve to show plainly many 
peculiarities in the analysis. The curved line 1 to 7 in the middle 
represents à portion of the path of a point charge in motion. The 
numbers show its position at seven moments of time (é, tz, &c.), 
differing by the same interval of time from any one to the next. 
Since the points are not equidistant, the velocity varies. It in- 
creases, if the motion is smooth, from 1 up to 84 about, and then 
falls off greatly. 

The sphere 1 is centred upon 1, 2 upon 2,andsoon. Their radii 
are such that the whole figure corresponds to the state at one 
moment of time ¿ That is, the radius of 1 is R. = vf 1); of 2, 
R= vt fi), and so on. Outside the sphere 1 may be imagined to 
be any number of similar spheres. They belong to positions of the 
charge passed through before the point 1 was reached. Similarly 
we may fill up the central space right up to the charge itself, by 
making the time interval smaller. Note, however, that the charge 
is not necessarily at the point 7 at the moment :, but is most likely 
further on. The exception is when the charge stops dead at the 
point 7 at the moment , If so, the whole of the sphere 7 
will be occupied by the simple electrostatic uniformly radial dis- 
tribution of displacement. (In passing, I ask why has not a 
“spherical surface ” a name of its own, reserving ‘‘ sphere” for a 
solid? There is occasionally confusion.) 
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The shells in the figure may all be subdivided, of course. So we 
come ultimately to the whole of space being divided into shells of 
infinitesimal depth, corresponding to the infinitesimal elements of 
the path traversed by Q. This path element is ud. The shells 
are spherical, but not of uniform depth, because the two sides of a 
shell have different centres. The depth is vdt, transversely round 
a, but elsewhere it is vdt,[1—(u/v) cos 6). Thus it varies from 
vdi,(1— ujv) in front to vdt, ( u/v) behind, showing a compression. 
in front and an expansion behind. 


The electric and magnetic state may be described by supposing 
that the charge Q is continuously emitting electric and magnetic 
disturbance with its natural isotropic manner of spreading distorted 
by the motion, so that what would be in a spherical shell of uniform 
depth vdti is really found in the shell of variable depth as above. 
Similarly, in the case of a shell of finite depth, as in the figure, say 
that bounded by the surfaces 4 and 5, the disturbance emitted by Q 
between t. and tt is wholly contained in that shell. Moreover, this 
is true not only at a particular moment, but for all time. For the 
two surfaces of the shell expand at speed v, each from its own 
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centre, and the same formulas for B and H in the shells continue 
valid for all time, or until a change of conditions occurs. Some of 
the consequences are rather striking. 

Suppose, for instance, that the velocity of Q is constant between 
the points 1 and 2. Then the shell between the 1 and 2 spheres 
contains only the quasi-static state called E, and H, in the above. 
The centre of symmetry is at a point g to the right of the point 2. 
It is exactly where the charge Q would be at the moment ¢ if it con- 
tinued moving with the velocity it had between the points 1 and 2. 
The actual position of the charge may, however, be anywhere else. 
No matter, the distribution of Ei in the shell 1, 2 is radial outward 
from the progressive virtual source, and is condensed equatorially, 
or up and down, and expanded laterally, or right ard left. As the 
shell expands the electric force Ei alters so as to keep in touch with 
the new position of the virtual charge. 

There need be no magnetic disturbance outside the sphere 1, or 
inside the sphere 2. If so, then Q was jerked into motion at the 
point 1, and stopped at the point 2. Then the surface 1 is an 
electromagnetic pulse, and 2 is another one. They are not quite 
pure, because of the electric displacement which leaves 2 and 
enters 1. What really occurs, however, is this. The electromagnetio 
skin 1 as it expands, lays down the electric displacement in the 
shell on its outer boundary, and at the same time, the skin 2 picks 
up the displacement on its inner boundary. At a sufficiently great 
distance, the displacement in the shell becomes insignificant, But 
the skins are left, and they are of great importance, as they contain 
condensed energy and momentum. 

If the charge really continued moving uniformly, instead of being 
stopped at the point 2, it would coincide with the virtual charge, 
and the quasi-static field of E, and H, would extend right up to the 
charge itself. Then the whole field of force moves as if it were 
rigidly attached to the charge, save that the electromagnetic skin 
1 is continuously enlarging the field. There is certainly no supply 
of energy to the field from the charge when it is not accelerated and 
no electromagnetic disturbance is being generated. Yet it may be 
seen from the above theory of the shells expanding outward from a 
moving charge, that it is convenient to think and speak of tha 
sheils as being generated, and to associate a particular shell with a 
particular element of path of the charge. 

When there is continuous acceleration, the quasi-static H, = VuD, 
is accompanied by the electromagnetic H,—VvD,, and they are 
superposed. No proper separation into their shells with skins is 
possible. But at a distance from the charge the quasi-static part 
of the disturbance becomes negligible. What is left is electromag- 
. netic, not in skins, but throughout the shells. This disturbance is 
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radiation, A shell expands indefinitely, and carries its momentum 
and energy with it. The shells are therefore appropriate for the 
calculation of the waste of energy and momentum, some details of 
which now follow. 

(23). The spherical coordinates are best to find the energy in a 


shell. Thus, 
. vd (i-5t) : e (184) 


represents the electric energy, « standing for cos 0, as usual. The 
integration to r is already done, being represented by the factor 
vdt,(1—pujv), The next thing is a convenient expression for E?. 
First as regards E. Let m, and Gi belong to the acceleration w, 
and = sin ô, and 
COs = uum + vy, cos (5— o). (185) 
Then is the angle between R and w. Also, 
LW (Ri- u/e)t: Rw, = 1 (1 ＋ 12/0? - 24 /o) t: (R. wi) 
— 2(B, W, — AI20/ v)ti Ri wi + (/t (Ri w i) 
== 1—x*t,? cos? 20/ o)tU O . (186) 
The ¢ integration on the last can now be done, making 
27 —4261(2 Uu mytv 1 ＋ 41 (/) tU.æ (137) 
The electromagnetic energy in the shell is therefore, by (184), 


Tenn -en 47 50 | Tr iste um Efe 2w u'm t+ run?) di. 

. (188) 
where t= (1-44 ͤ/ v) l. Call the integral on the right side X. Ex- 
pansion of the powers of ti by division seems the readiest way of 
integrating. Carried out, it makes 

1 8.4 u? 1 8,4.5.6 ut 
X=4r(1+5 T 2245 12.8 4 55 =) 
1 4 2 1 4.5.6 ut 
2 n . — = ee =c eee 
n. (0 13. % ½ 5 123 wt 
1 5.6 u? 1 5 6.7.8 ut 
Oma, 2 3 „ 
SREI (145 12051234 v. ) 


1 1 5.6 ½ 1 5.6.7.8 ut 

ee 6 1.2 v7 7 1.2.8.4 51) (189) 
which, by proper distribution, gives 

X= (8x/8)(x- 4+ x- 5u,2u*/v?), (140) 


This, by (188), makes 
U,=T,= 


Qw? 1 cos. / v 
1270 4 (el). (141) 
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it will be remembored that E. - Av. This makes U,=T,. The 
distance R does not appear in the result. So the energy is wasted. 
It is the portion of the energy given to the field by Q in the time 
interval di, which is not stored within range, but is irrecoverable. 
The rate of waste of energy at the moment t, is therefore 
Waste= 27 (1p ee a’) (142) 
ur! £ 
though not till later does it unmix itself from the energy of the 
field in general. It is least when uLw. Then cos ¢,=0, and the 
waste varies as &. It is greatest when u||w. Then it varies as «*. 
Under any circumstances, it varies as the square of the acceleration. 
Starting and stopping are the same in this respect. Observe, too, 
that though this formula refers to a charge at a point, with infinite 
total energy, the waste is finite. (There have been similar cases 
previously in this volume.) We may infer then that the theory is 
practically the same for a charge of small finite size, when the 
total energy is finite. The limitation of size will be conditioned by 
the time taken for disturbances to cross the charge. It should be 
so small that there is no sensible change in the acceleration in the 
time named. 

Another way of obtaining the waste does it for a sphere of finite 
size, with the same result. The theory of impulsive changes of 
velocity is used. There is much less elaborate calculation, like the 
above, but more thinking and imagination are needed, such as a 
physicist prefers when possible. This way will come later. At 
present there is the rest of the energy in a shell at any distance to 
be calculated. This cannot be done by mere thinking. 


| e 
We have 4cE?, erke yt Gm ) (148) 


where the last factor is the square of the vector Ri- u / v. Thereforo 


2.4 Bfp 
_ Q’xtudt, J 1+ u?/P— uuv (1484) 


Sirke) (I- „ 


where the ¢ integration has been done. Calling the integral Y, 
integration makes 


1 5.6 u? 1 5.6.7.8 ut 1 6.7.8.9.10 uê 
J ee 
i | tzia „5 1234 #7 19845 et 
u? 1 56 ut 1 6.6.7.8 u’ 
+1 atg 1 ute 1.24 0. 
—2 1.5 2 5.6.7 wt 2 5.6.7.8. 9 26 


3. a 5 1.2.5 AT 1. 2.3.4.5 b 
ap? 4 776 ` 4 
a3 {8% ropes Lass s = (144) 


0 
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Therefore, by (143), 


dg 12 2 
Um Fae +s c) (5) 


The final part of the electric energy is >cE,E,. We have 
Eik. Ot 3x9 Qw? 8 (2-5) ["- (2-5 jaa, |as) 


2? 41 RI 4rR v 


Here it may be shown that the factor following the x is the same as 
+(u/v) sin? 0 cos ¢,—(u/v) (cos 6B—t/v) sin 0 sin 91 cos b (147) 


I= uu / v 
Integrating this to ¢, the result is 
2 (u / v) (1 — u?) cos A, (148) 
l—pu/v 
which, used in (146), makes 
_ HQ’ uU 4d 
bk „ eos 9, vt f E (149) 
Calling the integral Z, its value is 
1 5.6 u? 1 156 u 4 
= 3 JJ. 150 
á 1 13 5 5 51.2 v oe me 
So, finally, 270 1 
y Uam Y cosh, vat: (151) 


The magnetic energy wants less work, because part is already 
done in finding the electric energy. T. is known, U, Then, as 
regards TI: 24H, H., we have 

HH. VVD, VvD: = 2D,D, == vD;.vD, = (c/ »)By Ens ( 152) 
from which it follows that Tia Uis, already calculated. And, as 
regards T,, we have 

2H,2=4H,VvD,=rvVD,H,=evVD,VvD, 
=py(vD,?—D,.vD,)=cE,?—c(E,B,)’. (153) 
That is, U,—T,=4c(E,E,)? per unit volume. The last quantity must 
now be summed up through the complete shell. The integral is 


Nd“ an ( 138.4u? 1 8.4.5.6 ut 
161 R/ (-A ee XMS TG 125.4 v 


2 Qedt, 1 
— *r Re Ti (154) 
Thus T, is known. Collecting the energy results for the shell, we 
have 

_Qvdh 2u? _ Vi w 155 
b GR l+ et : T, IZ Rée vr? ; ) 
uQ?w udt, cos ¢ : 

Uneaten ee ee, Ade 

20 , ( T cos =) 157 

v. T. Gye a(t cos 91.5) (157) 


where &= 1 /, and ¢, is the angle between u and 
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The relation (154) attracts notice. The excess of U, over Ty or 
of U over T, in any elementary'shell equals the static energy in the 
same space when Q is at rest at the centre of the shell. So, if we 
traverse the shells, from Q outward, at any fixed moment, U and 
T always change at the same rate, as settled by (154). 

(24). There is now the momentum in an elementary shell to be 
calculated. This is 


M= ~VDB= V(D,B, + D,B: + DB. D. B.) — M, + M,:+ Ma + M, 
In these, (158) 


D A t 1 /), Hi Vu Di, 


B:=uoVR, D= UVR, w, H Bw. Vg n/v]. (150) 
Take M, first. We have 

uM,=uVD,B,= B, vuD = Hi B.. (160) 

This is per unit volume. But also, we can see that VD. B. is sym- 


metrical round u. It follows that the total M. is parallel to u. 
Therefore 


TI A Miu, M, = 2T,/u, (161) 
where the known value of T, is to be used. 
Take M,, next. We have 
RI VD.B,=B, VR,D.=8,H,/o=H,B,/v, or W. B.- RI. H. B. /v, (162) 
because D, and B, are both tangential. We may therefore utilise 


the already done calculation of T,, or Uis to find M. iz, or the com- 
ponent of Millu. The result is 


uQ?wur? (u-) = 1 5.6.7 1 
DRP 1 ee Pe a 253.5752 et 
1 5- 1 5.6.7 * 
6 7128% °° 
uf? ou, ut 
4 (324% — „„ N * +65 +.. „6 je (168) 
That is, M. iu: Gre Ag dti. cos bron == aT (164) 


The u component of M,, is easily found. Thus, 
uVD,B.=B,VuD,=H,B,, therefore M,,u,=T,,/u. (165) 
Lastly, the u component of M, wants some more work, partly 


using the details given for U, or T,. Because D, and B, are per- 
pendicular, and tangential, we have 


vB. -( n fenk lv. -Riwi (Ra — woj» die 


460 ELECTROMAGNETIC THEORY. CH. X. 


which, by the work given, (185 onward), becomes 
el [1 +5- — 50 E — 20 (9) + * COM: o 
+ ue yy, 008 e u— 5) o o} 
+ 172 ę Fas anu) (Wu? + y?y? 008? - 2e 008 90 „ (167) 


where u and » relate to Ri, #, and », to wi, whilst the direction of 
u is that of the polar axis, 0=0. 

To find M,u,, multiply (167) by (vdt,/t,)R°ududg, and integrate. 
Thus, 


Ma = fanas $328 (on) HES) (168) 
where the (...... ) and (...... ) may be seen in (167). The do inte- 


ae re be done at sight, making 
Mu 25 v)? r L270 ＋ Ati H = himpit fre du. (169) 
Here the integral factor comes to 


1 gt 1 8.4.5 ut ufi 14.5 
i “(5° 5 l'. 2. ot” „Jen VNB 51.2% „ 
1 52 1 5.6.7 w? 
2 272 
trate’ 55 eras F 9 
3 u 1 5.6.7 u’ 1.5. 15.6.7 w ) 
is a I. 2.5 0. 5 » 7.1.2.8 v 
2 
we EGE 484+. tuts 50178 5 ee 0 
cas 1 pu? 1 
= At 205) om 
Nj, 71 cos? 
Therefore Mui a at — 6 ) -er. (171) 
This page the calculation of the u components. Altogether, 
2 = 
Mu= +" 1 e (Mi- Mis M. i- M.) ui. (172) 


Now if wu, we make 8 for M about the u axis. Then 
the four M's (partial) are parallel to u; and the four scalars in the 
middle expression represent their values. But M cannot be parallel 
to u when w is not, and we must examine further to find how the 
component M's given are to be supplemented, remembering how- 
ever that Miu always, as it does not depend upon w. 

Try the w component of Mai: We must multiply by wi instead 
of by u, Now R,w,=cos ¢?'=uy,+vv,cos¢. This is to be used as 
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a factor instead of 1 before. So, if M. iu, the part of the integral 
depending on v, must vanish. Test this. 


f | v COS Alu oos . 40 — 997 dudo 
=— f l v COs P.vy, COB G. f 00. 
Sa A a = 50a dn 


= 54), 5.6.7 u. 1 5.6.7.8.9 ut 
„1s 5 1.2.8. 5 7 1.2.8. 4.5 vi 
1 1 1 


e 
aoe 
-p — — — $ — 
ee eeeeesesneeceoe eee @eoaetegeonses t.e 


5 7 9 


1 1 1 0. (178 
tate eevccsece +7 TXITXI) %% %% ote. ae ( ) 


That is, M,,w,—(M,,u,)u,. Therefore, since r ui Wi, we conclude 
that M,, is parallel to u, like M.. 
Now Mz. We have 


VDB. Erin [ Bf - t cos G. 4. HHT u, cos g] (174) 


16 LR 
and the w component is 
WI VD, B [ cos G ( cos o’ aS ti 94 +m; v 008 b]. 
(175) 
ee to ¢ makes 
ete! 25 976 27 . f Fah etna vv) | (176) 


and ane 
M,:W,= eat f 1 = (uu . vie) de du, (177) 


where the 3 factor comes to 


2772 L 1284 et „12 8772445 
aug 4. te 1 +} +0— eee? 12 — 
aofise BOTH a iii- 
TETEE EEEE 


4 ut 
8028 * +402 80855 76 ate — (178) 
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Therefore, by (177), : 
2 2 cog? 
M. W. R 5} (179) 
is the w component of M2. 
Lastly, test that there is no component [| u and tow. The com- 
ponents of Vuw are 0, O, sin ¢,. Those of R, are u, v cos ¢, v sin G. 
Therefore R Vu,w,=vy, sing. So we have to integrate 


yv, sin 9 Ci vy, 008 00) (180) 


with respect to ¢. The result is zero. 

Therefore M,, is in the plane of u and w, with components in 
their directions given by (165) and (179). From them, the resultant 
is given by 

2 2 4 ain4 

M N . atr oe tan = rr tan 9, (181) 
where ¢, is the angle between Mi, and u, and ¢, that between w 
and u. Thus Mi lies between u and w, and moves from 0 =0 to 
zr when w does so. 

Finally, there ia Mz. It is || R in detail, and R,w,=u“u,+v, cos G. 
In summing up through the shell for the second term of the last 
expression, we have to integrate 


8 u? 
— 2t, { mumo + eule) +t, 5 2ruu y yy EE 25 2% 


with respect to u, 1 asa 
b 8 e a] 
— ee 2 5 n. 
e 


This comes to 0 en So M, has no w component, for M.w, 
=M.u,., by the above. As a check, examine the Vu,w, com- 
ponent. As for Mu, we must multiply by vv, sing. See the full 
expression for M,. The integrals of sin , and sin ꝙ cos ¢, and 
sin &. cos? ¢ all vanish. So M, is parallel tou. Only M., is not, 
and then only when w is not. 


(25). Since M, is independent of R, this part of the momentum is 
wasted like the energy T, and U,. The rate of waste of momentum 
E 


Or La! 


2 2 2 
pO: (a „ 5 * energy waste. (208) 
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in another form, T,=—43M,v*/u. At the speed of light this is 
T. Mv, but then M, itself is infinite. This relates to the point- 
charge. There is no necessary infiniteness when the charge is 
distributed. i 
In motion at uniform speed in a circle of radius b, if we call the 
time rate of waste of energy @W/dé,, and assume that the charge 
is a uniform spherical surface distribution, so that its energy when 
at rest is U,=v?Q*/Sra, where a is the radius of the sphere, then 
wu, cos¢,=0, and : l 
AW 4av ut 
di, 30? vixt 
This U, presents itself naturally as a unit of energy. Using the 
high value of u/v='95, first measured by ‘Kaufmann (Becquerel’s 
B * rays ), / = 9, 2="l, 
dW 281 v 843 
dt. 108 PUTIN” (210) 
or nearly U,/b%. This is a very large multiple of Uy if b is of 
atomic size. But then this waste is per second. The waste per 
centim. 18 


(209) 


aW 10dW_ 31 

dz, 9v dt. 101253 
which is still a large multiple of U,. The waste per revolution is 
Arb times (211), or (1951025 U. Say b=10-8, then this is only 
(1/50) Us, that is 2 per cent. loss per rev., which could not go on for 
many revolutions, if we remember that the total energy U+T is 
only a small multiple of Up. | 

I give this numerical example to show the practical impossibility 
of maintaining very high revolutionary velocities, in accordance 
wiih the waste formula. It is much worse when u/v is further 
inereased. Revolutionary velocities are probably quite small, 
against v, and even then there is rapid exhaustion by the radiation 
of energy. Maintenance by renewal is required, and here the old 
banging about of molecules presents itself, besides radiation from 
outside. The white hot poker takes some time to turn black; a very 
thin wire turns black at once ; and carrying this on to molecular 
dimensions, there is nothing to wonder at in the very rapid loss of 
energy from a revolving charge left to itself. 

But in systems of electrons in connected motion the waste is 
reduced. Then so much less is the radiation. The waste may, 
specially, be nothing at all. An elementary case is a circle of elee- 
trification revolving in its own plane round its own centre. Only 
when the veloc ty changes is there waste of onergy. There s aso 
no waste when there is entire disappearance of the external F and 
H due to vibrating systems of electrification, of whch examples 


Uo (211) 
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may be found in my Elec. Pa., vol. 2, p. 418, and elsewhere; bearing 
in mind that problems relating to vibrating impressed electric force 
have all their corresponding representatives with vibrating electri 
fication, in the way described before, p. 92 of this volume. 

But a whole book could be filled with calculations of this sort, 
with various assumed data, and it is no part of my business to fill 
the rest of this volume with that kind of matter. There are other 
sources of information. 

(26). When the magnetic effect of a sudden change of velocity of 
Q without change of position is wanted, it is desirable to exhibit the 
H formula in a different manner. We have 


__QR jè 
AR CAR WWR-V (vq 
. gee 212 
Here R=—ui,, VvyR=+2,VB,u. (218) 
S0 H=Vy A= a. Z VuR h+ Q E VuR Ii 
Q/t. d X 
(A ah t m, (214) 


If we carry out the time differentiation fully, the first given 
vectorial formula for H, (17), p. 436, will be come to. But from 
(214) itself, we can see that a sudden change of velocity produces a 
pulse of H given by 


_Q 4; vg. f 
Hdi= RCH VuR) = VRÈ. 216) 


This is a spherical pulse of course, and is of uniform depth, when 
the change of velocity is quite sudden and the source is spherical. 
It is the time integral of H that is given, as the pulse passes the 
fixed observing point, and it depends upon the change made in the 
vector VRIR, where R is the vector from the charge to the observing 
point, as in the figure on p. 433. Now R, does not change, so the 
pulse of H varies as VR,dR, or as — VRIiduti). 
If 2a is the depth of the pulse, dé=2a/v, 80 
Q usin @ 

ae 47K L1—(uv) cos 0 (20) 
where only the change made in the quantity in the [] need be 
reckoned when the direction of u does not change. But if it does, 
then for sin ô in (216) we must substitute Vu,R,. If the impulse 
is made from rest to velocity u, the ] may be omitted. This is 
the formula got before, p. 110, eq (64), p. 120, eq. (91). It should 
be noted that these formulæ, (212) to (216), relate to a quite sudden 
change of velocity. Another kind of pulse will turn up soon, required 
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to effect the transition from the true pulse to continuous changes of 
velocity. 

(27). Now considering Q to be uniformly distributed on a spherical 
surface of radius a, and to be suddenly jerked from rest to velocity 
u, the applied force impulse lasts just so long as it takes the inner 
of the two spherical waves which start from the surface to get en- 
tirely clear of the charge. From that moment the steady state exists 
right up to the inner surface of the shell, and therefore extends 
throughout the sphere, and partly outside. The shell as it expands 
leaves part of its contents (displacement and induction) behind, to 
complete the establishment of the steady state. Ultimately the 
shell tends to become purely electromagnetic, E= „vH, and then E 
and H are uniformly distributed in the depth of the shell. Its 
energy has been calculated already, p. 128. Say T, is the magnetic 
energy in the shell, then 

leu? lw 


=4Q(P-P,), rg ote ate) E17 


47ac 3 v? 
where P is Searle's and Morton’s potential. It is related to the 
Newtonian force on unit of Q by (103), p. 128, 
—«*yP=E+ VuB. (218) 
The waste of energy is 2T,, because T. Ui in the shell. This also 
equals the increase in the stored energy, a property due to the im- 
pulsiveness of the acceleration ; that is, 
2T,=U+T—U,, (219) 
where U and T are the electric and magnetic energies of the steady 
state, and U, the initial value of U belonging to Po and u=0. Also 


U—T=3PQe?. (220) 
From these relations follow Searle’s formulas for U and T, namely 
_ @ylw. 1 3 uë i 
T- pala ahi 9756 ot) taan 
ee 0 2 . 
N = Tac 15 i 35 v7.9 bs ). (222) 


When ujv is small, the work done by the force-impulse is close to 
2T, half stored, and half wasted. 
(28). Let f be the applied force on Q. Then 
ICA = MT M:, M=2VDB, (223) 


where M belongs to the steady (progressive) field, and M, is the 
same for the shell. Now HB=BVuD=uVDB;; therefore 


2T= Mu, uf(fdat)=M,u- 27. (224) 
Also uf( fat) =(U0+T—U,)4+2T,=2(0+T—U,). ( 225) 
VOL. In. HH 
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Tt follows that 
2,0—U,j=M,u, T—U=4(M—M,)u— Uo. (226) 


The momentum stored is givén by first of (224), the momentum 
wasted in the shell by tho first of (226). The first momentum ex- 
pression is expectable; the second is remarkable, being in terms of 
the increvsed electric energy of the stesdy field. 

We may verify this by integrating the shell formula. Thus, 


M. =u, Š VDB (shell) = 1 di (227 


This, easily solved by power integration, makes 
. INu fl IX /i IVA 
= = „ % es | Oa 
Me S rav LG -5 J25 6 z) 67 5) ee 
a „u- uo, according to (222), and verifying (226). 


(29). Next suppose that Q, in steady straight motion at velocity 
u,, has its velocity suddenly increased to uz. It is essentially 
sufficient to consider the details in the case of parallelism of u, and 
uz. At the moment of th» jerk a new shell belonging to u: begins 
to be established by spherical expansion. Outside the new shell 
is the old steady field, which may be dismissed in considering the 
strength of the new shell. Inside the shell is the new steady field 
belonging to u, along with the old one belonging to u, and in the 
shell itself we have 

20H Q u, sin 0 A sin 6 (228) 
ArR (E cosð 1 (ui / v) cos ô 
at œ, that is, when the shell has expanded sufficiently. 

The magnetic energy in the shell is T. T. — TIz, where T, is the 
former magnetic energy of the shell belonging to u,, Te that be- 
longing to u. (from rest), and 4T,, depends on uu, sin? 601 — / v) 
(1—u./v)—1 in the same way as T, depends on w,? sin? 6(1—pu,/v)-?. 
So we have to find ~ 


u f~ sin? 6.du 
Tir 1677 f (TA] — uuo) (229) 


Here, by expansion, 
(1— uuo) (1— nujo) 
— — U, Su? 
G-) I p | Chir ae Ju +) (230) 


Using this in (229), and doing the integration, the result is, if 
Au U — Uy; 
7770 +... (281) 


— 


4ra (8 3.5 PAu 5.7 vA 
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So the final magnetic energy in the shell is 
2 2 2 4 2 4 
ie ee ‘es D taa L (38 U t 


Srac v: (3 5 2 7 3 5 5 ͤ Tu 


2¹⁰¹ë½ 71 1 utu’ 1 TaS) 232 
er (3 15 aa tas dan) E82 


This may be put in terms of logs, with the peculiarity that whereas 
the series in (232) are visibly explanatory, the log expressions 
require some study, especially the one for T. 2, 

The following will show the meaning. First put on u, from rest 
The magnetic energy wasted is TI. Then increase to u. The addi. 
tional magnetic waste is T, T T. — TI 2. The total magnetic waste is 
27 T T. — TI2. The total waste is double as much. But if w, is 
put on from rest, the magnetic waste is T2. So, doing it in two 
steps saves T,,—2T, when u, comes first, and the saving is 
T,.—2T, when ù, comes first. Say u,.=2u,. Then 


Q flu? le ) = 4u,? 16 217 ) 
Grae ke T= Ag gt Ee t ) 


4 2 2u4 
7. (35 +45 w+) 
So TI < T, and much >2T,. If T, is wasted first, the additional 
waste 2T,—T,, is positive and large. But if T, is wasted first, the 
additional waste 2T,—T,. is negative, or there is a saving. Note 
that in T, we may interchange u; and uz. 
We may also write 


2712 UP, — u, P, Ut, P. — u. P, 
Q C (233) 


by using the potential of (217). So the energy in the shell (from 
u, to uz) is ultimately given by 


2(T,+-T.—T).)= * N (1 i (234) 


In this, use the P formula, and write u for , and w+ Aw for tta. 
Tt will be found first that the terms independent of u vanish. Then 
examining what is left, it will be found that the terms involving Au 
also vanish. But the (Au)? terms do not vanish. Retaining them, 
and discarding higher powers, the result is 

2 (An)? ou ut 2,477 2 
when Aw is a very small impulsive increment of speed. Divide by 
2a to get the energy in shell per unit depth, and then multiply by 
«/47R* to get the mean flux of energy per unit area. 

(30). In the above the assumption was made that H tends to 
uniformity of value in the depth of the shells due to sudden changes 

VOL. III. H H 2 
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of velocity. This must be justified. Now I have shown on p. 99 
that wt 2 2112 15.75 
26 27 Gar)! 0 
where vt, =vt+a—r, is the H wave from a solid sphere of e'ectri- 
fication of uniform density p, making no allowance for the Doppler 
effect. The sphere is at rest when f=, and then assumes the 
velocity u. The quantity vt, is here the distance of the point r, 6 
from the front of the wave. H varies from 0 at the front to 
(Qu sin 0% rr at the back or inner boundary of the shell, if Q is 
the total charge. In (230) let r be very great. Then it reduces to 


H od sin (vt 


H- 45 sin 6. (u 4, (287) 


at distance 7 from the middle cf the shell. The distribution of 
intensity is parabolic. Now increaseatoa+aAa, This makes 


‘—_— u 742 2 , : 
H =" at) + 2 a)], H H=. (288) 


where Q'=47a*pAa. This difference is the H due to the sudden 
starting of the differential charge of surface density pAa; and it is 
of the same value rigit through the shell. The integral H’ ig 
2aH'=Q'uv/4rr, in agreement with the more general Qurt / 4 R, 
when u is so large that ti cannot be ignored. 


(31). The shell energy (as on p. 97) is 20 per cent. more whtn 
Q is solid than when it is superficial. That is, 


2442 h 2 274 
SH — | | ard 1t He q. 2 E, (239) 
when Q is solid. Or thus, if the same quantity of induction in the 
shell is changed from a uniform to a parabolic distribution, the 
value of the integral of its square is increased 20 per cent. 

We may infer that P, Po, U—U,, and T are all similarly in. 
creased. It is so for U—U,+T because this quantity equals the 
shell energy. It is so for U, by an easy calculation of Tick, with 
the value E=Qr/47a%c inside the sphere. It comes to one-fifth of 
the external part of Uj, which is unchanged. Then we know that 
the outside density of U- is Pe, so the total U- is increased 
20 per cent., if Z Pp in the sphere equals one-fifth of P,Q on its sur. 
face, P. being the surface value of P. Now at distance 7 from the 
surface we have 

a 2 a, „30 1 3 1 72 
p= P. * pt] see Snape te dr 2 3 4) b., 240) 
and the mean value of P in the sphere by this formula is 6P./5. 
This is true whether the charge is solid or superficial. Therefore 
the whole U—T is increased 20 per cent.; so, by the previous, this 
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is true for U and T separately. These calculations are elementary, 
but those relating to the variable motion are much complicated by 
using a solid instead of a surface distribution of electrification. 
The solid sphere is a collection of she ls, so there is a mixture by 
ovetlapping. 

(32). The H due to a solid sphere of electrification density e, 
given the velocity u is, if gq=d/d(vt), by p. 99, 


H- 4 C 1＋ 1 Y -e-a (1— 1 . 1 1) . (241 

( (ind ewe) en 

The shell solution (236) above is the immediate algebrisation of the 

first part of this ope ational solution, in which u may be any func- 

tion of the time. But «w/c must be small, When the second part 

is added the result gives the solution between the sphere and the 

inner boundary of the shell. Equation (241) is the same as 

shin 9 12 q tar 

H=a (cosh 4a — (- 1 u Uy (242) 

which is more convenient gee pu is simply periodic. The corre- 
sponding A is 

(outside) A= sÀ cosh ga— 


shin ga ba 


i r 

Gaal ngat 7 69 ta” ae 9 7a f..) A, 243) 
4a E ` 
if A= g Arx a 


This A, is what is due to the total charge if collected at the centre, 
which is a known function. The extra terms to be derived by 
double differentiations after the manner of (243, } show the external 
effect of distributing the charge. Now by a sing e differentiation to 
a we have R ee oe 
2 4 -qr 
F = 
This is the external A due toa shell of electrification of surface 
density p; so i i 
shin ga shin 98 
(out) A= qa ee (aer Tar -—Q u) ge A0 (246) 
is the external A due to the surface 8 Q, Ao being the same 
due to Q at the centre. 
The corresponding internal potentials are 
. a 1 j ET — E Ir . 
(in) 207 gr pl, (solid) 45, 
z ashin gr Qu _ Shin qr A, 
qr 41a qr g 


(in) A= 


(surface) (248) 
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So by (246), (248), the results over all space become known for the 
surface Q in terms of A), the potential due to Q at the centre. 

The inatter does no: end here. For if we use the dopplerized or 
distorted A, and A, obtained by introducing the factor 11, the 
same operators (shin qa) qa and (shin qr)/qr will give the corre- 
sponding results when w/v is not a small quantity. I carried this 
out for the second term of the complete series (216), obtaining a 
complicated expression whose value was a very sinall fraction of 
that of the fi st term. But there are circumstances under which 
the first term of (246), that is, the solution fora point charge at the 
centre, is not sufliciently representative of the result due to a 
surface charge. The important maiters are the size of the sphere, 
and of the acceleration. As before said, the rate of acceleration 
should not change sensibly in the time light takes to traverse the 
sphere, if we want to treat ie sphere (externally) as a point. 


(33). The quantity M, or TVDB, called the momentum, when 
calculated for a single electron, is the force-impulse or time-integral 
of the Newtonian, sometimes called the mechanical force, on the 
electron. For the force on the electron due to the stress in the 
ether is the negative of the total force on the ether itself, which is 
(d/dt) VDB per unit volume. And the negative of the force on the 
electron is the applied force, say f. So f. M is che “ equation of 
motion.” Or oe ; 

—f= LE VuB)p, (249) 
when summed up throughout the electrification constituting the 
electron in the electromagnetic analysis. 

This is an example of Newton’s celebrated Action = Reaction, an 
impregnable fundamental principle whose neglect sometimes leads 
to alarming consequences. 

If Miu we may write 

al T 
M= Mu = Mu, + Mu.. (Ist Assumpticn) (250) 
And if M is a function of u, we may write 
° . dM. 3 
M= Mu; Tu ul. (2nd Assumption) (251) 
There are two main cases. If the 5 of u does not change, 
u,=0, and f“ ~~ Y= yd. (252) 


So, subject to the assumption 1 1 8 we may say that dM / du is the 
effoctive mass in straight motion. But if the direction changes. 
while the speed is constant, then 


u=0, and f= TE ce (258) 


WAVES IN THE ETHER. 471 


So, subject to the assumption made, we may say that M/u is the 
effective transverse mass. 

Neither of the assumptions is true in general. In straight 
motion, the first is true, but the second is not, owing to the waste. 
In circular motion, the first is not true, though the second may be 
true sometimes. 

But though there is no definite value to be given to the effective 
mass of an electror (or, in general, ary connected distribution of 
electrification), the above formulas for m, and ma are not useless. 
The above is plain Newtonian dynamics, and when we can go 
nearly enough to the assumptions made, we approach m, and ma. 
That M should be a function of u strictly means the establishment 
of the steady state belonging to u, and the ignoration of previous 
waste of energy and momentum. This is to apply approximately 
when the speed varies in straight motion, and also when the direc- 
tion var.es. Therefore the acceleration must be infinitely small. 
Then mi and m, become practically the straight and the transverse 
effective mass. 

It is rather remarkable that these m, and m, formulas, which 
were first exhibited by Abraham, were derived by him from expres- 
sions for the energy by the Lagrangian method. Now this method is 
not applicable to the problem in general. There is one coordinate 
and one speed, namely, u, and the energy expression is a function of 
u?, ut, u, ete. Vet the method goes. Only, since it is the steady 
energy that is counted. the acceleration must, as above, be infini- 
tesimal. Then we come indirectly to the interes ing conclusion 
that the Lagrangian method may be applied, provided the accele- 
ration is infinitesimal, to cases where, at first sight, there appears 
to be no application. 

At the other extreme, we have infinite acceleration, or the sudden 
establishment of velocity. This is easy. For we have 


T=4Mu, U—U,-=3M,4, Mo- MT MI %,: (254 
U + T—U,~= 4M, w= i mgë. (255) 


Here the two parts of the momentum are joined to make Mo, and 
m, is the corresponding mass, the effective mass under the cir- 
ecumstance, or at least what might be called the impulsive mass, as 
it is a quite special case. 

If the electron is suddenly stopped, ere is superimposed on the 
existing field, (shell with interior steady progressive state), a new 
state involving phenomena exactly similar to the starting phe- 
nomena, but with E and H reversed. So there are now two shells, 
both expanding to infinity from different centres. Their energies 
and momenta are ultimately equal. That is, there is as much 
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energy and momentum wasted in stopping as in starting. But the 
work is not done at the electron, but is taken from the field. 

Thus, on sudden stoppage, momentum of amount (2/u)(U + T—U,) 
is added to the pre-existing momentum, not instantly, but during 
the time taken for the new wave to be created and get clear of the 
electrification. As this second shell traverses the field, it restores 
the original state of isotropic radial displacement of energy Uo, 
without magnetic energy, and the energy thus lost from the field is 
stored in the second shell. So U +T — U, of energy is lost ultimately 
in the second shell. 

The new field momentum —2T/u cancels the previous momentum 
+2T/u, and the rest, which is +2(U - U,)/u, goes out to infinity in 
the second shell. So the total waste of momentum is (4/u)(U— Uo), 
reckoned in time from a state of rest to a state of rest again, with 
two sudden changes of velocity of opposite sign. In continuous 
acceleration too, the waste of momentum is always positive, as is 
obvious in the formula involving the square of the acceleration, 
though perhaps not visibly evident otherwise. 

What is done in increasing u to u+ Au (a positive increment) is 
to increase the momentum in the field, and also to waste positive 
momentum. Then, on reducing the speed to u again, we reduce 
the momentum in the field by the same amount, and also waste the 
same amount of + momentum as before. Say id: in the 
first case; then fdt, ¿= — s, +7, in the second. So the force on the 
electron is smaller in the reduction of speed n in the increase. 
And, in conformity with this, 

uf( fdt)=+2(T+U-U,) at the start, 

and =—2(T-U+U,) at the stop. (256) 
The total force-time integral therefore comes to (4/0 (U- U,), and 
this is accounted for by the waste of momentum in the two shells. 

(34). This is perhaps an appropriate place to insert soms remarks 
on the so-called mass of an electron; though, strictly speaking, 
none has been found yet, because electricity in itself has no inertia 
in the theory, and experiment has so far found none. All the 
previous in this article is made up from my investigations con- 
densed on pp. 158 to 167, which the reader is recommended to read, 
in order to obtain a general idea of the subject broadly, apart from 
complications of calculation. A. well-kuown German professor 
said there was material in it fora volume. Yes; but there were 
difficulties in the way of the volume. 

The rame electron was coined long ago by Johnstone Stoney to 
be given to hypothetical units of electricity. It is a capital name, 
and is, I think, better than Kelvin’s modification “ electrion,’’ 
which weds electricity to the ion.“ The first use of the idea of 
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mass, (another capital name, not to be confounded with weight), 
in connection with a moving charge was, I believe, by J. J. Thomson, 
somewhen about 1877. The idea comes in very naturally and 
simply. A charged spherical conductor is supposed to move without 
altering the istropic distribution of displacement. Then comes 
Maxwell's doctrine that the changing displacement is an electric 
current, with a magnetic field. Its energy is calculated, and is 
found to vary as 242, the square of the speed. So does the ordinary 
kinetic energy of the mass of the conductor. There is therefore a 
small effective increase of mass. N 

Several things have to be noted here from a later point of view. 
No increase in the electric energy is allowed for. It is implied that 
changes of velocity are instantly accompanied by the corresponding 
changes of magnetic force. It is then clear that w/v must be very 
small, and that the solution of the problem is the first term of the 
real solution. Moreover, no jerks, or rapid accelerations, are per- 
missible. With these limitations, the idea of a constant effective 
mass of a moving electrified sphere, in addition to the common 
mass, is a most useful one. 

(35). But the current was closed through the conductor, if I re- 
member rightly, and there were analytical errors, or errors of method 
in the theory, which made the estimate of the magnetic energy 
come out wrong. I gave the corrected formula, now in general use, 
In 1885, and a broader theory in 1888-9. (Elec Pa., vol. 2, pp. 490 
to 518.) Steady straight motion at any speed was treated. The 
moving charge itself completes the circuit of the electric displacement 
currents. Inside the electrified surface there is no magnetic field. 
The idea of a constant effective mass, independent of the speed, 
goes out of existence. Both the electric and magnetic energy 
even when divided by «? increase, at first slowly, later very fast 
indeed, as the speed increases. Infinite series in powers of u? 
are required in general to represent them. As regards, however, 
the formulas for U and T, I calculated them for the region outside 
a sphere which itself surrounds the charged body, and might be the 
charged sphere itself if the displacement were, as assumed, perpen- 
dicular to the conductor. But Searle showed me that my solution 
for a point-charge, when applied to a sphere, would not work. This 
led me to revise this part of the theory (vol. 1 of this work, p. 273). 
The displacement cannot be perpendicular to the conducting surface. 
The equlibrium surfaces are oblate ellipsoids of revolution when 
the source is a charge at a point, or is itself distributed over one of 
the same oblate spheroids. Searle himself followed this up, and 
gave the formulas for a charged sphere or a charged ellipsoid of 
revolution of any ellipticity moving parallel to its axis of symmetry. 
Also the energy formulas. This ellipsoidal work has since come 
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into use in connection with the electron, which should be gratifying 


to the rejected one 

(36). But the idea of mass in associa ion with moving charges 
was apparently sleeping most of the time, for it plays gnly a small 
part in the general theory. It woke again in a practical manner 
when J. J. Thomson, by his tube experiments, established that 
Crookes’s radiant matter, or matter in a fourth state. consisted of a 
stream of something he called corpuscles, the same in all gases. 
Here the clementary theory of a moving charge was the principal 
theoretical guide, applied to the deflections produced by external 
electric and magnetic fields. It appeared ‘to be very probable that 
the mass of the corpuscl-, in the simple Newtonian sense, was a 
constant independent of the speed. And it was the same in 
Zesman’s experiments on the effect of magnetic force on the spec- 
trum lines of a gas, as interpreted by Lorentz. -In fact, it almost 
came to be taken for granted soon that m” and %%, were con- 
stants, when m was reckoned electromagnetically as in the ele- 
mentary theory. 

(37). But to discriminate between electromagnetic effective mass 
and material mass in the old sense requires observations at high 
speeds, and a number of them. They soon came. The first I saw 
of Naufmann’s results was a short note saying he had found by 
high-speed measurements that So-much of the effective mass was 
material, and So-much electromagnetic. This was followed by a 
second short note giving five numerical results of observation. 
Knowing nothing of the method of experiment, I tried two formulas 
tentatively on these figures, one involving infinitesimal, the other 
infinite acceleration. When plotted the results made à rather 
violent zigzag. But there was no positive sign of any part of the 
effective mass being material, by cither formula. The difference 
made in the value of e/in in pissing from one to the other was only 
14 per cent. This was remarkable, but then the steepness of the 
theoretical curves when w/v >9/10, combined with the adjustment 
to the zigzag, could easily explain that. But the infinite acceleration 
formula really gave a better fit than the other, so I selected it in he 
Note on p. 131 above. 

But Kaufmann at this time or shortly after published much more 
precise experimental results, accompanied or followed by Abraham 
with his formulas for the above m, and m,, on the assumption of 
rigid sphericality of an electron applied to the ellipsoidal theory. The 
agreement in general was very good with the m. deflection formula. 
But with sych steep curves as are given by many formulas, an out- 
sider like myself cculd not feel quite convinced of more than that the 
material mass was only a small part of the apparent mass, as 
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estimated electromagnetically. Moreover, it should be remembered 
that the use of either m, or n requires infinitesimal acceleration. 
Was the acceleration sufficiently small to allow the formula used tc 
be valid without sensible error at the high speeds concerned? The 
acceleration was large enough to be visible and measureable. 


(38). Then came Lorentz’s electron. This has the oblate ellip. 
soidal shape of the surface of equilibrium. It is squeezed from the 
spherical shape in the line of motion, without lateral change. It 
has to change its shape whenever it changes its velocity. It is 
attractive theoretically, on account of the simplicity of energy and 
mass formulas. It is also suggested by the explanation“ given 
by FitzGerald and by Lorentz of the Michelson- Morley experiment, 
that the negative result could be accounted for by a certain lateral 
contraction, in the line of motion, of the bodies supporting the 
apparatus, Here the real difficulty is to explain the explanation. 
Closely related to Lorentz's electron was Bucherer's modification 
which followed. It hai the same squeeze in the line of motion, but 
was expanded laterally to keep the volume constant. Bucherer 
undertook elaborate experiments on his own account to settle the 
matter, with the result that he gave up his own design of electron, 
finding that Lorentz’s agreed best with his experimental results, 

I am still inclined to think that the electron may have a material 
basis. It might be a very small element with a negative charge of 
much greater effective mass. As regards its constitution, that is 
very speculative. It cannot be just electricity and nothing more, 
or it would fly to pieces and disseminate to an infinite distance, or 
else go to positive electrification. This would not be in the wave 
manner of the condensation in a condensational wave, but con- 
vectionally. This of course assumes that we define electricity by 
the theory of the same in its dynamical aspect, ecmbined with the 
fact that when like electricities mutually repel, they actually yield 
to the repulsion and move through the ether, unless prevented by 
some other force. So we seem to want something fer the negative 
electricity of an electron to hold on to. Or, in another form, some- 
thing for the tubes of displacement to terminate upon. Besides 
that, the electron must have size and shape and so cn, to allow it 
to behave as it does. This is no doubt a very dithicult question, 
but scientific research has done apparently impossible work before 
now, and will no doubt do it again. As for positive electricity, 
that seems to have no electron, but to be always associated with 
the recognised chemical elements, whether stable or unstable. Is 
it male or female? There is no doubt that the physical basis of 
life, which used to be protoplasm, must be sought for much lower 
down, if indeed there is anv limit; and the electrons, which are 
called negative, seem most likely to be the stimulators. Life does 
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not stop in the animal and vegetahle kingdoms. In a rudimentary 
form, it may be everywhere, as electromagnetic waves are. Evolu- 
tion comes from within, in its first nature, however it may be 
guided and influenced externally. 

(39). The “ electrical theory of matter, which has some evidence 
to support it, is full of difficulties. Some of them are very evident 
when the limited application of the mass” theory is considered, 
namely to small velocities and, more important still, to small 
accelerations. Nor can it be safely asgumed that the offective 
inertia of a collection of electrons equals the sum of their separate 
inertias; so that the number of electrons in an atom varies as the 
atomic weight.“ Nothing is known about the gravitation of elec- 
trons, by the way. Consider, for example, the well-known electri- 
cal problem of a steady current in a straight wire, with a distant 
external return conductor, (tube, for simplicity). In ealculating its 
inductance, say the L in 4LC? the magnetic energy, it is really the 
quantity 4.H?, the density of the magnetic energy that is summed 
up, and the current in the wire is supposed to be uniformly distri- 
buted. Most of the magnetic energy is outside the wire, in the 
space between the wire and return. We need make no assumption 
as to what the current in the wire is in detail; that is eliminated 
by the averaging which is assumed in the construction of the 

uniform distribution. But now substitute for the last an enormous 
number of electrons, of such number and speed as to make up the 
total current. According to a calculation made by A. Schuster on 
the basis of the slow speed theory, the magnetic energy is increased 
by a very small amount, perhaps not recognisable. We might per- 
haps also come to the same conclusion by considering that the ex- 
ternal magnetic field due to the uniform current and that due to 
the substituted condensed currents are almost exactly the same. 
Now if we start with a uniform distribution of current in a sphere, 
such as would arise if a solid sphere of electrification were set in 
motion, and calculate its magnetic energy; and then substitute for 
it a great number. (say many thousands) of electrons distributed 
fairly uniformly, we can estimate the difference made in the mag- 
netic energy. The magnetic energy of the collection of electrons is 
not the sum of their separate energies, and I find that this affects 
the reckoning of proportionality of the number of electrons to 
atomic weight in the case of the large atomic weights. R it this is 
a trifle compared with the difficulties connected with positive eleo- 
trification, if common material energy is to be considered to be 
wholly electromagnetic. 

It may be worth noticing that we may have electrons of the same 
effective mass of any size we like, by suitably altering the distri- 
bution of the electrification. Say it is to be of atomic size. That 
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could be done by dividing the total charge into a number of small 
charges, each to be the charge of a sub- electron, the sub electrons 
to be arranged throughout the sphere of atomie size. 

But although electrons do not behave as small constant masses 
in electromagnetic theory, it may be observed that constancy of 
mass of a given quantity of matter is not an essential part of 
dynamics, even though it may be true observationally to a certain 
degree of fineness. What I always regard as the fundamental 
principle of dynamics is Newton’s celebrated Third Law. If that is 
not true, the result is Chaos. 

I cannot help remarking how fortunate it has been in the rapid 
growth of the new science of Radio-activity of Becquerel and 
Rutherford, as well as in many other experimental ways, that the 
usual velocities of electrons are low, so that the elementary theory 
of electrons can be used as a guide in interpretation; save for 
shocks, or large accelerations. The theory of pulses, too, is relatively 
simple, if they are condensed enough. In the application to the 
extraordinary X-rays of Röntgen, (to the discovery of which P. 
Lenard seems to have been tending), there must be pulses produced 
when a cathode stream produces X-rays; but the resultant effect of 
the pulses in the stream of X-rays is something like plane waves 
(or may be diverging waves) of light, with extraordinary relative 
intensity given to very high frequencies when analysed simple har- 
monically. The importance of the high frequencies may be readily 
seen in the analysis of a discontinuous curve into simply periodic 
waves. 

But can an electron lose its charge? If it can, then X-rays may 
contain a stream of the residual element along with the electromag- 
netic waves. Being of very small mass its speed may be excessive. 
The residual element provisionally assumed here would not be the 
same as a neutral particle formed of helium and an electron, a sort 
of doublet. Bragg has proposed (Roy. Inst., Jan. 1911) that the 
+ or X-ray is corpuscular, being an electron which has assumed a 
cloak of darkness in the form of sufficient positive electricity to 
neutralize its charge.” It would depend on the manner of neutra- 
lisation how far this would behave as a really unelectrified element, 
which, in virtue of very small mass could penetrate the ether unre- 
sisted at speeds far exceeding that of light, whereas Bragg’s cloaked 
electron might not do this. But we cannot. get away from the 
pulses, and their resultant effect. For if they don’t exist we have 
to ask, Why not? They ought to be there; and I have no doubt 
they are, however it may be as regards the corpuscles. 

The dependence of apparent mass upon distribution of the charge 
is remarkably illustrated by the elementary case of a uniform plane 
distribution of electrification. If of infinite extent, it has no inertia 
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at all, when moved perpendicularly to its plane, because there is no 
magnetic force. (I gave this case in 1889.) Even if the electri- 
fication is condensed in electrons, the correction need not be large. 
If the plane is finite, say with a circular edge, the theory is known, 
by that of adisc of impressed electric force (Elec. Pa., vol. 2, p. 
415, and E.M.T., vol. 1, p. 114). The edge is the source of the 
waves when the disc is moved perpendicular to itself. So, if moved 
from rest suddenly, the greater the charge, as with a larger disc, the 
longer it takes before the central part is endowed with any inertia. 


(40). In the above I have made much use of the vector M, the 
time integral of the Newtonian or mechanical force on the ether. 
Different views have been held about this force. I have always re- 
garded it as a reality, since I first wrote on the electric and mag- 
netic stresses in 1886, necessitated by Newton’s Third Law. But 
it need not be the complete force on the ether, and M need not 
therefore be the actual momentum. It might be only potential 
momentum, and if thé ether were incompressible, and it could not 
move under the action of the force dM dt, then M could not be 
visible momentum. The ether should be compressible to make M 
be visible momentum, and waves of B, H are then accompanied by 
waves of compression. (See pp. 144 to 158 of this volume for this 
theory.) But in general they are distorted. We must assume some 
law cf compressibility. Then, in cases I examined, of simply 
‘periodic progressive plane waves, the disturbance in the humps and 
hollows tends to accumulate in front, that is at the nodes. It is 
only a question of time, and completely upsets the proper propaga- 
tion of light from distant stars, as generally accepted. 

I have, however, shown how to prevent this, in plane solitary 
waves of any type. The three quantities m the density of the 
ether, » its inductivity, and c its permittivity, are all referred to 
unit volume, as usual. Now, in the wave of compression accom- 
panying the electromagnetic wave, m varies, of course. If p and 
c do not vary, there is distortion in transit. But let them vary in 
the same way as the density, then the distortion disappears, 

We may therefore regard M as being really the momentun, if 
the electric and magnetic properties remain always the same for the 
same amount of ether when it is compressed. The difficulty about 
light from distant stars disappears. Tliere is still some residual 
error when waves cross, or are coming all ways, but this error is 
insignificant. 

The circuital equations have to be taken strictly in more general 
form than for the ether at rest; in fact, this is a necessary part of 
the theory. It makes a complication when the speed of the ether 
is not very small. But if very small, the practical course is to work 
in terms of the simple undistorted circuital equations, In the 
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electronic theory, for example, it would be a needless complication 
to allow for the compression of the ether in the mathematical work. 

(41). As regards the actual density of the ether, I am not aware 
of any safe way of determining it at present. Consider the relation 
AH? mug (vol. 3, p. 157). Here q is the speed of the ether, and 
mq the momentum. It is clear that »H?/v is only of moderate 
size, and cannot be very great. For, using c.g.s. magnetic units, 
u=1,and H is moderate in solar radiation, whilst v= nearly 3 x 10", 
if v, which is the speed of light through the ether, is nearly the 
same as u (vol. 3, p. 149) the speed of light through space, which 
will be the case when g is small compared with v and . So mq is 
very small under the circumstances. If the ether has the density 
of water, then n =I, and 9 is very small. If the ether is a million 
times as dense as water, then q will be a millionth part of the 
previous small value. But it is easy to see that both m and q may 
be very small. If, however, we choose m to be so small that q 
comes out large, then we must go back to AH = inv, in which 
q+v=u=3x10!9, So, along this line of reasoning, something not 
yet found is required to settle the density of the ether. Lodge’s 
argument in favour of an enormously dense ether is founded upon 
different considerations. My own preference is in favour of small 
density and small velocity, if convenient to the ether. 

Some do not believe in the materiality of the ether. This view 
is thoroughly anti-Newtonian, anti-Faradaic und anti-Maxwellian. 
What mean action and reaction, the storage of energy, the transit 
of force and energy through space, &c., &c., if there is no medium 
in space? For space is nothing at all, save extension. Lord Kelvin 
used to call me a nihilist. That was a great mistake, (though I did 
throw a bomb occasionally, to stimulate an official humbug to learn 
something about electricity and how to apply it). He was most 
intensely mechanical, and could not accept any ether unless he 
could make a model of it. Without the model he did not consider 
alectromagnetics to ke dynamical. But I regard electromagnetics 
as being fully dynamical, a special branch of dynamics, in fact, 
founded upon Newton’s dynamics of the visible, and resting upon 
it throughout. This applies to the theory of the electron, which is 
a particular application of electromagnetics. It is, however, strik- 
ing that the method of treating dynamics in use by mathematicians 
in general, namely, the method of generalized coordinates and its 
complications, does not usually show up well in the treatment of 
electromagnetics. I have observed repeatedly that young to-be 
physicists, when they leave college, are full of generalized coordi- 
nates, and the theory of functions, and unnatural spaces, and 
rigour; but when they become thoroughly immersed in real 
physics, even though mathematical, a lot of the learning referred to 
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fades away. Is Cambridge to blame ? Perhaps not. It may be 
my fault. 

(42). Returning to the electronic theory, a few results are de- 
sirable relating to the waste of energy due to a succession of equal 
sudden changes of velocity, acting in the same sense, and the transi- 
tion therefrom to the waste when the acceleration is continuous. The 
necessary formulas have been already given; p. 467. Say 2T, is 
the final energy of impulse 21, and 2T. that of u., both from rest; 
then 2(T,+T,—T,,) is the final energy of the shell u- 11, when 11 
is increased to ut. 

Now let 11/1. u,’ v 2. Then, in terms of Uo, the initial 
electric energy at rest, 

7. (U / 300) x 1˙006, T =(U,/300) ~: 4'098, 712 (U / 300) x 4'056. 
27.— TI2 (Co / 300) x 2·068, 2T, — T,2= (U, 300) < 2044, 
2(T.＋ Ta- Ti) m(U,/800) x 2'092. 

So, in terms of U,/300 as unit of energy, the work done by the first 
shell when u goes from 0 to v/10 is 4-024, of which half is stored 
in the form of T and increased U, and half is wasted, Then comes 
the increase from u, to u.. The field energy is (ultimately) in- 
creased to 2T,--U,, The amount of increase ie 6'180. At the same 
time the second shell wastes (ultimately) 2'092. So the total work 
of the second shell is 8'272, and the total work of both shells is 

12'296. 

But if the speed u, or '2v were instantly set up, the work would 
be 16'384. So the saving by two jerks instead of one is 4-088, Also, 
the waste in the two shells is 4'104, whilst the waste in the single 
shell due to «v, from rest is 8'192. So, finally, the waste due to the 
two equal jerks in succession is roughly one-half that due to a single 
jerk of double the size, but is actually a little more, by the amount 
4:104--4'096--'008. 

This “little more” is significant. The property is general. If 
ten equal jerks aro substituted for one jerk, the final fields are the 
same, but the energy wasted by the 10 weak shells is only one-tenth 
of that wasted by the one strong shell, and a little over. 

I will give the results of one more case, five pulses taking’ the 
place of one. Each increment of u is v/10, so that the final speed 
is v/2. The works done separately in the Sve instalments are, in 
terms of the unit of energy C/ 150, | 

2, 47136, 6˙516, 9°486, 13:238. 
Adding these up, the total work done at any stage amòunts to 
2, 6136, 12:652, 22'188, 35'876. 
Also, the total energy stored at any stage is 
1, 4096, 9:486, 17:620, 29 875. 
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Subtract these from the preceding figures to get the total energy 
wasted at infinity at any stage; the results are 
1, 20040 8 165, 4:518, 6:001. 


Now the waste is 29 375 for the strong pulse when u jumps from 0 
to v/2. One-fifth of this is 5875. So by means of five equal instal- 
ments, the waste is reduced to one-fifth, and 126 over. 

The separate enerzies stored by the five pulses are 

1, 8 096, 5 390, 8:134, 11:755, 
and the separate wastes to correspond are 
1, 1:049, 1'120, 1:352, 1:483. 

I have a'so worked out the results for eight equal increments of 
speed, especially to compare them with those for four increments 
of double the size, and with two of four times the size, as well as 
with one of full size. The results are quite similar. Doubling the 
number of increments always halves the waste, with a little over. 
In the limit, with intinitely numeious infinitely small increments 
of speed, we must come to continuous waste along with continuous 
acceleration. Some caution, however, is required ia esämatiug its 
amount. 

(43). When we take account of the fact that an electron, though 
small, cannot be infinitely small, two sorts of impulses of accelera- 
tion come into view. One of these has duration so small that when 
the acceleration ceases, the pulse generated at the surface of the 
spherical electron extends only a little way into the electron. Then 
we may regard the impulse as a theoretical impulse, of no duration. 
The electromagnetic disturbance is in an infinitely thin spherical 
shell at the first moment, which expands both ways, and leads 
finally to a shell of depth equal to the diameter of the electron, 
which expands to infinity. Taere is no dopplerisation concerned 
in the production of this shell however the electron may move after 
the moment of the condensed acceleration. Its centre is at the 
place where the centre of the sphere was at that moment. 

Bat if the period of acceleration lasts so long that the electron 
has sensibly moved when it ceases, then we come to a distorted 
pulse, whose inner and outer boundaries have different centres. It 
may be practica'ly a pulse, on account of the smallness of size of 
the electron, and the great speed of light. Now it is this sort of 
pulse that plays so important a part in the theory previously given, 
(see figure on p. 454, for example, divided up into smaller pulses, if 
desired), and we can see the reason more plainly now why the 
application of the theory of continuous acceleration of a sphere can- 
not be extended indefinitely up to infinitely great acceleration. Be- 
cause, in passing to that limit, the duration of great acceleration 
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would also pass to that of the pure pulse of acceleration, without 
any dopplerisation in question. 

Now see equation (235). This shows the waste due to the impulse 
of acceleration causing the increment of speed Aw. It varies in- 
versely as xt. On the other hand, the facto: c- occurs in the con- 
tinueus waste formula (142), p. 457. The following may make the 
transition plainer. (Done shortly on p. 160). By (228) and (235), 

QAu sin 2 ng ＋ * (Au)? 
2a H AR tujo cos oP Waste= Je a (257) 
where the first formula gives the final H in the shell of depth 2a 
due to instantaneous Aw and the second gives the waste of energy 
by integration of U+T or 2T throughout the shell. H is uniform 
in the depth of the shell. 

Now imagine the impulse of acceleration Aw to be spread over the 
short interval of time 2a/v, the time taken to cross the electron. 
What has been said about Aw applies to cach of the n smaller im- 
pulses Au/n which make up Aw. But there is obvious overlapping 
of the n final shells each of depth 2%. The result is to double the 


Sa Qa 2a 2a 2e Za 2a 2a “Ba 


depth of the resultant single shell, and in it the final H will rise by 
equal steps from O on its front to tho full value (257) in its middle, 
and then fall similarly by equal steps to O at its back. In tue 
limit, n=œ , the rise and fall will be continuous and uniform. 
Next, suppose that a second Au, of the same spread in time, is 
started as soon as the full H of the first shell is reached, and a 
third Ax when the fall H of the second shell is reached, and so on. 
Then the rises and falls will compensate one another, and H in the 
resultant shell will be of the same full value given by (257), except 
at the beginning. This will be visible in the diagram. 
Now 2a/v--dt,. Put this in the waste formula (257) and it makes 
Waste = Ane. (5 A 450 A (258) 
apparently be the waste in the time Af, and substituting d for A we 
obtain a spurious formula for the waste during continuous accelera- 
tion. It is spurious because, being calculated for a (relatively) deep 
pulse, the electron has moved sensibly, and the boundaries: of the 
resultant shells of the small elemants of acceleration have different 
centres, and the elementary shells are of variable depth, according 
to the distorter ¢,. We must therefore allow for this in the H 
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formula above when integrating the square of H to find the energy. 
This turns *“ to «° in the continuous waste formula. Thus, as in 
(142), with =, we require 


Waste= def I n. 259) 


Now the value of H * depth remains the same during the change 
from the undistorted to the distorted distribution. This means that 
the distorted H is 1/6, times the undistorted, so by (257), H in the 
dopplerized shell is given by 
Au sin 6 Qw sin 6 (260) 
Brak [1 -/) cos Os Axvn [1—(u/v) cos 6} 
that is; with the factor tie, if w, the rate of acceleration, is put for 
Au / Ati. Squaring this, makes tis. Then in the integration the 
element of depth is vdt,/t, corresponding to the path element udti. 
This akei tis; and lastly the integration over tho shell turns it 
tox 
N (260) is only valid when R/ a is N being the final 
value of H in the shell, yet it has the merit of being derived from 
the impulse theory. Now I have given the complete formula for 
H at any distance due to a sphere when u receives impulsive acce- 
leration. It would be an interesting exercise to derive therefrom 
in a similar way to the above the complete formulas for E and H at 
any distance in the case of continuous acceleration. For there is no 
doubt that the Maxwellian method of derivation from the scalar and 
vector potentials is rather cumbrous. That it is possible to do the 
work fully from the impulsive theory I know, because I did it that 
way first, and then tested the results by the potential method. 
(44). I have calculated above the formulas for the energy and 
momentum in the elementary dopplerized shell associated with the 
path element udt, of a point charge. The following relates to the 
changes that take place when the acceleration Au is impulsively 
made to previously existing u, without change of direction. The 
final momentum in the shell of depth 2a belonging to Awis M,, given 
by 2 2 we 
I. -CH. w) oog oJ AU) — a du, (261) 
where T, is the final magnetic energy in this shell, already calcu- 
lated. Here the formula for H, to correspond is used, namely, the 
first of (257). The integral comes to 
1 4u 1 4.5.6 uw? 1 4.5.6.7.8 us 
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therefore py „uQ? au)? 1/1 15.0? 80 4 50 v 263 
My rde „( T u F d ie .-). (50 
oe 75649 ut 12 08 e) 


12 5 * 7 1 vê 


and 2T,- uM, = 


- A U+T-U) - 4 — -In A)“, (264) 
where U, T, M refer to asl u, and m, is ae Aube effective mass 
at that speed. See (221), (222), (224). 


Now we have 


uQ? B us 

1 =o; 315 2 35 site} (265) 

GM _uQ?(1, 2ut But | 
4 274 35 5 5 7 f — (266) 
OM 27% u 1 8u? 6 us 5 
“aioe „ 57 ate al — . (267) 

Therefore i the preceding relating to M,, we come to 

j= hau)? aA] i 2T,=4}( aiM, 1(Au\? AAM (268) 


6 u due’ 


Now from a 1 point of view, let F be the force on Q in 
turning u to u + Au = ut, say. It acts all the time the second she“ 
tak es to get clear p the electrification. Then the work done is 


J Fujdt= (au, OWT e 0 —U)+T)+2T; 
dM 


Also 
u, fFdt= =u! so, paut he eer 
= (AMM, (270) 
where AM is stored and M, wasted. It follows that the work is 
Fuidt- u. fFdt to second order. (271) 
au $3 (Au es (272) 


Comparing with (270) and (268), we see that the waste part of the 
force-integral, which amounts to Ma, and the rest, which is AM, 
properly accounts for the increment of stored energy 4(U — U,+-T) 
and for the waste energy M.. 

The reason for using the final M and M., and T and T, is that 
when the shell is not so distant that 2T, may be regarded as the 
full shell energy, and T as the full steady magnetic energy, they are 
still ia existence fully. For the applied force ceases working directly 
the bank of the shell leaves the electrification. At that moment 
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only a part of T, is visibly “in the field ” behind the shell, the rest 
is in the shell itself. We make the convention then that the field is 
to include the shell so far as the variable part of shell energy goes. 
And this is right, because it is the shell itself that lays down the 
steady field behind it as it expands. It is continuously losing E and 
H, momentum and energy, in tending to its final state of constant 
energy and momentum. 

It may be also convenient sometimes to make use of the same 
convention in considering continuous acceleration, after the manner 
of the figure on p. 454, where every infinitesmul shell is connected 
with its corresponding path element of a charge. 

(45). When we pass from speeds less than to those greater than 
that of light, the coefficient 2 comes into play sometimes. I have 
already considered this matter (p. 27 and later) It receives a sort 
of physical explanation in the fact that when a charge is moving along 
a path at a greater speed than light, a fixed external point may be 


>a 


receiving disturbance from two distinct centres on the line of motion. 
That is, if f be the time at the observing point, and f. the corre- 
sponding time at the electron, meaning the moment of time when the 
disturbance leaves the electron which arrives at the observing point at 
the moment é, there may be two values of ¢, for one of t. The electron 
apparently becomes two electrons at different places when viewed 
from the observing point. It is easy to see that this must occur. 
For the single electron as it goes along generates and leaves behind 
a conical wave front. If the speed varies the angle of the cone 
also varies, as the cone i+ being continuously generated at its tip. 
but it is sufficient to consider the portion of the cone near the tip 
where we may regard the angle of the cone as constant. Now, say 
that w=2v. Then the semiangle of the cone is 80°. The charge Q 
being supposed to go from left to right, if the observing point is out- 
side the cone it is not in communication with Gt all. But as soon 
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as the wave front reaches P,, as in the figure, it is immediately put 
in communication with the electron, not in its actual position at Q. 
but at O.. The disturbance going straight from Q, to P, reaches P, 
in the same interval of time as the electron takes to reach Q. That. 
is Q Po/ v =Q,Q/u, or Q,Q == 20 Po- 

Now let the observing point be moved a little way inside the cone, 
say to P. The corresponding point Qo splits into two, which sepa- 
rate, say Q, and Q,. For Q,P is half of Q,Q, and Q,P is half of 
i. Moving the observing point inward to the axis makes the two 
sources separate further. The final positions are at O, such that 
Qo is in the middle of OQ, and another point a little to the right of 
Q., such that its distance from Q, is half its distance from Q. 80 
any point on the axis is in communication at the moment ¢ with 
two Q's, one in front and the other behind, whose moments are ¢, 
and tz say. 

This doubleness of source applies to all points within the cone. 
Nor is that all. Their effects at P are equal. On p. 488 is an in- 
vestigation in the case = v, when there is only one correspondence 
between ti and t. Modify it thus, using the just given figure. 

Rê sin? 6, = R sin? 6, = R” sin? £, (278) 
where R is the distance QP and £ is the angle between QP, and 
the direction of motion. Also 


R= RAI T / vn 2(u v) cos 0] RI u*/vt—2(ufv) cos 64); (274) 
from which, and (273), 


R' {1 - (/ sin? 8] = R,*[1— (w/v) cos 61]: R, I1 - (u/v) cos 6, P. 
(275) 


So we prove that ¢,/R, and t, /R, are of the same size. As, bow- 
ever, squares are involved, we must attend carefully to the signs 
prefixed, They must be chosen so as to add effects, not to cancel, 
Now #,/R. is obviously negative in value if we use 11 - (u/v) cos ,. 
Remember that E and H and the potentials are reversed inside the 
cone. So for / R, we must use —{ 1—(u{v) cos ôs}. Else there 
would be cancellation. Inspection of the last figure will show that 
when we add dt to t, the result is to shift Q to the right, Q, also to 
the right, but Q, to the left. So ti is negative and é, positive when 
ti and f, mean moments of time. 

If the charge is suddenly started from rest, then we have both 
a sphere and a cone to consider, as in the figure on p. 102. If the 
observing point is in the cone, but outside the sphere, there are two 
correspondences as above. But if the observing point is in the 
sphere, there is only one. 

If a single charge Q moves in any path with any variablo velocity 
from 0 to ©, there may be at a given moment é at the observing 
point, any number of corresponding sources, O, 1, 2, 8, && This is 
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quite easily to be seen by drawing a few diagrams. An easy case 
is circular motion. Even when the motion is steady in the circle, 
there may be any number of points upon it su:h that as the charge 
passes them, the waves emitted all arrive at an external observing 
point at the same moment. The scalar potential due to a single 


charge Q is therefore „5 e 
pa . fit, te 276 
4c R. . R, Rs +. 9 ( ) 

when the proper signs are used. 


(46). The best way to see this is to go backward in time, that ie, 
to reverse the motion of the electron at the moment k, and at the 
same moment let aspherical surface begin to expand at speed v from 
the observing point, also going backward in time. Let this be done 
in the case to which the last figure applies. Then obviously the 
electron will go through the surface first at z, and then again, 
when the surface has expanded more, at Q,. There will be no more 
cutting after that, because the electron will be permanently outside 
the sphere. That is, if the electron does not change its speed. But 
we can make it cross the surface again merely by letting it slow 
down to a speed less than v. The spherical surface will then eatch 
it up and pass it. To mate a fourth passage through the surface 
it is only needed to raise the speed of the electron again above v. 
And so on to any extent, the electron oscillating from the outside to 
the inside of the spherical surface. In this way we determine any 
number of positions on the straight path which are in communica- 
tion with the observing point at one moment. . 

In circular motion, on the other hand, the speed of the electron 
may be uniform to reach the same result. Exaggoerate, to see this 
easily. Let the speed be a large multiple of that of light. As 
before, reverse its motion, and let a spherical surface expand from 
the observing point. When it cuts the circle of motion, it must 
obviously be passed through by the electron at least once, and 
therefore a first time. Then the electron will rush round the circle 
and pass through it a second time, before the sphere has expanded 
much; and then a third time, and so on. But there is a limit to 
this, because the sphere will ultimately leave the circle altogether. 
So the number of passages is always finite. Moreover, the number 
of passages is not the same for all positions of the observing point. 
The most striking case is when the observing point is at the centre 
of the circle. Then there is only one cutting of sphere and electron, 
however fast the electron may be moving. Then the magnetic 
force at the centre, or indeed at any point on the axis of the circle, 
although it varies, has a finite mean value, viz., that due to the 
steady circular current Qu/277, if r is the radius of the circle of 
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revolution. This is only for points on tho axis. Between the axis 
and the circle, the electron will in different places have one, two, or 
three, or more representative electrons on the circle, according to 
the speed. Generally speaking, we may divide space into a number 
of regions in which the H formula differs, owing to the variation in 
the number of equivalent electrons on the circle. This is a very 
curious and interesting subject, but I do not propose to go into it 
further here, since it is removed f. o n practical value. There is a 
very good reason why electrons in practice always seem to move, 
so far as can be concluded from deflection observations on swarms 
and imperfect calculations, at speeds less than v. For though it is 
quite easy to think that an electron may be initially ejected and 
projected at a speed exceeding v, yet the dragging back to which it 
is subjected will very soon bring its speed down to » itself, or less. 

(47). It was shown before, p. 458, that T= U- Us is true sepa- 
rately for all the dopplerized shells of infinitesimal depth surround- 
ing a spherical charge in variable motion. It will be convenient for 
distinctness to consider that u varies continuously, although we 
may extend the argument to include pulses, Now here U, is the 
static energy in the shell under consideration when Q is at its centre. 
The shell is of variable depth, but it is provable by an easy integra- 
tion that the value of U, in the distorted shell is the sama as that 
in a concentric spherical whose depth is the same as that of the. 
distorted shell at its equator, or 0= 4r. If then we transform every 
shell in this way, and shift their centres to a single centre, the shells 
will all fit together, and the total value of U, in them will be that 
due to Q at the centre chosen, in the region outside the innermost 
shell. lt follows that the property T= U- U, is true in the sum, 
provided the inner boundary is the innermost dopplerized shell. Let 
its radius be R, and that of the charged sphere be a, then 

a u 
RoS, or f-. (277) 
if u is the speed to correspond, which may be supposed not to be 
varying sensibly at the moment. This innermost shell just touches 
the sphere a on its nose, and the region within it is excluded from 
the operation of T=U —U,. 

If we make u constant, and consider only steady straight motion, 
then we can go further. For then we have Searle’s formula 
U -T=4PQ«?, proved on p. 129, for the region outside the sphere a, 
within which there is no U or T or Uy. The formula is 

i w, 2 u 
for the oomplete field. But, ie the preceding, 
(U- Ta- Uog = (a/ R) Uea= (1— u/r)U oas (279) 


(278) 


WAVES IN THE ETHER. 489 


outside the sphere R. Therefore for the space between the sphere 
a and the sphere R which touches and surrounds it, we have 


u 2 2 u., 2 u ale (230) 
It is obviously true when u=0. When w=", it makes U=T. But 
this case must be excluded, being unrealisable, on account of the 
infinities involved. See p. 583, vol. 2, on this point. If is implied 
in (280) that the steady final state is established. But it never 
would be, if «=». In any finite time, however great, the energy in 
the field, however great, would be only an infinitesimal part of the 
infinite value that the steady formulas assert. All effective mass 
formulas make nonsense when wu is too close to v. 
(48). There is another formula which deserves notice. Oa p. 2'2 
I have shown that the transverse momentam of an electron revolv- 
ing uniformly in a circle is given by 
e 
"= ng” (281) 
if we denote by w the size of the acceleration, which is directed in- 
ward to the centre of the circle. The direction of M. is outward. 
This is my extension of Searle’s formula relating to the case &= 1, 
or w/v very small. Now, how is this formula (281) related to that 
for the momentum in an infinites mally deep dopplerised shell ? 
Referring to (156), p. 458, the energy formulas, we see that since 
¢,= $7, the mutuel energy of the quacsi-s atic and the electromag- 
netic parts are zero; that is, U,,=0, TI: = O. But this does not mabe 
the mutual momentum vanish. Referring to (172, (173), we see 
that M. does in fact also vanish, but that by (181), p. 432, M., does 
not. Putting bi = Ir, we get 
Mi- e vah 
6rve? R 
It is now clear that M, and M., which were found to be unequal, 
ought not to be equal. Moreover, to bring (282) into harmony with 
(281), we require 


(282) 


2dB/R=1. (283) 
For vdt, is the depth of the shell at its equator, or dR. If we 
summed up dR /R, the result would be infinite, of course. But in 
reality dR, which is radial from the position of the electron, turns 
round just as the electron does, as we pass through the shells in 
succession, always keeping to their equators. So instead of an 
infinite result, we have only a residual finite result. I will leave it 
to the reader to turn (283) to a definite integral, work it out, and so 
obtain an independent proof of the transverse momentum formula. 
That the size of the electron does not appear in tbe formula is in- 
teresting, though not unprecedented. It does not appear in the 
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formulas for the waste of energy and momentum either. The 1 on 


the right side is a uuit vector transverse to the path of the electron 
in its actual position. 


(49). In considering the electromagnetic effects of a moving 
point charge, considered as representative of a finite charge having 
a finite density throughout a very small region, or as a surface 
charge to the same, the rotation, if any, of the charge is left out of 
account for the same reason as, in the dynamics of a particle, its 
rotation is ignored. It is, relatively, of no consequence. 

But there is another reason. If a point charge (in the above 
sense) revolves in a circle, it is subject to the theory of the tranela- 
tion of the charge, with dopplerisation effects, and a special kind of 
resistance of the ether to its motion should it move faster than 
light, different in law from the resistance equivalent to the waste of 
energy due to mere change of velocity. But if we distribute 
electrification uniformly in à circle, meaning a circular line, and 
set the circle spinning on its axis, there is no longer any doppleri- 
sation. The circular current is just a circular current, with 
electromagnetic effects truly when it varies in strength, but without 
any of those troublesome peculiarities which turn ub in the trans- 
lation of a charge. 

The same remark applies to a uniformly charged sphere, whether 
it is charged on its surface or throughout its volume. All the 
currents are circular, if the sphere is set spinning, and we may 
substitute for pu, the convection current density, the product of 
the velocity u and the density p of electrification, any symbol, say 
C, signifying the electric current density, and discuss the effect of 
C without reference to convection currents. The electromagnetic 
effects produced by varying C, either continuously or discon- 
tinuously, were worked out a quarter of a century ago, in my work 
on Electromagnetic Waves, including the shell waves, and the 
changes of form of the functions representing the electromagnetic 
phenomena. So we may say roughly that there is nothing new 
to be e'ucidated in respect to the properties of conveotion currents 
by considering rotations. Moreover, we can see at once that the 
substitution C= pu, allows us to make u be as large as we like 
without any intrusion of the conical or hyperboloidal theory. 

As regards electrons, whether of the round or flattened kind, 
these remarks apply also. I do not know whether anyone has 
published the theory of the shell wave sent out from a charged 
ellipsoid. Its general features may be readily seen, and I dare 
say it would not be difficult to one acquainted with ellipsoidal 


functions, though they are not pretty to look at. I shall not 
do it. 
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But the distortion due to dopplerisation will occur in any of the 
above cases if the currents, though circular, are not of the same 
strength all round the circles. They will then be closed outside, 
or may be partly inside the charged surface. This is a residual 
effect, though of course it may be made large in itself by very 
rapid or quite sudden change in the strength of current round any 
of the circles concerned. This would bring us back to the theory 
of translational effects again. At present I will work out just one 
problem relating to the rotation of a charged sphere, because of its 
relative importance and simplicity. 

(50). Consider a sphere of radius a in. the shez at rest. Let 
impressed magnetic force h act in it uniformly and parallel to 
the axis from which @ is measured. The final state when h it 
steady is simply that of the induction due to a uniformly intrinsic- 
ally magnetised sphere, the intensity of magnetisation being uh, 
where, however, u is the same as in the outside ether. The internal 
induction is B= ah, with the well-known complementary external 
induction. There is no electric force in the final state. We may 
substitute for h a surface magnetising current of density h at the 
equator, and ; sin 0 elsewhere, the lines of current being circles of 
latitude round the axis. This electric current may be quite 
neutral as regards electrification, if attributed to moving charges. 
If so, there is no steady electric force outside the sphere. But if 
not neutral, there will be a static field. This need not be radially 
isotropic, because if for A we substitute ou, surface density x speed, 
both o and u may be altered simultaneously to keep h constant. 
It is sufficient to consider u to be constant. Then o is constant. 
The external electric force is radial and is isotropic, and may be 
left out of account. 

Now let h vary. Electromagnetic disturbances are then sent out 
from the surface of the sphere, whether it be intrinsically mag- 
netised or have a true magnetising current on its surface. By the 
second circuital law the lines of electric foros produced are circles 
round the axis, and are quite symmetrical with respect to the 
equator. Let E be the electric force at distance r, and polar angle 
6. The appropriate spherical functions are 


(out) ral 1 +Š sin 0, and (in) Za — sin 0, (284) 
for an outward and an inward wave respectively, if g stands for 
did vt). But both are concerned on account of the inward turning 
to an outward wave at the centre. But we need not go into the 
details of determination of constants, for the work has been already 
done. All electromagnetic problems are dual, by transformation 


from E to H, e to *, u to c, ete., in a way which is now well 
known. 
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See p 95. Equation (1) there is the full differential solution of 
this problem of finding the circular H due to e impressed in the 
sphere a. So by transformation the circular E due to impressed kis 


in 8 1 1 1 
E ont) = Abr [ ear (a -7) Hearta) (1 + all (4 + 7). (285) 


This is outside the sphere. It consists of two waves, both ‘can 
the one being outward from the moment of birth, the other result- 
ing from the reflection (in effect) at the centre of the corresponding 
i. ward wave, and therefore retarded in time by the amount 2a/v. 
As for h itself, it may be any function of t, limited physically to 
real sing' e values, but not confined to be continuous. To obtain 
the E in, to correspond to Ejout,, we have only to interchange a and 
r in what follows (, leaving the outside factor the same. Thus, 
ee: g 

Bwm -SE an1- L)eren (142) Il E) a 
Here the first wave is inward, and the second outward. 

Now H has twc componenta, radial G and tangential H, say. 
The radial component is derived from E by 


1 å i 
ubgd = A. 6) (E sin 6). (287) 


So in (285) and (286) turn sin 6 to 2/r) coso to produce G out) and 
Gin; And the tangential H is derived from E by 


1 d 
evg H= E]. (288). 
Working this out, makes 
asin ë . 1 , 1X 
Hout = =cvuB+ Le 11 —— - | + eal? ro( + =a) Vem Tr (289) 


a 0 in 55 
Hen) =cvE + 810 1) 17% =) JI (290) 


Now as „ the interpretation. This is given in exact detail 
by the above solutions themselves, in the origin of the disturbances, 
their spreading, attenuation, and retardation. Two practical cases 
present themselves of speedy algebrisation, namely, h= +1, or te, 
and h simple periodic. The first is physically the more interesting, 
in showing the origin and development and spread outwards of a 
pulse, and the steady state it leaves behind. The second concerns 
an outward permanent wave train, but also includes the initial 
phenomena. 

(51). In (285), let x be zero before, and constant after ¢=0. The 
algebrisation is immediate, by inspection, and multegration. Thus, 


ha ain 6 vt, ot, vt? vt, vt vt? 
Bonm- e (i- + Ge) t (145 ), (n 


where vti it ie 3 vi vt (a + a (292) 


WAVES IN THE ETHER. 493 


Similarly Eam is got by interchanging a and rin the [+] in (291). 
Since 4 is Zero before t=0, by the manner of construction t; and t} 
begin with the value zero, and the 1 in (01 stands for ti“, and in 
(*), for t.. That is, (°), and (°) are distinct and separate, until 
they overlap. (°) is the initial outward wave from the surface of 
the sphere, and its companion in Emn) is the initial wave, whilst 
(*), and its companion have no existence at first. This primary 
wave is reducible to 


: 272— 42 
Laer (1 r) =Em; (298) 
that is, this formula is valid for the whole of the shell which the 
two waves occupy. This lasts until vt -= a, when the front of the 
inward wave reaches the centre. The shell is then of its full depth 
2a, and the reflected or outward wave begins. When vi >a, the 
wave (-): is in existence, and the resultant E in the overlapping 
region round the centre is obtained by adding together (°); and (*)2. 
But this does not affect the shell formula at all, because (° ), is not 
in existence in the shell. That is, (298) is the shell formula all the 
time, from its initiation to its disappearance from view ato. It 
leaves the sphere at vt = 24, when the impressed % ceases to work. 
For the steady state of E, which is zero, then reaches the surface of 
the sphere. 

The formula being simple, may be calculated and graphically 
illustrated with ease. The initial value of E is — (3/2: 0 sin o on 
both sides of the surface. Or, at the equator, simply —suvh. Here 
—h is the strength of source, and cv is the reciprocal of uv, the 
impedance of a unit tube of ether infinitely long one way. But the 
disturbance (electric displacement) generated by k spreads both 
ways equally. This brings in the coefficient 2. See p. 8, § 454 on 
this point. 

Spherical attenuation outwards and compression inwards makes 
the formula become E= —4uvih(a/r) sin 9 at the fronts of the two 
primary waves, that is on both boundaries of the shell before it 
reaches the centre. At the critical moment va, there is a 
momentary infinite value at the centre, followed instantly by a drop 
to zero, which continues, and spreads out, as mentioned above. It 
is remarkable that at the critical moment vt=a, the value of E 
is constant all the way through the depth of the shell, being just 
half the initial value. That is, E= —duvi sin 0. (Remember that 
E is circular.) It comes about in this way. Whilst E is running 
up so fast in value at and near the front of the primary inward 
wave, it is falling in value elsewhere in the shell, and just when it 
has fallen to half value, the very large value near the wave front 
becomes œ at the front alone, i.e., at the centre, which is immediately 


E out) Sa 
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destroyed by the reflected wave. In the subsequent history of the 
shell, E is negative in the outer part, positive in the inner part. 
At a great distance, these two parts tend to be each of depth a, and 
the formula for E at the boundaries of the shell is 
E= uvhia / 2r sin 6, (294) 

using the — sign outside and the + sign inside. In the shell E 
then changes uniformly from one value to the other. 

The corresponding formulas for G and H may be developed in a 
similar manner. By (289), (290), 


His -evE 248 (vt oF) ( Ja) 1 (295) 
where the in and out primary waves are shown, or rather, the 
additions to be made to the electromagnetic Hy= —cvE, which is 
obeyed in the shell ultimately. So, by addition of (* ), and (° ):, we 
obtain the steady tangential magnetio force 

Hour) = (as / gro) sin 0, (298) 
valid up to the inner boundary of the shell. And the radial com- 
ponent is 


Grou oo" | (ot, + 2 eo) +( ‘ ) J (297) 


where the (') only differs from (°), in the interchange of r and a. 


In the steady state, 
2a cos 0 


Gl Gp (298) 
(52). In a similar manner the establishment of the internal H 
may be exhibited, leading to the steady state B= uh, parallel 
to the axis. If h is considered to be uniform magnetizing force in 
the sphere, then the impressed activity is hB per unit volume 
throughout the sphere. But if h means the equatorial value of a 
surface convection current, the activity is entirely at the surface. 
In either case it is the same at the same moment, and the total 
work done is thesame. It may be caloulated in many ways. For 
example, at the moment vt=2a,. the activity stops, so the work 
done consists of the magnetic energy in the sphere, and the shell 
energy, electric and magnetic. Another way is to calculate the 
ultimate shell energy, half electric and half magnetic. The 
magnetic energy left behind has the same value as the shell energy. 
Of course now the external field energy is included. Now the total 
work done is, by magnetic calculation, with uniform h in the sphere, 
hB per unit volume, if B means the final value; or 


5 hx guh =e uh av, say. (299) 
The shell energy (which is wasted) is therefore 2T, ultimately, T, 
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being its magnetic energy, and the field energy is 2T, also. Now 
the electric energy is in the shell and nowhere else, at any time. 
It follows that the value of the electric energy is constant from the 
moment vi=2a, and is of amount T.. If this argument does not 
convince, the result may be verified by integration, finding the 
value of 5)}cE? in tha shell at time t. 


Convectionally considered, the equatorial activity per unit area 
of the surface of thé sphere is —Eh, this being the applied force on 
the current h=ow, and Eo the force of the ether ono. Here E 
must have the surface value. This supplies another way of finding 
4T,. If the sphere is suddenly stopped, at the amount vt=2a or 
later, the field energy 2T, is wasted by the formation of a second 
shell. 

If the surface is not electrically neutral, there is a steady radial 
isotropic outward electric displacement to be superimposed on the 
above considered electric and magnetic fields. But it makes no 
difference in the electromagnetic phenomena. The speed at the 
equator, denoted by u, may have any value from O to œ. It 
will be noticed that much of the above relating to the shell is 
similar to that already given for the shell arising from the sudden 
jerking of a charged sphere into bodily motion of translation. But 
it is now very much easier, and I can recommend ge nuine students 
of electromagnetics to study the subject in more detail, as given in 
vol. 2 of my Elec. Pa., p. 402 and after. I believe most of the 
remainder in sheets was rescued from the lumberman’s cart, and 
sold in volumes, but I never got anything myself by the transaction, 
go I am not sure. 


(53). The other easily treated case being the simple periodic, the 
sphere, if charged, must be waggled to and fro with axis fixed. 
Say by a crank attached to the axis. The separate waggles need 
not, however, be through small angles, but may comprise any 
number of revolutions, and the maximum speed is unlimited. Put 
h= h cos nt, and q=ni/v in (285), then it becomes 


Bend cos— | ein) (cos— = sin ) (0 „ (800) 
cur na v mr n 


to represent the external E. From this, by interchanging a and r, 
except in the first factor, we derive the corresponding internal E. 

In a similar manner the two components of the mignetic foree 
may be go:. The external radial component is 


Grout) = e (eos ae ein)" a( sin+— cos ) (F z nt) ; 


nr? na 
(801) 
and the internal Gm comes from the last equation by the inter- 
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change of a and r, save in the first factor. The external tangential 
component (positive with increasing 0) is 


H out) = —cvE (ont) — hann sil De os( "7 = nt )» (802) 


ner” 


and the internal 5 is 


Bi =— "0". 


anders, 605 (ein- F 008 \G ut). 


(303) 
As dependent upon the frequency and the size of the sphere, it will 
be observed that the external disturbances, electric and magnetic, 
vanish when 
tan (na/v)=na/v, 


that is, at any one of an infinite series of frequencies which are 
nearly equally spaced, save at the beginning. Between them are 
the frequencies at which the external wave trains have their maxi- 
mal amplitudes. The internal osciilations at the critical frequencies 
are entirely stationary, and involve no work being done in a period, 
although there is change from electric to magnetic energy and con- 
versely. Toe physical reason of the external quietude is that the 
primary inward wave train from the source of disturbance on the. 
surface of the sphere arrives at the surface again, at a critical fre- 
quency, in such strength and phase as to neutralize the primary 
external wave train where they overlap. This consideration tells 
us within what limits the above solutions are valid. If true over 
all space and time, then the oscillating * must have been going at 
it for all past time. But if h begins at the moment t =0, it is not 
until the moment vi=2a that the E and H, G solutions are valid, 
and then only inside the sphere. Outside it, up to distance r=3a,. 
is the uncancelled part of the primary wave outward, constituting 
the initial shell. So, in general, the above solutions are valid only 
up to the inner boundary of the shell. 

But the differential solutions previously given are true completely, 
and include the shell. Instead of the substitution g=ni/v which 
is valid for the established wave train, use the substitution 
q-"1=(vt)"/(n, which is true all along. Applied to h= hy cos nt, 
beginning at =, it makes 


v. h y? 
% — in ut, Gg” ~(1—cos n); (804) 
and by application of these to (285) we obtain 


be- MEME (14,2 eons 2(E-1)uio} a252) T 


Qcvr zar ? 


hoa sin 6 vil 1 a+ v 4. 
err i 1r) r“ 4) ein) 60 v 9 —5 ; 
(895) 
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This formula shows the external E from the first moment in the 
form of two waves, marked 1 and . The first line shows the 
primary outward wave, the second the outward retarded wave. Up 
to the moment vt = 24 the first wave alone exists outside the 
sphere; after that, the second must be added on in the overlap, 
whilst the first is still valid beyond. At a critical frequency, the 
internal stationary vibration and the external shel’ are both estab- 
lished at the same moment vt=2a. The shell then separates and 
expands, leaving no disturbance between it and the sphere. 
The mean rate of waste of energy by the outward wave train is 


ed & ein. 24) (806) 
3cv v na v 


Here na / v Amr gives the critical frequencies nearly, if m is any 
integer. To see the relation to real sizes, let n/2m, which is the 
frequency, be of the order of visible light, say 1015/2, then 
a/m=6 x 10-5, and the value of m required to bring a to atomic 
size 10-8 cm. is 10-°/6, which is absurd. It is worse with assumed 
electronic size 10-%. We want a to be of the order 6x10-5 to 
catch the lowest, twice as great to catch the next, and so on. This 
is of no importance as regards an electron in oscillatory rotation. 
But the same equation occurs in various other problems relating to 
vibrating or revolving electrons or systems of the same. Or else 
similar series of critical frequencies given by allied equations. Even 
the relatively very simple case of a vibrating spherical electron has 
its series of critical frequencies, which may be only slightly modified 
by the distortion due to the doppler effect. 

(54). The equation tan na/v=na/v is not a determinantal equation 
in the ordinary sense, that is, an equation giving the frequencies of 
free vibrations rendered possible by the presence of boundaries 
causing reflection to and fro of progressive waves. For there is no 
boundary of that sort concerned, and there are no free vibrations. 
We may, however, introduce them by letting the material inside 
the sphere a be different from the outside ether. Then, obviously, 
the initial inward and outward waves from a surface source will not 
be precisely the same at birth, and the inward wave on its return 
to the surface r=a will be partly reflected and partly transmitted, 
and the reflected part will go to the centre and return and be split 
again, and soon forever. So inside the sphere is an infinite series 
of waves crossing one another. This allows of he existence of 
normal systems, in general of the subsiding kind, with a regular 
determinantal equation fixing an infinite series of periods and rates of 
subsidence, which is not the same as the series of critical frequencies 
referred to above. If an electron, for example, consisted of an 
electrified sf here of ether having a different permittivity from the 

VOL, Il. KK 


498 ELECTROMAGNETIC THEORY. OH. X 


external ether, then this difference would be the cause of 4 great 
complication in the effects due to a surface source, which compli- 
cation may be analysed into an infinite series of to and fro waves 
inside the sphere, or, with mathematical equivalence, into the 
infinite series of normal vibrations with special frequencies. The 
mathematical work becomes very complicated, but has, perhaps, 
little physical importance in the theory of electrons. 


Slanting Motion of Electrified Straight Line. 


§ 535. (1). On p. 130 was briefly considered the potential of an 
electrified line moving steadily in its own line, in relation to the 
motion of a charged ellipsoid of revolution along its axis of symmetry. 
What follows relates to the more general case of slanting motion. The 


diagram will explain the coordinates. The electrified line mn of 
length 22 with charge Q of uniform linear density moves in the 
plane z, 2 in the direction u, and the y axis is up through the paper. 
Also let x, be the value of v of an element of the charged line. Then 
the eolotropio potential at the point æ, y, 2 referred to the origin at 
the ceutre of the moving line is, by the formula for a moving point, 
given by the ne 


ö§»%c ˙ům˖eů . se 
p alea + 172 = x? {(%—q ,8—#C j 2 1 (1) 
21 


where in the integral c stands for cos £, s for sin 8, and &= 1 
as before. This may be transformed to 


„cs 1—x?) 
P=- Q 1 | 405 . c? +0333 
~ 8rcl (Ê+ 4782) 208(1— 40 \* cry? rn | 
3 L * tot cit 282 + c. ＋ 677 (02 ＋ xg)? 
; 33 zc8 1 — x?) 
with the limits x+l+ aa or +71, 


using the + sign in the upper limit and the — in the lower. The 
result is f F x28 x22 è 
* ＋ 1+ e N ren! 68 
(& HIC) P erso $ 


=- ļl 
E 8rcl(c? . x232)t log 
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When the charge moves in its own line, s=0, and 
P= : jlog SHEE l+ rY? r? Y 


same with — (4) 
In transverse Bens c=0, and 
21 %% etlt [e+ Di+y?-+2%/e8] t 
Poad k log same with —/ (5) 
Now let _ Ky? *r 5 
N C18 (oi＋ cgi) : (6) 
so that -Q _ 1l _ gte +1?+B% | (7) 
8rcl (c ＋ % = x’ —14[(z'—D?+ B]t 


and let A be the value of the logarized quantity. It follows (by 
work) that 


w’? i I? yA g A1 
arp a (ih; or A 121) * 
or 2. 2028201 — .) 2 -x 
[2 = (c+ «*s*)?. c*++ is 


AT ey? 25 re 
＋ 4a [arent wren] GS 1) v. (9) 


Let this be the same as 

F(x cos g ＋ sin f 2, G sin g- cos f) ＋ H= K; (10) 
then H and K are known, and £’ is the angle the aris makes with 
the x-axis, measured like 8. Comparing coefficients, using “ and 
with 8“ to match c as 8 with B, 


Fe’? Gs“ = (11) 
Fs'*+Ge?= edge es. L ay =f, say, (12) 
(F-Gjos = t (18) 

from which find F, G, and p’. Thus, 
Fet 1 of G . F- = “ft > (14) 


1—f gore cs(1 — K?) 1 1-f 
ct—8 ** cyr? 2 
i 2c8(1 — «?)(c? + 185) 
tan 25 (H ete ct -M- (Ati yaa CO 
(2. This being the general case, let cs, which is the case of 
equally direct and transverse motion. Then (16) reduces to 
| 2A(1 - x‘) 
(A-1)?x? (17) 
Here A- makes 8 O, and A=1 makes B’=—7/4. So 29’ is 
negative, and goes from 0 to - 47 as u (the speed) goes from 0 to v. 
VOL. IIL KK 2 


tan 28“, (15) 


tan 28’ = — 
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Or g is O when vu is O, and the axis turns round to the left, and 
tends to be at right angles to u when u approaches v. 


273 7 
Also at Gi Sg displaced x-axis, (18) 
Ae ; undisplaced y-axis, (19) 
ys At DP cos 28. displaced z-axis. (20) 


(A--1)? =S!“ 

The line of Q is always the axis of the ellipsoids (prolate), 
when u=0, and is always, up to u anything <v, the axis of the 
innermost ellipsoid. It is the longest axis, and further away, 
where l becomes relatively small, turns round and tends to be per- 
pendicular to the line of motion. At a sufficiently great distance, 
the electrified line behaves like a point charge. Then we have, at 
any speed, the oblate ellipsoids of a point charge, with the principal 
axis turned I u. So from the electrified line outwards there is a 
continuous change from very prolate to oblate ellipsoids. 

(3). The above is very dreary stuff, but may be use ful to those who 
may wish to study the distorted electric field and the magnetic of 
ellipsoids in motion. The case of direct motion is most important, 
leading to Searle’s ellipsoidal formulas. They are, of course, well 
known now, but it may be useful to insert here some of them, for 
reference in relation to previous investigations in this volume. 

Put s=0 in (2), producing (4): In this put first r=0, æ = a, 
(where r?=y?+-2%), and secondly z=0, r=), and equate the two P's. 
The result is 
b J -P/a 
° . 


= c OF = 


(21) 


g? 

which is the relation between the axes of an equipot. surface. If 

a=b, then /a uf. Shift Q to the sphere, then P is the outside 
potential. The potential of the ellipsoid a, ö itself is 
z Aci log a--l 4rca 1 3 4 5 5 

The leading energy formula is that for the magnetic energy. For 

the ellipsoid a, b it is (Searle, Phil. Mag., Oct., 1897). 

_pQtut(1, 2 1, 8B ˙ 

T= Aa 1571 8 saat} (28) 

subject to (21). I do not know any easy way of finding T without 

integration over all space outside the ellipsoid a, b; except when 

a=b. Then only a simple integration through the outside shell is 

needed, as done on p. 129. This finds the shell energy, and there- 

fore also the equal stored energy. Combining with the property 

U -T=4PQr?, of which a proof is given on p. 129, we find U and 


(22) 
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T separately, T being (23) with w/v put for lJa. But I have given 
no calculation of my momentum formulas, 

T=3Mu, U-—U,=$M,w. (24) 
It is, however, quite easy. Here T and M belong to the steady 
field, M, to the outside shell. The density of the momentum M, is 
QT, / v, directed radially eae Therefore 


na Eeo eee, 
since H in the shell is given by 

EE (28) 
Bo, by (25), Mi= 2520 3555. 97 7 8 — i (27) 
Now (M+M,jU=U —U,+T+2T,=4T,, (28) 


because the shell energy equals the energy loft behind, when u is 
instantly established. The value of 2T, is known, being 2 pH? for 
the shell, calculated on p. 128 to be 


su? 71 Lut 1 
U-V T= (ata 87 Ste). 0 
Also, as on p. 129, 

U—T=$PQe’, .. 2(0U—U_)=$PQc*—U,+2T,. (30) 
In the last use the series for P and we find U — U- AM, u, according 
to (27). Insert this in (28), and we come to T AMu. 

If the charge were brought from rest to speed u slowly, the waste 
would be less, and in the limit, zero. Here we see again the utility 
of the impulsive acceleration in getting useful results. So far as 
the particular series (27) and (29) go, the charge is rigid spherical. 
But (28) applies to any rigidly connected distribution of electrifica- 
tion suddenly set in steady motion, as is evident on considering 
that on sudden stoppage, the original state of things is finally 
cestored, with U=U,, T=0, T,=0. 

If the acceleration is not impulsive, we have 

S¥Fu,dt=U -U,+T+2tT,, uf Fdt (M M,) u. (81) 

if u, is the speed at time f, finishing with the value u to which U 

and T and M belong as before, whilst 2T, is the energy wasted, and 

M, the momentum wasted. By taking the difference, we get the 
saving of energy due to slow working, 

Saving=(T - U + U,) T (M, u- 2T,). (82) 

The first is (.) is known, the second (.) requires special calculation 

according to the law u, follows. Here U—T is + and < U, so the 
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first (.) is +. In the limit it is the whole saving when the accele- 
ration is very slow. 

(4). Now return to the electrified line, and let its motion be trans- 
verse to itself, along the z-axis. Then, by (5), 


0, jog Ihe. 88 
P= Sm 8 same with I (88) 


In this put first =a, y=0, z=0; next 2-0, - b, z=0; and last 
z=0, y=0, 2 c; and equate the three P’s which result. Thus, 


atl ls [P pb IIc I- U (84) 
al eh ee 

This simplifies to 
a l= b ¹ͤj́ͥ . a >d De. (85) 


At o, a = b ce, the same as for a point charge. 

At the line of Q itself, a =, and b=c=0. 

If I=, we have a=b=c/« again. 

Not any ellipsoid is possible, because b/c is constant throughout. 
If L=, then dr N= bz r, and b>a, and also >c, but 

a may be > or Cc. A different interpretation is required. 


The Magnetic Inertia of a Charged Conductor in a 
Field of Force. 


[Nature, April 19, 1906; p. 582.) 


§ 536. I think there is, in Another Place, possibly some misunder- 
standing concerning the inertia of a moving charged conductor due 
to the magnetic energy set up by its motion. It depends upon the 
distribution of the electrification, and may vary from a minimum 
up to infinity. No question of distortion due to high speed is in- 
volved, so the theory is quite simple. Say a sphere of radius a has 
any distribution of surface charge For simplicity, let it be sym- 
metrical round the axis of motion, so that the surface density is 
representable by the sum of any number of zonal harmonie distribu- 
lions. The corresponding magnetic fields follow. Their magnetic 
energies are all independent, so that the actual magnetic energy is 
the sum of the separate magnetic energies. 

The really practical case, which is also very simple, is when the 
conductor has a charge Q and. moves in a uniform electric field F. 
Then the surface density is 


74055 5.47 3cF cos 0, {1) 


where ô is the polar angle. The magnetic force is, [if u = speed], 
1 


H=H,+ H. Si sin otaa sin 6 cos 0. (2) 
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The magnetic energy is TBA, and by integration comes to 
12 2 8 ,½ 28 3 
T=ġu E ra‘ |. (3) 


The magnetic inerta is therefore mi (1 2), where mi is the value 
for the uniform charge, or m,=Q?/67a, and 


n? ; 8F.4ra?c 
h= izy if n= -o (4) 
This n is the ratio of the induced electric force at the pole to the 
‘undisturbed force. If n=1, F is just large enough to make the 
surface density be zero at one pole. Then h=1/47. This is the 
increased inertia due to the disturbance of the distribution of the 


charge. The “equation of motion” under F is 


FQ=(m-+m(1+)ju, (5) 
where m is the mass of the body. 

The whole is subject to the restriction of small ujv and small 
acceleration, so that the electric and magnetic fields sensibly travel 
with the charge. Nor need F be constant in space or in time, pro- 
vided it does not vary too rapidly in relation to the size of the con- 
ductor. In slow motion the magnetic energy is the fraction u?/v3 
of that part of the electric energy that depends upon the transverse 
electric force, 


(Addition. In Nature, June 28, 1906, p. 198, is a continuation 
of the above by G. F.C. Searle. He found that if u F, the magnetic 
energy is given by (3) above if we alter 8/5 to 16/5. This is in the 
steady stage with finite conductivity, and full penetration of the 
magnetic force into the sphere. But as I pointed out to him, there 
is no penetration when the conductivity is infinite, so separate 
calculation was required. In this case he found that the coefficient 
8/5 in (3) became 6/5. In the general case of partial penetration 
there can be no simple formula. In electronic theory, the correc- 
tion on account of redistribution of charges due to assumed con- 
ductivity is very minute, when u/v and the acceleration are small.] 


Boltzmann's Interpretation of Maxwell. 


[Review of Curry's Electricity and Magnetism,” The Electrician, 
September 10, 1897, p. 643. ] 


§ 537. From the preface by Prof. Boltzmann, we learn that this 
work is based upon his Vorlesungen über Maxwell's Theorie,“ 
though it has been much elaborated by Dr. Curry; and that Prof. 
Boltzmann has revised the MS. of the treatise and finds that it gives 
a very clear and concise exposition, not only of all his lectures, but 
especially of the conceptions and principles embodied in the founda- 
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tion of the electromagnetic theory of light. And from Dr. Curry’s 
preface we learn that he regards the treatise as the philosophy of 
electricity and magnetism, and that he has added two rather long 
chapters on Helmholtz's theory. 

I am unable to agree with Dr. Boltzmann as regards the con- 
ceptions and principles, or with Dr. Curry as regards the philosophy, 
or that Helmholtz’s theory deserves so much space, if any at all. As 
the subject matter is professedly Maxwell's theory we have some 
right to expect a following or extension of Maxwell’s philosophical. 
manner. Instead of which, the new wine is put in the old bottles. 
Real and neutral electricities; one fluid, two fluids; free electricity, 
bound electricity; two types of electricity, the current electricity 
and the polarised electricity ; the action at a distance of the elec- 
tricity due to polarisation; Maxwell's equations of action at a dis- 
tance, &c., &c.! Is all that Maxwell? I never knew it before, but 
thought he had swept away the old fluids and given us something 
philosophical and dynamical. 

But we should not expect too much. Germany was the breeding 
place and home of electrodynamic theories, so-called. They never 
took root in England. Indeed, Thomson and Tait severely con- 
demned the method before Maxwell’s treatise came out. Now 
Hertz squashed all the electrodynamic theories visibly, and con- 
tinental theorists were obliged to take up Maxwell. But it ig 
natural that they should try to fit Maxwell to their old ideas as far 
as possible; to have a minimum of Maxwell and a maximum of 
distance action. Dr. Curry says it has been his desire to embody 
not only the standpoint from which the theory of electricity and 
magnetism is studied on the Continent, but also the general methods 
of treatment in vogue. If Maxwell is really taught in this way 
generally on the Continent, I think it is a great pity. But there 
are notable exceptions. Hertz became quite Maxwellian after his 
great hit, save that, as I think, he attached rather too much impor- 
tance to the mere equations, as the representation of Maxwell's 
theory, to the comparative exclusion of the experimental and 
philosophical basis. Then there is Dr. A. Foppl, whose excellent 
„Einfuhrung in die Maxwell’sche Theorie der Electricitét ” deserves 
to be read by all who can understand it. It is the least academical 
of the German works I have seen, and also the clearest and most 
advanced. Dr. Föppl thoroughly appreciates that the best way of 
exhibiting electric and magnetic relations is not. by potentials, but 
by the electric and magnetic forces and fluxes and their reciprocal 
relations, and also the proper tse of fluids, not electric or magnetic, 
but illustrative of the behaviour and distribution of the so-called 
electric and magnetic “ forces and “ fluxes.” 


WAVES IN THE ETHER. 505 


There is too much in this book, which is nicely got up, and is well 
edited, for a detailed review, especially when ons does not like it. 
I will only notice a few points where I think Maxwell's theory is 
misrepresented and perverted. The starting point is not experi- 
mental, but is that particular form of the rotational ether analogy 
in which electrico force is represented by velocity. The forms of 
the anergies are assumed, and the equation of motion is derived 
through the Priaciple of Least Action. (There are easier ways, but 
they are not so learned.) The ultimate result, when, by an after- 
thought, the conduction current is put in, is a set of equations 
equivalent to the two circuital laws, with a difference. Using my 
own notation, these laws for a stationary conducting dielectric are 

curl (H—h)=C+D=(k+cp)E, (1) 
— curl (E- e) - B= ppH. (2) 
I omit the magnetic conduction current. Here DE, and BH. 
and e and h are the impressed parts of E and H. Now Drs. Boltz- 
mann and Curry (p. 84) have the second law right; but their. first 
law is wrong in two ways. First, there is the omission of h. As 
appears later this is intentional. But it is thoroughly wrong. Where 
is intrinsic magnetisation to come in? The other error is that in 
Dr. Boltzmann's exposition e only acts on conduction current, that 
is, whilst E produces C; but it is only E—e that produces (or is 
actively associated with) D. This error is also intentional. Perhaps 
it is I that have misrepresented Maxwell. Very well, let it be I; 
then Dr. Boltzmann’s expositions do not agree with mine in vital 
particulars, and this goes on pretty well all through, only getting 
worse later on. To prevent confusion, I may call Maxwell, my 
Maxwell. 

Is not the energy of any condenser 38-7102, and of a unit cube 
condenser 30 D!, however D is caused, if elastically done and 
linearly? But Dr. Boltzmann says (p. 146) it is doubt ful whether 
e can be generated in insulators. Excepting possible crystallic 
exceptions “all E.M.F,s are confined to the surface of insulators.” 
Now is this philosophy? I think not, and regard the dielectric as 
the fundamental universal in my Maxwell’s theory, the conductive 
property being occasional or frequent, but, so to speak, accidental, 
certainly additional. I cannot see the slightest grounds for making 
e inoperative, or else be absent altogether, unless .there is electric 
conductivity on the spot. 

In connection with this matter I see the statement (p. 224) that 
so-called ‘real electricity” (that is, Maxwell’s electrification) = 
created or destroyed wherever impressed forces appear, on account 
of conductivity, but that such a variation of “real magnetism ” 
(div. B) is impossible, because impressed magnetic forces are 
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“ entirely unknown” in Maxwell’s equations. But my Maxwell does 
not teach me either the fact stated about electrification, or the reason 
given about magnetism. My Maxwell teaches me that no e can 
produce electrification in a dielectric which is not a conductor; and 
that no e can produce electrification in a conductor which is not & 
dielectric; and that no e can produce electrification in a homo- 
geneous conducting dielectric ; but that the existence of heterogeneity 
is (as well as conductivity and permittivity) necessary for the pro- 
duction of electrification. On the other point, my Maxwell teaches 
me that variations in div B are impossible, because of the experi- 
mental absence of magnetic conductivity (not the absence of h), and 
that div B itself is zero as a connected experimental fact, otherwise 
we should have unipolar magnets. As for h being absent, my 
Maxwell teaches me it is very much in action. We cannot, indeed, 
create h (or h, intrinsic magnetisation density) without external 
agency not involved in the fundamental theory; but that is just 
why h is taken as intrinsic or impressed. 

This persistent perversity about impressed forces, according to my 
Maxwell, takes a new form later on, in what is termed a modified 
form of Maxwell’s equations. This remarkable assumption is made: 
let (my notation, &c.) 

e=f+ (e- co) k~f. (3) 

Here e is the old impressed force, and f is a new one, connected 

with the old one by the differential equation (3). To see its effect 


let H—h be H and E- e be E in (1) above. 


Then curl H=k(E+e)+cp(E+e) 4 
is my Maxwell's first law, whilst Dr. Boltzmann’s is 
curl H= Ee) p. (5) 
Now put e in terms of f according to (3). It makes (5) become 
curl H= (k+cp)E—ce, (6) 


a new form of first circuital law, which is just as wrong as the 
other, in another way; owing to the redundant term —c,¢. 

Now our author calls (3) a purely formal but important change,” 
and says that since e and f are identical when steady (the only case 
more carefully investigated) it is impossible to decide whether e or 
f is impressed force! This transformation seems to me to be hocus 
pocus, and nothing more. Is there no energetic criterion of im- 
pressed force then? No one has a right to trifle with Maxwell’s 
equations in this way. We may indeed extend, but should not 
violate them. There is something quite shocking about this philo- 
sophy of electricity. 

But a little further on we find out why e goes out and f comes 
in. It is to make a transition from Maxwell’s theory to Helmholtz’s, 
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and in fact, by a slight modification“ which has no justification, 
Helmholtz’s equations, or equations resembling them, are derived. 
A good deal of space is devoted to Helmholtz’s theory, including a 
so-called empirical establishment, following its originator. The 
theory is taken quite seriously, and is considered to harmonise with 
and to be an extension of Maxwell’s theory, and is recommended 
for possil.-e use later. I cannot agree with this view of Helmholtz’s 
theory; but as the matter cannot be properly treated in this review, 
I will write a separate article about it. 

[This “separate article” is in E.M.T., vol. 2, App. D., p. 493, 
under the title On Compressional Electric or Magnetic Waves.“ 


Vectors versus Quaternions. 
[Nature, April 6, 1893; p. 533.] 


§ 538. Having a vivid recollection of the pleasure I derived from 
Prof. Gibbs's attacks upon the quaternionic system in the rather one- 
sided discussion that took place about two years ago in this journal, I 
have delayed replying to the letters of Profs. MacAulay and Tait, 
from an expectation that Prof. Gibbs would have something to say. 
In this I have not been mistaken; and, as there is a general agree- 
ment between us on the whole, I have merely to add some supple- 
mentary remarks. Prof. MacAulay refers to me as having raised the 
question again. I can assure him it has never been dropped. Apart 
from the one-sided discussion, it has been a live question with Prof. 
Gibbs and myself since about 1882, and is now more alive than ever. 
I cannot help thinking that Prof. MacAulay’s letter was overhastily 
written, and feel sure that if he knew as much about the views and 
methods of those to whom he appeals as he does about Quaternions, 
he would have written it somewhat differently, or perhaps not have 
written it at all, from a conviction of the uselessness of his appeal. 
There is no question of suicide with us; on the contrary, quite the 
reverse. I am asked whether the ‘‘ spoonfeeding,” as he terms it, 
of Maxwell, FitzGerald, &c., is not good enough for me. Why, of 
course not. It is quaternionic, and that is the real point concerned. 
Again, he thinks nothing of the inscrutable negativity of the square 
of a vector in Quaternions; here, again, is the root of the evil. As 
regards a uniformity of notation amongst anti-quaternionists, I dare 
say that will come in time, but the proposal is premature. We have 
first to get people to study the matter and think about it. I have 
developed my system, such as it is, quite independently of Prof. 
Gibbs. Nevertheless, I would willingly adopt his notation (as I 
have adopted his dyadical notion of the linear operator) if I found it 
better. But I do not. I have been particularly careful in my nota- 
tion to harmonise as closely as possible with ordinary mathematical 
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ideas, processes and notation; I do not think Gibbs has suceeeded 
so well. But that matters little now; the really important thing is 
to depose the quaternion from the masterful position it has so long 
usurped, whereby the diffusion of vector analysis has been so 
lamentably impeded. I have been, until lately, very tender and 
merciful towards quaternionic fads, thinking it possible that Prof. 
Tait might modify his obstructive attitude. But there is seemingly 
no chance of that. Whether this be so or not, I think itis practically 
certain that there is no chance whatever for Quaternions as a prac- 
tical system of mathematics for the use of physicists. How is it 
possible, when it is so utterly discordant with physical notions, 
besides being at variance with common mathematics? A vector is 
not a quaternion; it never was, and never will be, and its square 
is not negative; the supposed proofs are perfectly rotten at the 
core. Vector analysis should have a purely veotorial basis, 
and the quaternion will then, if wanted at all, merely come in as 
an occasional auxiliary, as a special kind of operator. It is to Prof. 
Tait's devotion to his master that we should look for the reason of 
the little progress made in the last 20 years in spreading vector 
analysis. 

Now I have, in my turn, an appeal to make to Prof. MacAulay. 
I have been much interested in his recent R. S. paper. As the 
heart knoweth its own wickedness, he will not be surprised when I 
say that I seem to see in his mathematical powers the promise 
and potency of much future valuable work of a hard-headed kind. 
This being so, I think it is a great pity that he should waste his 
talents on such an anomaly as the quaternionic system of vector 
analysis. I have examined a good deal of his paper, and can find 
nothing quaternionic about it except the language concerned in his 
symbols. On conversion to purely vectorial form, I find that it is 
greatly improved. I would suggest that he give up the quaternion. 
If he does not like my notation, or Prof. Gibbs’s, or Prof. Macfarlane’s, 
and will invent one for himself, it will receive proper consideration, 
He will greatly extend the sphere of his usefulness by the conver- 
sion. A difficulty in the way is that he has got used to quaternions. 
I know what it is, as I was in the quaternionic slough myself once. 
But I made an effort, and recovered myself, and have little doubt 
that Prof. MacAulay can do the same. 

Passing to Prof. Tait's letter, it seems to be very significant. The 
quaternionic calm and peace have been disturbed. There is con- 
fusion in the quaternionic citadel; alarms and excursions, and 
hurling of stones and pouring of boiling water upon the invading 
host. What else is the meaning of his letter, and more especially 
of the concluding paragraph? But the worm may turn; and turn 
the tables, | 
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It would appear that Prof. Tait, being unable to bring his massive 
intellect to understand my vectors, or Gibbs’s, or Macfarlane’s, has 
delegated to Prof. Knott the task of examining them, apparently 
just upon the remote chance that there might possibly be something 
in them that was not utterly despicable. Prof. Knott has examined 
them, and has made some remarkable discoveries. One of them is 
that those vector methods in which the quaternion is not the master 
lead to formule of the most prodigious and alarming complexity. 
He has counted up the number of symbols in certain equations. 
Admirable critic ! 

Now, since this discovery, and Prof. Tait’s remarks, are calcu- 
lated to discourage learners, I beg leave to say, distinctly and em- 
phatically, that there is no foundation for the imputation. Prof. 
Knott seems to have found a mare's nest of the first magnitude; 
unless, indeed, he is a practical joker, and has been hoaxing his 
venerated friend. Speaking from a personal knowledge of the 
quaternionic formule of mathematical physics, and of the corre- 
sponding formule in my notation and in Prof. Gibbs’s, I can say 
definitely that there is very little to choose between them, so far as 
mere length goes. Perhaps Prof. Knott has been counting the 
symbols in a Cartesian formula, or in a semi-cartesian one, or some 
kind of expanded form. I do not write for experts who delight in 
the most condensed symbolism. I do not even claim to be an 
expert myself. I have to make my readers, and therefore fre- 
quently, of set purpose, give expanded forms rather than the 
most condensed. 7 

But so far as regards the brief vector formule, I find that the 
advantage is actually in my favour. I attach no importance to this, 
but state it merely as a fact which upsets Profs. Knott and Tait’s 
conclusions. It is desirable that I should point out the reason, 
otherwise the fact may not be believed. In common algebra there 
is but one kind of product of a pair of quantities, say, F and v, 
which is denoted by Fv. In vector algebra there are two kinds of 
products. One of these closely resembles the usual product, whilst 
the other is widely different, being a vector itself. Accordingly, to 
harmonise with common algebra, I denote the scalar product by Fv. 
It degenerates to Fv when the vectors have the same direction. 
Now, since the quaternionists denote this function by — SFv, which 
is double as long, whilst FV becomes Sv, it is clear that there 
must be an appreciable saving of space from this cause alone, be- 
cause the scalar product is usually the most frequently occurring 
function. 

But there are other causes. The quaternionic ways of specialising 
formule are sometimes both hard to read and lengthy in execution. 
Look at S.UaUpS.US8Up, which I see in Tait's book. I denote 
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this by (aipi) (ei), or else by a,p,.8,p,. Tait is twice as long. But 
the mere shortness is not important. It is distinctness that should 
be aimed at, and that is also secured by departing from quaternionic 
usage. Examples of shortening and clarifying by adopting my 
notation may be found on nearly every page of Tait’s book. 

Consider, for example, rotations. Quaternionists, I believe, 
rather pride themselves upon their power of representing a rotation 
by means of a quaternion, Thus, b- gag-'. The continued product 
of a quaternion q, a vector a, and another quaternion g 1. produces 
a vector b, which is a turned round a certain axis through a certain 
angle. It is striking that it should turn out so; but is it not also a 
very clumsy way of representing a rotation, to have to use two 
quaternions, one to pull and the other to push, in order to turn round 
the vector lodged between them? Is it not plainer to say b=ra, 
where r is the rotator? Then we shall have ac—arr'c=rar'c=&e., 
if r’ is the reciprocal of r. Then Prof. Tait's Vgaq-'¢¢ (q- bg) 
is represented by Vrargr’b. See his treatise, p. 826, 8rd edition, 
and note how badly the 90 )g~! system works out there and in 
the neighbouring pages. 

What, then, is this rotator? It is simply a linear operator, like 
S. It is, however, of a special kind, since its conjugate and its 
reciprocal are one, thus rr =1, or r =r-}. Far be it from me to 
follow Prof. Tait’s example (see his letter) and impute to him an 
4‘ imperfect assimilation ” of the linear and vector operator. What 
I should prefer to suggest is that his admiration for the quaternionic 
mantle is so extreme that he will wear it in preference to a better- 
fitting and neater garment. If we like we can express the rotator 
in terms of a quaternion, in another way than above, though 
involving direct operations only. But I am here merely illustrating 
the clumsiness of the quaternionic formule in physical investiga- 
tions, and their unnaturalness, by way of emphasising my denial 
and disproof of the charge made: by Prof. Tait against vectorial 
methods. The general anti-quaternionic question I have considered 
elsewhere. [See the beginning and the end of the Chapter on 
Vectorial Algebra in vol. 1 of this work. Also p. 185 in the present 
volume. } 

Quaternionic Innovations. 


Nature, January 11, 1894; p. 246.] 


§ 539. That Prof. Tait should not be able to do justice to those who 
prefer to treat vectors as vectors, and quaternions as quaternions, 
instead of commingling their diverse natures, with the result, in the 
latter case, of confusion of physical ideas (and geometrical also, for 
of course geometry is itself ultimately a physical science, having an 
experimental foundation), is naturally to be expected. He does not 
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know their ways, either of thinking or of working, as is abundantly 
ovident in all that he has written adversely to Prof. Willard Gibbs 
and others. It is, however, a little strange, in view of Prof. Tait's 
often expressed conservatism regarding Quaternionies, that he should 
tolerate any innovations therein, such as Mr. MacAulay has intro- 
duced. The latter may perhaps take this as a compliment to his 
analytical powers, which compel the former’s admiration, and 
toleration of his departures from quaternionic usage. For myself, 
I welcome any quaternionic innovations that may (ultimately) tend 
in the direction of the standpoint assumed by Prof. Gibbs and 
others, and foresaw some two years since (when a very bulky manu- 
script came to me for my opinion) that there would be some 
quaternionic upstirring. 

Prof. Gibbs has already pointed out how the development of 
Quaternionics has involved first the elimination of the imaginary, 
and next the gradual elimination of the quaternion! Now there is 
a capital illustration of this innate tendency in Prof. Tait's review 
(Nature, December 28, 1893), where, on p. 194, he explains by an 
example the meaning of a startling innovation of Mr. MacAulay’s. 
Put it, however, in vectorial form, and let us see what it comes to 
then. Take the case of a stress and the force to correspond (which 
is a little easier than Prof. Tait’s example, though not essentially 
different). Let Ø be a stress operator (pure, for simplicity), so that 
N, or N, is the stress per unit area on the N plane, N being any 
unit vector. Now we know, by consideration of the stresses acting 
upon the faces of a unit cube, that the N component of the force F 
per unit volume is the divergence of the stress vector for the N 


planes. That is, 


for any direction of N. I employ my usual notation for the benefit 
of readers (now becoming numerous) who, though they cannot 
follow the obscure quaternionic processes, can understand tlie 
plainer ones of pure vector algebra. Now, may we remove the 
vector N (which is any one of an infinite number of vectors) and 
write 

F=yọ or =¢v (2} 
simply, as the complete expression for the force? Certainly we 
may. For, in full, we have 


, v=iİy, v. T Rs, (8) 
= Si- 1 ＋ Gr. j SK or =i bi TJ. Gz Tk. Gs, 4) 


where vi, &c., are the scalar components of the vector v (not a 
quaternion, of course) and S1, &c., are the vector stresses on the 
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planes of i, &0., so that G1 Oi, &c. Direcs multiplication gives at 


once 
„vii + v2 ＋ vs hs (5) 


which is F. We may also write it ¢y, because ¢ is pure. 
On the other hand, when ¢ is rotational st its conjugate be ¢’, 


then instead of (1) we have 
N = vo N 9 (8) 


P=v¢ =. (7) 


Here if & is given by the first expansion in (4), ꝙ is given by the 
second. 

Now there are several things that deserve to be pointed out about 
the above, which should be compared with Prof. Tait on p. 194. 
First, that the result F= vy, irrespective of pureness, or P vꝙ also 
when the stress is pure, when got quaternionically seems to be a 
great novelty to Prof. Tait, and to give him a severe wrench,” 
involving a “ dislocation ” and a ‘startling innovation.“ Perhaps, 
however, it is Mr. MacAulay’s peculiar. way of arriving at the 
result that Prof. Tait is alluding to. Moreover, secondly, in the 
vector algebra of Willard Gibbs and others the use of equation (2) 
or of (7) to express the force complete, by removal of the inter- 
mediate vector N, is neither new, nor does it involve any straining 
of the intellect, for it is actually a part of the system itself, done 
naturally and in harmony with Cartesian mathematics. See Gibbs’s 
“ Elements of Vector Analysis (1881-4) for the direct product 
of v and ¢. (Also for the skew product, a more advanced idea; it, 
too, is a physically useful result.) Thirdly, note how very differently 
the same thing presents itself to Prof. Tait according as it is clothed 
in his favourite quaternionic garb or in vectorial vestments. In the 
latter case it is either unnoticed or is contemptible ; in the former, 
it may be a novel and valuable improvement. 

I do not think that Prof. Tait does justice to Mr. MacAulay in | 
making so much of a trifle such as passes unnoticed or unappreciated 
in the previous work of others. There is, I know, much more in 
Mr. MacAulay’s mathematics than Prof. Tait has yet fathomed. 
For my own part, I like to translate it into vectors, not merely 
because it is then in a form I am used to, dnd is plainer, but also 
because the true inwardness of these prodesses involving linear 
operators is properly exhibited by the dyadical way of viewing them 
in conjunction with vectors, without the forced and unnatural 
amalgamation with quaternions, and the attendant obscurities. 
This seems to me to be particularly true in physical applications. 
I should not be writing this note were it not for the misconceptions 
that Prof. Tait indulges in about what he does not know, viz., vector 


and therefore 
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algebra apart from quaternions. At the same time, to avoid possible 
misunderstanding, I disclaim any hostility to Mr. Mac Aulay's 
quaternionic innovations, although I must agree with Prof. Tait as 
to the singular uncouthness of some of his expressions in their 
present form. I hope he may be able to see his way to do his work 
vectorially. It will be more amenable to innovations, T think, with- 
out mental wrenches. At any rate he is a reformer, and not afraid 
to innovate when he thinks fit. 


The Teaching of Mathematics. 
[Nature, October 4, 1900; p. 548.] 


§ 540. Prof. John Perry has asked me to write something in 
criticism of the views he has lately expressed about the teaching of 
mathematics. I am inclined to ask, What is the use? He knows 
my views pretty well, and others too; and those who don’t can 
learn them if they want to by buying my books. That is the best 
way, as it brings in one-and-threepences, and so does some good. I 
think there is a great deal to be said on both sides, and that if you 
are a born logic-chopper you will think differently from Faraday. 
The subject is too large, and I will only offer a few remarks about 
the teaching of geometry, based upon my own experience and obser- 
vations. Euclid is the worst. It is shocking that young people 
should be addling their brains over mere logical subtieties, trying 
to understand the proof of one obvious fact in terms of something 
equally, or, it may be, not quite so obvious, and conceiving a pro- 
found dislike for mathematics, when they might be learning 
geometry, a most important fundamental subject, which can be 
made very interesting and instructive. I hold the view that it is 
essentially an experimental science, like any other, and should be 
taught observationally, descriptively and experimentally in the first 
place. The teaching should be a natural continuation of that 
education in geometry which every child undergoes by contact with 
his surroundings, only, of course, made definite and purposeful. It 
should be a teaching of the broad facts of geometry as they really 
exist, so as to impart an all-round knowledge of the subject. It 
should be Solid as well as Plane; the sphere and cube, &c., as well 
as the usual circle and square; models, sections, diagrams, com- 
passes, rulers, &c., every aid that is useful and practical should be 
given. And it should be qnantitative as well. The value of r 
should be measured ; it may be done to a high degree of accuracy. 
So with the area of the circle, ellipse and all sorts of other things. 
The famous 47th. The boy who really measures and finds it true 
will have grasped the fact far better than by a logical demonstration 
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without adequate experimental knowledge; for it happens that 
boys, who are generally very stupid in abstract ideas, learn a demon- 
stration without knowing what it is all about in an intelligent 
manner. It may be said by logicians that you do not prove any- 
thing in thie way. I differ. It might equally well be said that 
you prove nothing by any physical measurements. You have really 
p.oved the most important part. What a so-called rigorous proof 
amounts to is only this, that by limitation and substitution, arguing 
about abstract perfect circles, &c., replacing the practical ones, you 
can be as precise as you please. Now when a boy has learnt 
geometry, and has become competent to reason about its connec- 
tions, he may pass on to the theory of the subject. Even then it 
should not be in Euclidean style; let the invaluable assistance of 
arithmetic and algebra bə invoked, and the most useful idea of the 
vector be made prominent. I feel quite certain that I am right in 
this question of the teaching of geometry, having gone through it 
‘at school, where I made the closest observations on the effect of 
Euclid upon the rest of them. It was a sad farce, though conducted 
by a conscientious, hard-working teacher. Two or threa followed, 
and were made temporarily into conceited logic-choppers, con- 
tradicting their parents; the effect upon most of the rest was dis- 
heartening and demoralising. I also feel quite certain about the 
experiential and experimental basis of space geometry, though that 
opinion has been of slow growth. If I understand them rightly, it 
is generally believed by mathematicians that geometry is pre- 
existent in the human mind, and that all we do is to look at nature 
and observe an approximate resemblance to the propertiea of the 
ideal space. You might assert the same pre-existence of dynamics 
or chemistry. I think it is a complete reversal of the natural o der. 
of ideas. It seems to me that geometry is only pre-existent in this 
limited sense; that since we are the children of many fathers and 
mothers, all of whom grew up and developed their minds (so far as 
they went) in contact with nature, of which they were a part, so our 
brains have grown to suit. So the child takes in the facts of space 
geometry naturally and easily. The experience of past generations 
makes the acquisition of present experience easier, and so it oomes 
about that we cannot help seeing it. But it is all experience, after 
all; although learned philosophers, by long, long thinking over the 
theory of groups and other abstruse high developments, may per- 
haps come to what I think is a sort of self-deception, and think 
that their geometry is pre-existent in themselves, whilst nature’s 
is only a bad copy. Like the old Indian pundit, whose name was 
something like Bhatravistra, who, after fifty years inward con- 
templation, discovered God:—-where—it would not be polite to 
mention. 
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The Teaching of. Mathematics. 


[B.A. Meeting, Glasgow, 1901. Contribution to the Discussion 
on Prof. Perry’s Address. } 


§ 541. I have read your Address. I do not doubt that in matters 
of detail, in practical application, many points of divergence might 
arise between us. For example, l may not think so much of the 
slide-rule as you do. And, as regards squared paper, what I object 
to ia that the lines are not equidistant, and that is an offence to the 
artistic eye, besides introducing visible error. But these and similar 
matters are trifles in view of the most important object you are 
aiming at. It is fortunate that we possess an educational reformer 
who is so earnest, enthusiastic, and persistent, and I hope you will 
meet with your reward in some substantial realisation of your ideas. 
So far as I can see, there is a large body of educationalists in fair 
agreement with you at present. There have been, for long past, 
isolated would-be reformers. What is, I suppose, the principal 
difficulty, is the stupid old Toryism of the leading Universities. 
But even that has partly given way. If it is any satisfaction to 
you to be told what you know, I beg to say that I very much 
approve the general spirit of your Address. I agree entirely that 
mathematical works for the instruction of boys, sometimes includ- 
ing big boys, maybe up to 25 years of age, are generally written on 
wrong principles. Boys are not philosophers and logicians. Boys 
are usually exceedingly stupid in anything requiring concentrated 
reasoning. It is not in the nature of their soft brains that they 
should take kindly to Euclid and other stuff of that logic. chopping 
kind. But they usually possess another seurce of mental ability— 
namely, the ready acquisition of new facts and ideas—and that is 
what should be taken advantage of. They have also the power of 
learning to work processes, long before their brains have acquired 
the power of understanding (more or less) the scholastic logic of 
what they are doing. I have known boys of 14 extract cubes, fourth 
and fifth roots of numbers, to several places of decimals, easily. I 
am sure most of them would never live to understand the reason 
why, if they studied for a thousand years. Now, the prevalent 
idea of mathematical works is that you must understand the reason 
why first, before you proceed to practice. This is fudge and fiddle- 
sticks. I speak with confidence in this matter, not merely from 
experience as a boy myself, and from knowledge of other boys, but 
as a grown man who has had some practice in applications of mathe- 
matics. I know mathematical processes, that I have used with 
success for a very long time, of which neither I nor any one else 
understands the scholastic logic. I have grown into them, and so 
‘understand them that way. Facts are facts, even though you do 
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not soe your way to a complote theory of them. And no complete 
theory is possible. There is always something wanting, no master 
how logical people may protend. : 

The fact is, there is theory and practice in mathematics just as in 
overything else. A man may be a good musician, by practice, and 
yet know nothing about the theory of music. He may arrive at 
that, or he may not. The same applies all round, and mathematics 
is no exception. The theory of mathematics is very important, but 
it is not the same thing as its practico, and the important mattor 
here in relation to young persons is that the practice should come 
first. Then familiarity may gradually lead to some understanding 
of the theery, which may be studied later on in a rigorous manner, 
if the developing boy should be mentally fit for close reasoning. 
This is particularly true, I think, in geometry. It should be entirely 
observational and experimental at first, a natural continuation of 
the everyday education acquired through the senses. And even 
when you do come to the theory, you should put aside all old- 
Toryish ideas, and logical tricks and puzzles, and let the boy work 
more practically with the assistance of arithmetic and algebra. 

Now thé majority of British boys are not fit for any sort of logical 
theory. It is mere waste of time forcing them through Euclid, just 
as it is waste of time forciog Latin into them. The little they 
Jearn is soon forgotten, and gladly. What is it done for? I see 
nothing but old Toryism in the. common arguments. Did the 
Romans and Greeks make their children painfully study [or, feed 
their young upon] scraps of ancient dead languages ? | 

There is so much to learn nowadays, really valuable knowledze 
of all sorts, that it seems to me a wicked sin to go on in the old 
way, with Latin, Greek and Euclid. It takes such a time, involves 
such labour and does so little good. And we are living in the 
twentieth century. 

The general inability of boys to study Euclid profitably is no 
reason why they should not learn geometry. Even stupid boys can 
do that, when properly directed and experimentally assisted. And 
as regards mathematics in general, I think it a very important 
assistance to have it taught in conjunction with elementary physica — 
That is, geometry and other natural facts. 

As regards clever boys, I agree with you that it will do them 
good to go through the same process in the first place. 

I seem to be running down logic. Ido not mean to. But there 
is logic and logic. There is narrow-minded logic confined within 
narrow limits, rather conceited, and professing to be very exact, 
with absolutely certain premisses. And there is a broader sort of 
logic, more common-sensical, wider in its premisses, with Iess 
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pretension to exactness, and more allowance for human error, and 
more room for growth. 


The Pan-Potential as a Surface-Integral. 


§ 542. The mcst practical way of treating potentials is not by 
using two sets of triple space-coordinates in triple or sextuple integrals, 
but by taking advantage of the symmetry of space, and thereby 
reducing the variables to a single one. When this is done, the 
elementary solution of (22 v:) U., where U is the potential due 
to the source Q, comes out at once in the form 


e 7 
=. or U=PQ, (1) 
when there is a single point source of strength Q: And therefore 


for any distribution of sources. Here P is the potential at distance 
r from the point source of strength Q; or else Q is the density of 
source x element of volume. The source Q in the integral (2) may 
vary with position and time. Proper reckoning of discontinuities 
is assumed. But with a single fixed point source, Q in (1) only 
varies with the time. (See p. 167 and p. 256, and p. 888, above for 
pan-potential work.) 

The form of 4 in electromagnetics is P=(k+cp\(g+up), where 
p ddt. So P may be a constant, and then U is an instantaneous 
potential; or when P contains p, it may be a progressive potential, 
without local waste of energy involved; or it may be progressive, 
with attenuation due to local waste of energy, but without distortion 
thereby; or it may be progressive with local waste of energy and 
with accompanying distortion, which is of two kinds, since there 
are two sorts of waste concerned in k and g. But although P is in 
general a differential operator, yet the formulas (I) and (2) may be 
regarded functionally as well. For the functions Pl, gP1, g-'Pl 
&c., have all been worked out algebraically, first in my Ele:trical 
Papers, and then in detail in vol. 2 of this work. So PQ is quite 
definite. : 

Now, as usual, it is a homogeneous medium that is considered, 
and (2) should include the sources over all space. We may how- 
ever represent U by a surface integration partly. Thus, divide 
space into two regions, one bounded by a closed surface, the other 
the rest of space. Then we may say, if Q, is the internal and Q, 
the external Q, ? 

Ui Unt Uy, U. = U U, 8) 
if Ui is the inside U due to Q,, and U,, the inside U due to Q,; and 
also U, is the outside U due to Ci, and U, the cutside U due to Q, 

Now in (8), in the reckoning of U, inside, we may abolish U,, and 

substitute an integration over the boundary. Calling the last uis, 


518 ELECTROMAGNETIC THEORY. : OH. X. 


its value inside is precisely that due to the outside sources. Its 
value outside is zero. And in the reckoning of U, outside, we may 
abolish Ua and substitute a surface integral over the boundary, say 
Us,. Its outside value is the same as that of the inside sources. 
Its inside value is zero. 

To prove; let 
u=2 N(UvP—PyV)Q (4) 
represent the boundary integral, N being the unit normal. We may 
apply the Divergence Theorem to this in two ways, inside and out- 
side. Doing this vectorially, first inside, then outside, we get 

u. U= pan Qg, tout) = Uga = pan Q,. (5) 
Put v for N in (4). Then (4) becomes the equivalent volume 
integral, for the inner or the outer space, acoording to the direction 
of N taken, and the position of the observing point. Therefore (4) 
is the required surface- integral. This allows us to ignore inside all 
the outside sources, so that U, inside is to be found from the inside 
sources Q,, and the state of the boundary. Only the inside region 
need be homogeneous now. But the state of the boundary is not 
merely the loeal value of U, but of its local space variation as well. 

In the special case x= O, g- O. that of ordinary optical theory for 
a simple medium (ucv*=1, and v constant), I believe the formula 
(4) or an equivalent is due to Kirchhoff; but I only go by memory 
of a reference to him. An equivalent formula in which the surface 
is a sphere, and the observing point its centre was given by Poisson 
very long ago. I prefer the form (4) for analytical and vectorial 
convenience. 

It is only necessary to consider a single point source and the 
equivalent integral, for ease of treatment. The last article in vol. 1, 
Elec. Pa., may be referred to; although it refers to the instan- 
taneous potential, the results may be extended. Eqn. (24) there 
represents (4) here. 

In the above, the sources are limited in space. But they may 
also be limited in time. For if we specify Q only from the moment 
t=0, the whole previous action of Q is represented by its result at 
that moment. That is, the initial state of the function U may be 
given, instead of the function Q for all past time. This presents 
nothing new. 


- Limitations on Scientific Prediction. 


§ 543. All known disturbances are conveyed either electromag- 
netically or gravitationally. If the first way, the speed is finite. 
If the second way, it may also be finite, perhaps with the same 
value. See p. 468, vol. 1, on this matter. Assuming then that all 
disturbances are conveyed at finite speed, it follows instantaneously © 
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that the destruotion of this wicked world may come at any moment 
without any warning. There is no possibility of foretelling this 
calamity (or blessing, possibly), because the cause thereof cannot 
give us any information till it arrives, when it will be too late to 
take precautions against destruction. The theological, metaphysical, 
legal, moral, and pecuniary consequences of this indeterminateness 
of knowledge, however much the state and the laws of nature may 
be explored, are tremendous. But practically I do not think it 
makes any difference. We trust by habit, guided by past experience. 
The thief of yesterday is a thief to-day, even though he turn pious, 
or fly to remote lands to escape from entomological associations. 

What applies to catastrophes applies of course to smaller events, 
down to most minute effects, reckoned by human standards. But 
there is no absolute scale of size in nature, and the smal] may be as 
important, or more so, than the great. This brings us to a different 
kind of indeterminateness from necessary ignorance, which does not 
depend upon the argument employed above As the universe 
is boundless one way, towards the great, so it is equally boundless 
the other way, towards the small; and important events may arise 
from what is going on in the inside of atoms, and again, in the 
inside of electrons. There is no energetic difficulty. Large amounts 
of energy may be very condensed by reason of great forces at small 
distances. How electrons are made has not yet been discovered. 
From the atom to the electron is a great step, but is not finality. 

Living matter is sometimes, perhaps generally, left out of con- 
sideration when asserting the well-known proposition that the 
course of events in the physical world is determined by its present 
state, and by the laws followed. But I do not see how living matter 
can be fairly left out. For we do not know where life begins, if it 
has a beginning. There may be and probably is no ultimate 
distinction between the living and the dead. But even if there were 
a clear separation, the continuous action and reaction going on 
between the living and the dead would make it become imperative 
to include the living matter. So determinateness must be applied 
to the universe completely, if at all. 

But why is the Action and Reaction principle to be taken as 
fundamental? Because it is always true when proper examination 
can be made, and is the guide to fresh knowledge. Besi Jes that, 
the untruth of the principle in practice would lead to chaos. Evep 
the spiritual world, if it exists, must be a part of nature itself. 


END oF VoL. 8. 
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